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| NTRODUCTI ON

The symposium series MACAS (Mathematics and its Connections to the Arts and Scremxes)
founded in 2005 by aimternational group of researchers and held for the first tirtteedtniversity

of Education Schwébsich Gmund, Germany. Subsequent MAG&&ingswere held in Odense,
Denmark (2007), Moncton, Canada (2008rhwabisch GmindGermany(2015), Copenhagen
Denmark (2017) antlontréal,Canadg2019) In 2022, we broke the tradition of-person meetings,
and organized a fully online symposium, virtually situatedratersité de Moncton, Canada

The vision behind the MACAS initiative is to achieve a humanistic mode of education, that is, to
combine various disciplines into a single curriculum, an approach that was suggested by Renaissance
philosophers. According to this philosophical view, thel godo allow students to pursue various

fields of studywhile being introduced to a more holistic perspectsiech aonnections between
mathematics, the arts, and sciences. Given the challenges of Stheertliry, interdisciplinary
transdisciplinary,and multidisciplinary educatioare of increasingmportance. In this context,
mathematics plays a key role because it is linked to all other disciplines and can serve as a bridge
between them.

To acheve their goalsMACAS symposiabring together educators and researchiens diverse

fields of study(mathematics, sciences, atismanities, philosophy, educatiand other disciplines

that are intrinsicallyconnected to mathemat)css well asthosewho arewell-established at the
forefront of international research and practice, and emegghglars The symposigrovide a
breeding ground for scientific exchange, new partnerships and reflection on commonalities and
differences between differeabntextsyiewpoints and approaches

The pevious MACAS symposia have shown that there is more than one way to approach these
connections in research amdpractice. Thereforehis time we proposedo take a closer look at
future challenges and the role todns, cross, andinterdisciplinary mathematics educationthe
Anthropocene eraWe invited awide range of contributions, for example, around the following
themes:

Y% Theoretical study of the relationship between mathematicsaadssciences

% Instructional approaches to integrating mathematics, arts, and sciences

% Importance of mathematical modeling and interdisciplinarity for learning mathematics
% Connectiondetween arts and humanities wittathematics in everyday life situations

% Historical and intercultural dimensions of mathematics learning

% Critical analysis of STEM education from a holistic perspective

%2 Mathematical creativity from an interdisciplinary perspective

The call attracted international participants framound the world includindengland, Sweden,
Denmark, Israel, Russia, Iran, Taiwan, Mexico, Chile, and CabDedpite their geographic distance,
all participants shared an interest in the intersection between mathematics, sciencesaréé&adhe
these Proceedings, we invitallipresenters to submit théidl papers Those submitted were grouped
into five broader themes.

Keynotes

In her keynotel ns pi r ed Knpwleblge:&Ckeatingpace forMathematics t&Emerge Lisa
Lunney-Borden shares hedecolonizing workthat she haseen developing | ongsi de Mi 0
communitiesIn this work, shecreates space for mathematical ideas to emerge in the context, thus



creating greater cultural consistency, rather than cultural collidionss a 6 sxamires skories of

mat hematics | earning that have been influence
knowl edge keepers in Mio6kmadki or whadoncete now
examplesshesharesideas of how mathematics can live alongside community knowledge systems in
ways that support rather than take away from cultural identity, langaadeulture.

The next keynote byario Sanchez Aguilar titled: Social Media, School Mathematics, and
Epistemologyexplores the impact of the Internet and social media on the ways young people interact
with and approach school mathematitisis papeihighlights how the internet has transformed how
students validate mathematical knowledge and seek out mathematical help and support from a range
of sources, including online forums and educational websites. The article also explores how social
media has mvided a platform for students to express their emotions and perceptions about school
mathematics in new dninnovative ways. The findings challenge traditional notions of being a
mathematics student and how mathematical knowledge is acquired and validated

Two other keynotes were also presented at the Symposdammillia Matuk keynote titled:
SupportingYo u t Bodiadly Engagedinquiry Through theArts and Margarida Romero keynote
titled: Le t &esam! Creative Problem Solving in interdisciplinary Projects Please refer to the
program for more detail$eynote Speakers

The section CONTEXTS AND PERSPECTIVES: COMPETENCIES, IDENTITY, AND
INTERDISCIPLINARITY features four papers.

Oliver Kauffmann and Uffe Thomas Jankvist invite the readers toeflect about the body in
discussions of mathematical competenclemsed on a KOM framework on mathematical
competenciedn their turn,Morten Misfeldt, Uffe Thomas Jankvist, Raimundo Elicer, Andreas
Lindenskov Tamborg, Thomas Brahe, Eirini Geraniou and Kajsa Brating explore what the
interplay between mathematics and computational thinking@nsikhools in Denmark, Sweden and
England looks like through éiensof interdisciplinarity

By introducingthe Lifestyles Projeatonsisted in three consecutive assignments (Hobbies, Careers,
and Bedroom Design Drawindilidhat Noor Kiyani, Limin Jao, Cinzia Di Placido andSun Jung

Choi examine the ways to developterdisciplinary mathematics educatiomitiatives thus
transforning mathematics instruction to make it engaging, meaningful, and relevant for the students
In its turn, kased ora framework of figured worlds case fronrRe b e c ¢ a dudyadisausses s
exploratory findings from interviews with a secondary school studdémat was born extremely
preterm, his parents and teacher to highlight a complexitg@btiating mathematical identities

The section INNOVATIVE APPROACHES TO MATHEMATICS LEARNING: MODELLING,
EXPERIMENTS, DESIGN THINKINGcontains six papers.

It opens withA me n d a Qaperwddiesses tlaek of experiments in the teaching and learning
of mathematics, especially at the undergraduate leyekuggestingfurther insights, helpful
suggestions, and examples owcorporating experiments into aniversitylevel mathematics
curriculum At the other end of KO education, a&ase studyon rapturousness in makerspaces
presented bylga Fellus and Viktor Freiman featuesan engineering challenge that kindergarten
studentdrom one éementary (k5) schoolweretrying to solve when designing a shelter for their
stuffed animalsVery young children were showing an amazingly complex mathematical thinking


https://www.umoncton.ca/umcs-macas2022/en/node/4

while taking a path oflevelopnentof creativity, perseverance, and more generallyaecominga
well-rounded, inspired, andterestdriven person.

A virtual lesson study cyclavith high school teachers analyzed Bjoriana Gonzalez and
Saadeddine Shehalshows a potential of thdumanCentered DesigiHCD) approachd enga@

teachers in identifying authentic contexts for students to experience geometry psoblag. In

their turn,Olivia Lu, Sreedevi Rajasekharan, and Steven Kharevisit and resituateolam drawing

i n mathematics education through a .Jeaghosct i v
seek tacreate opportunities faassonate immersion and meaningful engagement with other cultures

in ways that privilege a mindset of partnership and kinship

A paper byJosh Markle and Jo Towersdescribsand interpreist udent s6 embodi ed
spatial reasoning in a grade 12 mathematics classusomg a novel methodology the authors call
Bodymarking to create graphic profiles of everyday classroom actoiet as gaze and gesture

his turn, Bienvenu Rajaonsondemonstrate the potential of thealgorithms created for their
application in the learning and improvement wblleyball p | ay e r s The examplés| o
mathematical modelindiscussed irthis articlepresentyet another way of raising awareness and
advancing research on sports and their integration into society

The section STEMAND TEACHEREDUCATION includes four papers.

Amel Kaoucheshares examples of her teaching a modeling course teydmrduniversity students

to show the important role of mathematics in solving problems in daily life. In their fxpgana
Martinovic and Mariana Milner -Bolotin proposea novel curricular approacbf the Educational
Framework for Modelling (EF4MYor integrating mathematics and sciences and highlight the
importance of mathematical modelling and interdisciplinarity for teaching and learning STEM.
Heather McPherson describes hownovice teachersassume the role of experth a dynamic
intermingling of roleghat can generate pedagogical innovatidadith Zamir, Heftsi Zohar and

Mark Applebaum walk us througtthe first trial for scaling up the Kangéds Training for Math
Teachers in earlgrades Through the use of a case study, teegwcase what works best and what
needs to be improved in the scaling up process.

A collection of six texts exploes connections betweerMATHEMATICS, ARTS, AND
LANGUAGE.

~

Sergei Abramovich and Viktor Freiman consi der mat hemati cs as A
mat hematics as #fAcoll ater al creativity, o where
to create unexpected and thus exciting solutions. In those cases, the teacher has to react appropriately
with encouragement and openness for different approaches.

Richard Barwell and Yasmine Abtahi study poetry as a critical thinking tool for mathematics and
education. Using the example of modeling and the relational nature of mathematical knowledge and
apoem by Ted Hughes and Rumi, the authors seek to demonstrate that the interpretation of particular
events through poetry and mathematics reveals mathematical knowledggdmsit

Viktor Freiman and Alexei Volkov give us a history lesson on hdweonardo da Vincand his
predecessorsalculatedhe area of acirclef he a ut h or siatroducetusetahé hiswiacal t o
roots of modern didactical methods

Vi



More beautiful images are provided Mohammad Hossein Eslampanahand Payam Seraji
These werenspired by Persian tiling patterns, thus providing both the cultural and historical
perspective on relations between arts and mathematics.

Revolt Pimenovtakes us into the realm of circle symmetry and uses technology to create beautiful
visual representations of geometric problems that extend beyond the boundaries of Euclidian
geometry. He provides exampl es of logitalufanesnint s 6 v
mathematical visualizations.

In connectionwith dance Jorge SoteAndrade, Ami Shulman and May GarcésOcaresexplore
the mathematical processes involved in stochastic dance, a dance creaeddmgnessvhich
generates shapes, forrmspvementsand choreography. The authoeseala reconstructiorof a
group ofd a n crelatienghip to mathemati¢sggeredby ther lived experience oftochastic dance
workshop

There are sitexts n the sectioMATHEMATICS AND SCIENCEAND TECHNOLOGY AND
COMPUTATIONAL THINKING.

Takam Djambong presents results of a qualitative study with grade 7 and 8 students who participated
in tasks addressingrchimedes$ Principle, buoyancy, and densitysing a virtual manipulative
environment Conceptually, the author presents theerdisciplinarity of the tasks through their
learning, epistemological, and cognitive components

Placed in a Danisknvironment,Raimundo Elicer and Andreas Lindenskov Tamborg study
sought to baracterie problem handling in thggrogramming anccomputational thinkinglriven
mathematiceducation Their analysishighlighted three aspects ofathematical problem handling
competencyn connection t@womputational thinkingthe findings of interest to educators who intend
to integrate the two approaches

Jacques Kamba and Viktor Freimanlooked into the role of mathematics when elementary school
students for the first time usedmputer coding to programnaoving part of a toy. The researchers
were particularly interested in understanding
engineering design project.

Manon LeBlanc, Nicole Lirette-Pitre and Micaél Richard address the deficiency of pservice
education as a barrier to providing STEM education in schools. They present results gfeartwo
long teachingexperiment conducted by two teacher educators, whawgght future teachers by
integrating science and mathematics content.

Dominic Manuel and Marc de Montigny studiedthe effects of two novel approaches to teaching
physics to undergraduate students, some of whom were future secondary school teachesrs.

based learning is widely considered adequate for teaching science, while flipped classroom was
appropriate for blended learning used during the pandemic.

Yimei Zhang, Tanya Chichekian and Annie Savard demonstrate how to use four aspects of
computational thinking, namelglecomposition, abstraction, debugging, and generalizatmn
empower elementary schoot t u d enathemaiial problemsolving skills The authors drew
inspiration from problems they found i n ancient Chinese mat hem
Mathematical Manuad

vii



Conclusions and Thanks

With the steadily growing awareness to the necessity and timeliness to surface and showcase the
relationship between and among the teaching and learning of mathematics and that of the arts and
sciences, we also recognize that education is a science ofaumtyeand an art of possibility. In a

world that is increasingly typified by volatility, complexity, and ambiguity, the richness of
mathematics provides a calming space for exercising hope and developing agency. Mathematics also
opens possibilities for nderstanding multifaceted phenomena through artistic and scientific
methodologies. Considering the rich perspectives taken up in the MACAS conference, we also
recognize the spaces that are left empty by the duality between mathematics and other sehtsol subj
that create a misrepresentation of mathematical content knowledge as siloed, disjointed, and
compartmentalized. Such misrepresentations are still prevalent in the public discourse.

We are thankfuto all involved in the organization of MACAS 202 the Uniwersité de Moncton
Canpus de Shippagaand toour presentersWe want to extencbur deepest appreciation fane
invaluable assistanad thelnternational Programme Committefstrid BeckmannYiktor Freiman,

Uffe Thomas JankvisDragana MartinovicClaus Michelsen (presiderahdAnnie SavardtheLocal
Committee PierrePaul Cyr, Lisa SaveiFerron,Viktor Freiman,Caitlin Furlong, Patrick Kenny,
Manon LeBlanc,Toni Maresu,Hans Peter NutzingeAlexandre Pepinand Xavier Robichaud
(president) and Irena Lander for hediting work Their expertise and dedication in meticulously
reviewing and refining the materials have been instrumental in ensuring the quality and accuracy of
the symposium and the proceedings.

We are looking forward to meetiragainin a location forthis timein-person symposium.

Editors February 2024
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|l nspired by Mi 0Qreatnygspice forvnhtieethafies to
emerge

Lisa Lunney Bordeh

In 2006, Edward Doolittle suggested that rather than imposing mathematics on cultural practices
and artifacts, it might make sense to begin in community and pull in mathematics as a need arises.
This approach is something that has been a key idea in toéodézing work | have done alongside

Mi 6 kmaw communities. When we begin with inter
Mi 0 kmaw knowledge systems, we create space fo
creating greater culturbconsistency, rather than cultural collisions. This paper examines stories of
mat hematics | earning that have been infl uence
knowl edge keepers in Mi 6kmadki or whatthesee n o
examples, | will share ideas of how mathematics can live alongside community knowledge systems in
ways that support rather than take away from cultural identity, languagkculture.

Keywor ds: I ndi genous mat hemati cs, Mi 6 kmaw kno

Introduction

This paper highlights some stories that were told as part of a keynote presented at MACAS 2022. In
keeping with the intedisciplinary spirit of MACAS, | have chosen to draw examples from two
programs | have been i nvol ve MeyoeurMdih andrConkectingg ma w
Math to Our Lives and Communities. These two initiatives have grown out of astanding
relationship | have with Mi okmaw communities
by positioning myself in the work tdemonstrate how it is that | have come to the understandings |
share here. I also do this as a way to honour
knowledge with me. | know that my career today is because of that kindness.

| then share examples from the two programs t
can be the starting point for learning mathematics and inviting students to engage in mathematical
tasks that honour who they are as people. Such an approatdsaneltural consistency for Mi'kmaw
learners rather than the usual cultural collisions that occur in most classrooms where their knowledge
and history is not valued and often ignored completely. It is my hope that these examples might
provide the readewith the opportunity to reflect upon their own relationships within Indigenous
communities and to consider what possibilities might open up if they begin in community first.

Positioning myself in the work

Asanonl ndi genous scholar who has had the privil
peoples for over thirty years, | believe it is important for me to acknowledge how | have come to the
work and honour those who have helped me come to the tantidirgys | share in this paper. It may
seem unusual to begin a paper in this way f ol

1St. Francis Xavier University, Canada
Lisa Lunney Borden: Iborden@stfx.ca



explain where | come from, where | am rooted, and how | am connected within the community. So
to that end, | share that | was born and raised (until my teen years) in Saint John, New Brunswick,
Canada. | grew up in a part of the city known as the Old NEwth a working class and lower socio
economic community where | learned to ride my bike in concrete parking lots and, along with my
brothers and the other kids in our neighbourhood, built the best sledding track in the alley behind our
home every wintein the summers, my family would head to a camp on the Kennebecasis river that
my grandparents had built in the 1940s following the Second World War. There, | spent days climbing
trees, swimming in the river, playing baseball in the field, and runningghrive woods. Even after

we moved from Saint John to a nearby city of Moncton when | wa8 gnade, we still continued to

spend our summers at the camp in Chapel Grove. It is the place where | feel most rooted. | can close
my eyes and walk the grounasi my mi ndés eye. | know every tre
in the morning, the smell and feel of the river and the lands that surround it. It is home.

Decades | ater, as a teacher in Webkogmadqg Fir
a Mi dkmaw creation story describing how KIlusk
the Kenebecasis River where he lived in his home on Ldagdsand chased him up the Wulastuk
River, now known as the St. John River. Long Island is located directly across the water from our
famil yés beach. Every year, we would take a &
largely uninhabited land, swimming on the sandy side of the river and climbing through the trees
and up the rock faces. How is it that | was learning something completely new about a place | knew
so well? This moment reminded me that as a settler on these lands, even antamilgdas been

here since settlers first came to live on these lands, there are so many stories | do not know. There
were tens of thousands of years of stories happening long before our arrival. As we consider the
ubiquity of often empty land acknowleglgents that are commonplace at conferences and in
institutions, 1 am always aware of my treaty obligations to continue to learn about this place | now
call home and to be ever mindful of the relatively brief history my ancestors have had in this place.

A teacher and a learner

As a university student in both my undergraduate degree and my education degree, | volunteered with
X-Project, a student society at St . Francis X
African Nova Scotian youth with education, recreation, aaddeship programs. During that time, |

had many opportunities to build meaningful relationships with community members and learn about

how the education system failed to serve Mi ok
telling me that she whed that the youth in her community had their own school. She stated
emphatically, Al 6m not prepared to sacrifice
system to change. 0 When | became a teswdrdsr i n

with me. What would it mean to teach in a way that honoured her wish? How could | disrupt the
status quo to ensur e Mi-8ekvadabwthelr kammuhityeschool® &hise b
became a guiding philosophy for my teaching career.

Il n 1995, I began working in Webkogmadq First

t he Bras DO6Ors Lakes in Unamabki (Cape Bretor
subjects as assigned, for 10 years. | was consciously a learhat iale, knowing that while | knew

some things about mathematics teaching, | also had a lot to learn about the community, the people,
the history, the | anguage, the culture. I hav



ways in which the community supported and embraced me and helped me to do that deaming
continues to do so this dadybut | am forever grateful for the opportunities | have had and know that
whatever success | have in this career is in large part dilmattgenerosity (see Lunney Borden,
2016) . Learning to speak Mi 6kmag was an integ
| teach mathematics (see Lunney Borden, 2011, 2013) and learning from Elders and knowledge keepers
has helped me to seathmathematical thinking is so much more than what is depicted in textbooks

During my time in Weakagormse&pme part of a col
working together for the education of Mi 6 k m
Ki nadbmat newey ( MK) , woul d support the capacit
were traineds teachers and administrators so that there could be true community control of education
(Paul et al ., 2019). MK advocates for Miodkmaw
as the collective voice for all partner communities. Since the Miemgent was signed with the

federal government in 1998, graduation rates have increased to approximately 90% annually and
postsecondary enrollments are ever increasing. My ongoing relationship with MK, now as an
academic, allows me to regularly work wiachers and their students in classrooms constantly
seeking ways to improve the educational exper

Indigenous knowledge matters

| am not alone in my desire to transform mathematics for Indigenous youth; decades of government
reports and mandates have called upon educators to better serve Indigenous youth in all areas of
education. The first wave of calls to ensure Indigenous dootrmdigenous education came in
response to the 1969 Trudeau governnWhite Paper on Indian PolicgGovernment of Canada,

1969), with the subsequent Indigenous resistance to assimilation that was desdtnithed iGontrol

of Indian Education(Nationd Indian Brotherhood, 1972following this call, scholars began to
advocate for education systems to attend to Indigenous knowledge systems and value the ways of
knowing inherent in languages (Battiste, 1987). Later, scholars would bring this lens to STEM
teaching and learning in Indigenous contexts (Cajete, 1994; Mclvor, 1995; Mount Rlkstant

1998), and point to the importance of attending to tensions between Indigenous -andigemous

ways of knowing, being, and doing (Aikenhead, 1996; Lipka&Q4)9 This eventually led to
provincial/territorial mandates to integrate Indigenous perspectiveslid d¢Urricula (Aikenhead &

Elliott, 2010) that began to appear around 2000 (Wiseman, 2016). This often resulted in mathematics
being applied to Indigenouwsntexts in textbooks.

Students are asked to create a linear system to write equations to describe the perimeter of a Métis
flag, to write an equation to determine how many of the 545 cones Talise has on her jingle dress if
she has 185 more than her sister, and to create a $igsam to determine how mamst®ne or 7

stone Inuksuits were sold (presumably to tourists) by a store (Pearson Canada, 2010). All of these
examples came from one unit in the textbook currently being used for Grade 10 in Nova Scotia.
Measuring a flag des not recognize the mathematical thinking of the community represented by that
flag, it is simply a measurement task. Counting cones on a jingle dress does not help students to learn
about the dress or the role it plays in ceremony. A jingle dress myarpiress that is worn by a
dancer to dance for healing, and many teachings of the jingle dress is that it always has 365 cones,
one for each day of the year. Talisebds sister
navigate the Arctichut | cannot help but wonder if Inuit were consulted of the question advocating



selling them to tourists. These types of questions demonstrate how textbook companies tend to take
a surface level approach to the mandates to teach Indigenous perspectives in all subjects. None of
these questions recognize the wealth of mathematicalinigink Indigenous knowledge systems,

they simply apply typical schotdased mathematics to images from Indigenous communities, and
seemingly do so without any consideration of the sacredness of those artifacts.

In 2006, in a plenary address to the Canadian Mathematics Education Study Group, Edward Doolittle,
a Mohawk mathematician, argued that rather than imposing mathematics on cultural practices and
artifacts, it might make sense to begin in community andipufiathematics as a need arises. This
begins by taking seriously Indigenous ways of knowing, being, and doing, and the knowledge systems
that are inherent in these communities. Such approaches have led to promising practices that involve
beginning in placdZinga & Styres, 2011 and allowing mathematics to emerge from interesting
contexts rooted in community knowledge systems (Lunney Borden & Wiseman, 2016). Following
the Truth and Reconciliation Commissiondés 201
paid to addessing the need for Indigenous knowledge to have a rightful place in education across all
subjects and grades.

As a mathematics educator, | recognize there is a need to question mathematics itself, what counts as
mathematics, and who gets to decide. Joseph (2010) has argued that ideodtigisabbout
European superiority meanth a t coitiibbtiens of the cohizedpeoples were ignored or
devalued as part dfie rationale for subjugatiandd o mi nanceo (p. 4) i n mat
in other subjects. This provokes me to question whose mathematics are we teaching and why? | align
my thinking with Gutiérrez ( 201 7)) wh o clai med t hat iSchc
emphasizinderms like Pythagorean theorem angeipetuate a perception that mathematias

largely developed by the Greeksand her Eur opeanso (p. 17). Shou
myth that Pythagoras discovered the theorem often attributed to him when there is considerable
evidence to show that this theorem was known by Babylonians thousands of years before his birth?
Were the Greeks the only people to be interested in the relationgipelpethe circumference and
diameter of a circle? | will share that similar knowledge was passed down through generations of
Mi 6 k maw people in a | ater section of this pap
learning can either disrupt thesgths of white superiority or reinforce them. For me and my work,

| have regularly chosen the disruptive path and | believe it has made all the difference.

In this paper, | share two key ideas that have emerged for me in reflecting upon the work | have done
over my career as an academic. While these do not represent an exhaustive list of how to better
address the learning needs of Indigenous students in mmatibe, they are two ideas that | believe

best reflect the goals of MACAS in that they align with ideas of connections across mathematics,
science and the arts. First, | will discuss the ways in which | have come to understand the importance
of Elder knowkdge and then | will describe the role of ethics in considering mathematics teaching
and learning experiences. In both instances | will share some examples from work | have done in
schools and with preervice and irservice teachers in various programs.

The significance of elder knowledge

As a teacher, | would often say to my students that there was mathematical thinking within the
community, 1t just didndét get written down in
community were known for their ability to make baskets wovemfwood, typically black or white



ash, often ged to add colour and occasionally embellished with strands of sweetgrass. Their creations
were beautifully elaborate, with finely woven strips and curled decorative points (see Figure 1) that
clearly involved knowledge that would align with what we migegatibe as mathematical thinking.

Figure 1: Mi 6 k maw woven tea cup and b

Other community members were known to make beautiful beadwork for regaiiags, medallions,

and other beautiful works of art. Mi 6 k maw peo
axe handles, and hockey sticks, all work that involved processes we might describe as mathematical.
Our textbooks never recognized thistsirmathematical knowledge or, if it did, what was presented

was often trivializing merely applying Western mathematics to these artifacts rather than considering
the Mi 6kmaw knowledge systems that wereforappar
exampl e, t hat Mi 6 k maw people had canoes that
Many Nova Scotians and Newfoundlanders will tell you that a decently gusty wind will prevent the
ferry from making its way across the Cabot Strait on any gilssn so one must wonder about the
technology involved in creating a canoe that can accomplish this task. Yet our education system
repeatedly fails to acknowledge the ingenuity and innovation in Indigenous knowledge systems, nor
does it recognize these knieaiges are powerful opportunities for learning what we might today refer

to as STEM education. As an educator | wanted my students to know that STEM, and mathematics
in particular, has always been a part of their heritage.

Early in my academic career, as a young doctoral student, | was excited to have the time and space
to talk with Elders | had known for years, to have conversations about how we could make more
explicit the mathemati cal mawiwayk of kngwing,tbang, anda s ¢
doing. | was very fortunate that my doctoral advisor, Dave Wagner, had recently received funds to
support these sorts of conversations. He was interested in ethnomathematics and how mathematics
was being used inoutofschHoo cont ext s . |l was interested in t
a perfect match. We began our conversations online with a group of Elders and language teachers
who have gathered at a community school to join us online as poor weather had prevéotad us
going in person (See Wagner & Lunney Borden, 2015, for a more detailed discussion). One Elder
who joined us that day was the now late Dianne Toney. Dianne was a quill box maker. She made
boxes from birch bark, wood strips, and porcupine quills (Ei@)r She explained how she always
began her box with a circular top made from birch bark. She would use a wood strip, similar to those
used for basket making, to make the side of her box. She would then use an awl to poke holes in the
bark and weave heopcupine quills through the bark to create her patterns. She told us that to make
the ring go around the circular top, she would measure three times across the top and add a thumb
width and it would make a perfect ring every time. | recall anxiously exd¢lan g t hat t hi s
to which she replied that it was common sense. She explained how she had learned this from



generations of quill box makers who had taught her (Wagner & Lunney Borden, 2015). She stated
that it was important to have a strip that was long enough but not too long to have waste; three and a
thumb width gave her just this right amount.

Figure 2: Porcupine quill box made by Dianne Toney

Being able to determine the right amount witdt
knowing, being, and doing. This value is reflected in the concept of netukulimk which loosely
translates to sustainability but captures a deeper sense oftiedpongs i t y t o all one?os
that one takes only what is needed for survival and, in so doing, ensures the survival of others as well
including noshuman relatives. The mathematics Dianne used emerged from this value of netukulimk
and in respose to the need to figure out how much was enough. Much of what we teach in school
mathematics has also come from a need to answer questions, but those questions have often beer
rooted in very different value systems.

Show me your math

The conversation with Dianne was so inspiring that Dave and | knew we could not be the only people
engaging in these conversations. We wanted youth to be able to have these sorts of conversations
with Elders and knowledge keepers. After a few conversatiogether and then with teachers,

administrator s, and El ders in Midkmaw school ¢
born (Lunney Borden et al., 2019). SMYM invit
in their own community context to leaabout the mathematical thinking that has always been a part

of Mi 6kmaw ways of knowing, being, and doing.

of projects, including numerous classrobased inquiry projects, emerged as a part of SMYM. Each
year one of the MK community schools hosted the annual SMYM Math Fair where hundreds of
children would share their learning with their peers. The projects themselves took the learning far
beyond mathematics and allowed children to see how a question rabhthématics can lead to
learning about culture, community, and the impacts of colonialism. Dianne did not live long enough
to see the legacy that her idea inspired. In May of 2006, as | was preparing to go have a follow up
conversation with her, | receivedphone call from a former colleague and friend telling me that she
had passed away through the night of a heart attack. I like to think of SMYM as her living legacy of
teaching children about the vast knowledge within their own cultural communities.

Waltes

Wal tes is a Mibobkmaw game of chance in which j
two-sided dice made from bone. When 5 or 6 of the 6 dice turn up on the same side, the player scores



points and can collect sticks. If the player scores multiple points in a row, they can earn the notched
sticks known as the old lady or old man. The aim of the game is to collect all the sticks by continuing
to play through a series of rounds during whicé counting rules change. The counting system is
quite complex and often Elders are used to support the counting as younger people play the game.
Waltes became a popular topic to explore in SMYM. Some patrticipants focused on the probability of
scoring a pint or multiple points in a row, others focused more on the general rules of the game and
the role of counting in the game.

In GallaghefMacKay andSteinhauer (2017), former participant, Aaron Prosper, described his
experiences with SMYM and talked about learning waltes from his grandparents. In addition to learning
about the game, he also became curious about why there wlagailled into the bottom of the waltes

bowl. This was when he learned about how Indian Agents, representing the Government of Canada,
would come to Mi 6kmaw communities aiming to e
(1876). The Indian Acfi s o u g ht FirstdNatipns adiveluals ancommunities, their lands,
andtheir finances under federglo v er n me nt @Q@l% p.110).|Agart(offtHe dian act that

was in place between 183451, commonly called the potlatch bpmhibited cltural
ceremoniegJoseph, 2018), which prevented Indigenous people from passing on culture and traditions.
Wal tes became a target for I ndian agents who
and drilled holes in them to prevent them from imgdvater. In many families today, there are waltes
bowils that still carry that scar of colonialism. Aaron talked about how he was learning so much more
than the mathematics involved in waltes, participating in SMYM allowed him to explore this game in

a mwch more holistic way making connections to his family history and the history of his community

Birch bark biting

Birch bark bitingbecame an important part of SMYM as well. Although this was not an early project

it became a widely celebrated project later in the years of SMYM. The idea for working on birchbark
biting actually came from a conversation with an elder. We were discudsiag that we could use

i n mat hematics for young children. I n a resea
my mother used to peel thin strips of bark off the logs and ask us to fold them and bite shapes into
t h e m. olly, \gdunpsitawas peaked. | asked her more about this as | knew of birch bark biting
that happened elsewhere in other Indigenous nations in what we now call Canada, but | had not known
it was something commonl y dolméinfachbedvia éoknmon pasti

time in her childhood, but she was not sure if anyone still was able to do it.

| took out some paper, as we had no bark available at the time, and asked her to show me how to fold
the paper to do the birch bark biting. She instructed me to fold it in half, and then rotate it and fold it

in half along that first fold. As | workedtolIne up the paper, I asked |
word to describe this process. She replied, 4
which she told me AFold it the right way! o a

about itby doing some research and maybe students would want to learn it too. | did just that.

In my searching for information about birch bark biting, | came across an article written by
Oberholtzer and Smith (1995), two anthropologists, who had travelled the country interviewing
people who were known to be birch bark biters, each of whom belteegdvere one of the last

people in their communities who could still do these bitings. As | read the article and came to a
paragraph on the second page, | was stopped in my tracks. There was a passage about Margare



Johnson of Eskasoni, a basket maker and birch bark biter. | knew Margaret Johnson, or Dr. Granny,

as she was commonly <called throughout Mi 6 k ma
grandchildren at the university, and knew her sister, CarolinedGeety well as she was an Elder
and basket maker in Wedbkqgomadq First Nation wl

of the paragraph, | saw the line that stated her sister, in another community, was also a birch bark
biter. | knew that mudtave been referring to Caroline. Unfortunately, by the time | found this article
both women had passed on to the spirit world, but knowing their history with birch bark biting, we
knew it was something students should learn about.

|l set up a plan with a teacher 1 n one of our
5 through 8 to teach them about birch bark biting and to try it for ourselves. We had collected some
bark but knew we would need more. One of the teacheteaichool contacted someone in the
community who could bring us more bark. When he arrived with a great big barrel of birch bark, |
asked about it. He told me he had collected it up the mountain when people were logging up there.
He would go and harvegtte bark. He told me that he had collected this bark years ago for Dianne,
but she never got to use it. | took this as a sign we were on the right path.

We figured out how to do birch bark biting by watching videos online of other birch bark biters and
working together to figure it out. The students took to it instantly and found it enjoyable and engaging.
We were impressed with the work that they were éblicreate (see figure 3).

Figure 3: Student birch bark bitings

While it might be tempting to impose mathematics on the artifacts as they are depicted, where the
real mathematics happens is in the creation of these images. One must really understand that a circle
is a collection of points that are all equidistant frarcentre to create a circle when only biting one

small part of it and then unfolding the bark to create a full design.-poe8star was also something

that required significant understanding of angles to create. The student who createditiies@r

in figure 3 had worked for some time on getting it to be just right. He had to think about the angles
he was employing and how the paper was folded. There is a significant focus on the role of
visualization in creating birch bark bitings. We also noted through folding the paper, students
became very aware of the fractions involved and were able to easily explain halves, quarters, eighths,
and sixteenths that came from folding the bark.

In addition to the mathematical thinking that was emerging from the work done with birch bark biting,
students were also learning stories about the people in their communities who had done it as a
practice. Stories were being told by teachers who weremérgng seeing it happen as a child or



hearing stories about it from Elders. Students were also learning more about birch trees and the uses
of birch bark and the proper way to collect bark. Again, the learning extended far beyond the math.

Ethics and social justice: Connecting math to our lives and communities

After years of show me your math, we had many communities wondering about offering it to their
students who were not attending MK schools. Working with colleagues, we began an outreach program
called connecting math to our lives and communities. In tligram we decided to focus on social
justice mathematics activities or activities that allowed students to see the power of mathematics to read
and write the world (Gutstein, 2006). We wanted youth to see that they could tell their own stories using
mathem#écs as a tool. This program was expanded to also include local African Nova Scotian
communities. We drew inspiration from issues impacting the communities we were serving such as
climate change, soil erosion, environmental racism (Waldron, 2021), andngaieurity to name but

a few. Water security became one of our first modules following a conversation with a teacher in one
Mi 6 kmaw community who shared that they were o
and that she thought it might make & good SMYM project to raise awareness about this.issue

Drawing from data obtained from the Halifax R
a series of activities that would allow students to determine how much water their household uses in a
year. The data was provided in cubic metres and gae/trage water use for ar#ntn period based

on the number of people living in a home. This created numerous opportunities to solve problems that
would require some multiplicative thinking and proportional reasoning. We had students physically
constructa cubic metre and then determine how many litres that represented (Figure 4). This provided
students with a good visual to imagine how much water would be needed for a whole community. It
also allowed us to model how contaminants, often measured in @antdlpn (ppm), can be relatively

small and still impact an entire water system. Using-b&senaterials or Dienes blocks, we recognized

that the cubic metre is the size of the million cube if the small cube represents 1 unit. Therefore, the unit
cube would be onamillionth of the cubic metre or one ppm.

Figure 4: Students building a cubic metre

This was one of many examples that show how mathematics can help youth to understand and talk
about important issues that affect their community. We have engaged in numerous other projects that
look at theampacts of hurricane force winds, the disruption to an ecosystem when an invasive species
is introduced, and the role of mathematics in understanding matters of wealth inequality or land back.
All of these moments allow students to see that mathemat@sugeful tool for understanding
important issues in our society. They allow students to consider the ways in which we use
mathematics and to discuss if we are being ethical in that use.
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Concluding thoughts

For far too long, many children have endured mathematics learning experiences that were not
designed for them and were not reflective of their lived experiences. The examples | have described
in this paper are part of my attempts to address this discorifeggachese Cree scholar Dwayne
Donald has argued that fAcol oni al peaoplgsifronstbeir ( Do n
relations instead of opening a spadeere they might cexist (Donald, 2012)Colonial logics have

been pervasive in mathetizs and the projects of SMYM and CMTOLC have been designed in a
way that aims to open up the kinds of space Donald hopes for. The work | have done alongside
communities comes from lorgtanding relationships of listening and learning together to bring the
communitydés knowledge into the classroombs | e

The stories | have shared are but a few examples of how a commitment to respect, reciprocity,
relationship, and relevance (Kirkness & Barnhardt, 1991) allow for interesting mathematics to emerge
in ways that allow learners to learn mathematics while alsming about their own cultural identity.

Such an approach allows students to learn in a culturally consistent way. | end with the following quote
from an article | wrote with my research partner Dawn Wiseman, inviting reflection from the readers

Our intent in teaching and learning is not to begin with STeélgectations or outcomes but rather
to begin in a place wienew had the potential to teach. Though we cagnatantee that STEM
will emerge, we know the potential is ptace. In each of our aties, the activitiespened

up spacegrom which explorations, questions, and conversations @muktge and live for a
while. When these spacepen upwhat we find is important is taking the time to be with
whatthey teach, to pay keen attention to guesibilities foteaching and learning. In this way,
we see STEM as an artifaaft teaching and learning, not a framework imposed upon
it. (LunneyBorden & Wiseman, 2016, p. 150)
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Social media, school mathematics, and epistemology
Mario Sanchez Aquilar

This article explores the impact of the Internet and social media on the ways young people interact
with and approach school mathematics. Drawing on empirical research, the article highlights how
the internet has transformed how students validate mathemhaktnowledge and seek out
mathematical help and support from a range of sources, including online forums and educational
websites. The article also explores how social media has provided a platform for students to express
their emotions and perceptions @i school mathematics in new and innovative ways. Through
analysis of online activity, the article reveals that students use the internet to seek clarification on
mathematical doubts and solve mathematical tasks. The findings challenge traditional obtions
being a mathematics student and how mathematical knowledge is acquired and validated.

Keywords: Social media, epistemology, school mathematics, emotions, mathematisakkglp.

Introduction

For some years, | have been researching how young people use the internet and social media in
connection to school mathematics. This researchfd@sed on using the internet as a source of
mathematical help and a platform for sharing opinions and feelings about the subject.

This research suggests that the internet and social media have significantly impacted how students
interact with andpproach school mathematics. Through their online activity, students can now share
their perceptions about the nature of school mathematics in new and innovative ways. They are also
able to seek out mathematical help and support from a range of souwhetngmonline forums and
educational websites.

Indeed, the internet has transformed how students validate mathematical knowledge. Rather than relying
solely on traditional sources of authority, such as textbooks or teachers, students increasingly turn to
online communities to confirm and verify the a@cy of mathematical information (e.g., van de Sande,
2011). This trend is a significant development in mathematics education. It challenges traditional notions
of being a mathematics student and how mathematical knowledge is acquired and validated

In this article, | report on some of these findings, focusing on two issues:

1 How people use a social network to express their emotions and perceptions about school
mathematics.

1 How students use the internet as a source of mathematical help to clarify their doubts and
solve mathematical tasks.

lnstituto Politécnico Nacional, Mexico
Mario Sanchez Aguilamosanchez@ipn.mx
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Using a social network to express emotions and perceptions about school
mathematics

School mathematics is a subject that is commonly accompanied by an array of emotions, be they
positive or negative, as observed by scholars such as Pepin and Raéstern(2005). These
emotions are of particular significance, as they form the cornenspmmewhich individuals establish

their relationship with and seidentify in school mathematics. Furthermore, attitudes and beliefs
towards the subject play a pivotal role in shaping such emotions and are thus integral to understanding
the complex naturef human interactions with school mathematics.

On the other hand, social media platforms allow individuals to share and express their emotions
towards various aspects of their lives, such as work, personal relationships, food, exercise, pets, and
school (Stieglitz & Dangkuan, 2013). Mathematics is neempt from this phenomenon as a subject

that often elicits strong emotions of love or hate. Twitter is one of those social media platforms where
individuals express their emotions related to school mathematics. However, the potential role of this
platfom as a window into the emotions that people associate with this subject is not commonly
recognized in the specialized literature.

Twitter has been proposed as a means to engage mathematics students in and out of the classroon
(Soto & Hargi s, 2017) , and studies have show
mathematics (Vohra, 2016). Furthermore, Twitter has been usedaganizational tool to manage
classroom issues, such as reminding students about assignments and upcoming tests (Danesi, 2016)
Additionally, Twitter has been suggested as a space for exchanging ideas, dialogue, discussion, and
interaction within the cmmunity of mathematics education research (Chernoff, 2014). Nevertheless,
this article aims to support the assertion th
school mathematics (Danesi, 2016). Specifically, Twitter can be employed ttormeord examine

the moods and attitudes of individuals toward various subjects, including school mathematics. By
scrutinizing tweets related to school mathematics, researchers can acquire valuable insights into the
gener al publ i cbsectperception of this subj

In order to advance this argument, a brief analysis of how mathematics is represented in this social
network is introduced; in particular, a catecg
presented. Such categorization provides insight into @motions and perceptions that people
associate with school mathematics nowadays.

Choosing and categorizing tweets

Twitter is awash with tweets relating to mathematics, such as popular articles, images, and videos
about mathematical curiosities, announcements of conferences and academic events by organizations
and their members, and publicity by scientific companiesdav articles and journal issues. Simply
searching for Amat hematicso in Twitterods sea
categorization focuses on tweets where authors express their positive or negative opinions or some
form of sentiment towas mathematics or its related subjects. This categorization includes emotions
such as sympathy, dislike, and confusion.

Over the past years, | have collected a group of tweets by locating them in various ways (see Aguilar,
2021). These tweets were either in my timeline, retweeted by colleagues and friends, or found through
mont hly keyword sear chmeast huesmantgi ctse romsa nldi kiiem afit near
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| created a collection of 88 tweets, mainly in English but some in Spanish. Most of these tweets focus
on school mathematics because the authors are likely to encounter mathematics in that setting.
Additionally, many tweets are written in a humorous arisat style. Notably, some of these tweets
have received significant support, as evidenc
could indicate that many users identify with or appreciate the content of these tweets.

To categorize the 88 tweets, the technique of constant comparison, as described by Teppo (2015), was
i mpl emented. This process involved creating <c
with mathematicso or ftmetelt smateigas dh cirge vdd rf K .i &

subsequently merged into five overarching categories. The resulting categories are as follows

1 Mathematics is difficult
1 Mathematics is useless
9 Mathematics tests
1 Ilike mathematics
1 Love and mathematics

In the next section, a brief description of each category is provided, along with an accompanying
image corresponding to a tweet.

Emotions about mathematics

The tweets showcased in this section include the publication date, the username of the author, the
number of likes and retweets they have received, and a link for accessing them. An English translation
is provided if a tweet was originally posted in Sphanis

Mathematics is difficult

This category comprises tweets where users express the challenges of comprehending mathematics
and the emotions, such as frustration, associated with such difficulties. Additionally, it includes
tweets that depict mathematics as a complexnaetally demanding topic (Figure 1).

Publication date July 10, 2016
Statistics 11 retweets; 20 likes
Translation When everyone understands the definition of continuity except you

~~_  Mr. Matematico
@Infinito307

Cuando todos entienden la definicién de continuidad excepto ta

10:17 p. m. - 10 jul. 2016

11 Retweets 1 Citar Tweet 20 Me gusta

Figure 1: Tweet by @Infinito307 retrieved from
https://twitter.com/Infinito307/status/752341078523596804
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Mathematics is useless

This category includes tweets claiming mathematics is useless in everyday life or work (Figure 2).
For instance, some tweets devalue mathematical knowledge compared to skills such as writing a CV
or understanding how to pay taxes. One example isatweétths t at e s,

using algebra. o

Publication date March 5, 2014

Statistics

2,172 retweets; 1,540 likes

9GAG @ Memeland ./
@9GAG

Things i haven't learned in school
how to:

pay bills

buy a house

apply for college

but thank jesus i can graph a polynomial function
Traducir Tweet

12:00 a. m. - 5 mar. 2014

2172 Retweets  1.540 Me gusta

fAnot her

Figure 2: Tweet by @9GAG retrieved fromhttps://twitter.com/9GAG/status/441090800676777984

Mathematics tests

d

Assessment is a critical element in the academic success of mathematics students. Numerous tweets

express

student so

perceptions

experiences

assessments, or unrealistic contexts in whichlprnas are posed (Figure 3). For example, mathematical
problems may refer to sem@ality, which some students find problematic (Skovsmose, 2001).

Publication date February 13, 2014

Statistics

502 retweets; 349 likes

Funny Or Fact
WM @funnyorfact

I'll never pass math exams after | saw this & &3 &
Traducir Tweet

Math Test

9.
candy bars- e eats 2

1.Bob has 36 have now?

what does he

D 5 Qb blre/%
= o e

AioNoere

AANE
oo, one hea
eft Kalamaz outh. The
2. Two tr a“:s.t.a other headin® Pt cecond

n. - 13 feb. 2014

502 Retweets 349 Me gusta

Figure 3: Tweet by @funnyorfact retrieved from
https://twitter.com/funnyorfact/status/434160175592009729
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| like mathematics

Although individuals share tweets expressing positive emotions towards mathematics, these tweets
are not retweeted or favorited as frequently as those belonging to the abovementioned categories.
While some people explicitly state the positive emotions rthematics evokes in them, others
express their affection for mathematics without providing any additional context (Figure 4). Some
employ more imaginative means to convey their admiration for mathematics.

Publication date October 10, 2018
Statistics 1 retweet; 1 like

mai***
. @lonesomegargoyl

| love mathematics. If | could study just math for the rest of my life, |
would.
Traducir Tweet

12:16 p. m. - 10 oct. 2018

1Retweet 1 Me gusta

Figure 4: Tweet by @lonesomegargoyl retrieved from
https://twitter.com/lonesomegargoyl/status/1050072549185466369

Love and mathematics

Indeed, some individuals tweet about both love and mathematics; however, their tweets do not pertain
to a love for mathematics. Instead, these people tweet about romantic love, which may include
sentiments of heartbreak, and attempt to draw connectiomatttematics. An instance of such a

t weet is: Al wunderstand multivariable calculu

Publication date December 24, 2014
Statistics 8 retweets; 45 likes
Translation | understand multivariable calculus, but | do not understand life without you

Maria Wink
@Mairefest

Entiendo calculo multivariable pero no entiendo la vida sin ti

2:01a. m. - 24 dic. 2014

8 Retweets 45 Me gusta

Figure 5: Tweet by @Mairefest retrieved from
https://twitter.com/Mairefest/status/547663369923473408
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This article section aimed to illustrate how social networks can serve as a medium to gain insight into
students6é emotional experiences while studyin
enhance our comprehension of how students perceiverayjage with mathematics in an educational
setting.

Using the internet as a source of mathematical help

School mathematics is an educational experience where students commonly encounter doubts. It is
also common for students to seek sources of help to clarify these doubts. The sources of mathematical
help that students resort to can be varied: their classiitae mathematics teacher, a family member,

or a book, among others. Thus, hefeking is an intrinsic part of studying and learning school
mathematics. The hefpeeking behaviors that enable students to clarify their doubts independently
can be intermted as manifestations of sedfgulated learning.

Along with Danelly Susana Esparza Puga from the Universidad Autbnoma de Ciudad Juarez in
Mexico, we have studied how digital resources such as the internet, mobile devices, and social
networks shape the hefgeking behaviors of mathematics students. Qtiali explorations focused

on internetbased mathematical hefgeking practices among Mexican engineering students (Aguilar

& Esparza Puga, 2015; Esparza Puga & Aguilar, 2015). Specifically, we sought to answer the
following questions:

1 What websites do students consult when they need help in mathematics?
1 What do students use those websites @r?
1 Why do students trust the mathematical information provided by such websites?

The research method to address these questions primarily focusedrepasetf from participating
students provided through focus groups and individual interviews. The findings showed that the most
frequently used sites for mathematical heeking weré¢he Google search engine, Facebook, and
YouTube. The latter was identified as the most popular source of help among the participating
students. Regarding the uses that students give to these sites, the following were identified:

1 Finding different ways to solve a mathematical problem

1 Clarifying doubts and reinforce knowledge

1 Getting readymade results or mathematical problems solved

1 Comparing their results or answergptoblems with other answers to similar problems found
on the internet

9 Catching up with a class they skipped

Regarding the issue of trust in mathematical information provided by these websites, we began to
notice that students do not seem to pay attention to the intrinsic mathematical properties (Lithner,
2003) of the obtained information but rather base thesessment on features not related to
mathematics, such as the academic prestige of the person or institution that publishes information.
These two student statements illustrate this situation:

Student: YouTube seems reliable to me because university teachers upload the videos.
Student: SlideShare...I think is more reliable because there the doctors [PhDs] send [slides
presentations].
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Delving into the use of YouTube as a source of mathematical help

The outcomes of initial exploratory studies prompted us to delve deeper into the type of mathematical
assistance students search for on sites like YouTube and the reliability criteria they use to validate
the mathematical information they discover theree Wursued this research by making
methodological improvements to complement theisgdbrts and interviews used in the exploratory

studi es. Il n particular, we employed surveill a
mathematical help onlinésee methodological details in Aguilar & Esparza Puga, 2020). Direct
observation of studentsd online activity when

to identify two types of hekgeeking behaviors among students.

The first type isexecutive hehseeking which refers to situations where students aim to find
something or someone to assist them in solving a problem or achieving a goal on their behalf. For
example, when students turned to commudiiyen questioranda ns wer websi tes |
A n s w ewheye thiey could effortlessly obtain answers to specific mathematical tasks. This type of
behavior, in which students seek mathematical help in community férgomee of them without
getting too involved in the consittion of the answer or soluti®rhas been previously reported by

van de Sande (2011).

The second type of helgeeking behavior identified wasstrumental helgseekingwhere studenés
searches are more focused on promoting auselérstanding of an idea or a probieolving process.

For example, we found evidence of a student who identified a YouTube video through a Google
search based on keywords suchidefinite integral exercises solvedcaiculate area under a cunve,
andfiarea under the quadratic equation cuwr¥ée student could extrapolate the integration technique
they learned Y repeatedly watching the YouTube video to solve a mathematical task involving

solving the integral @ Ttw Q KseeAguilar & Esparza Puga, 2020

In the study by Esparza Puga and Aguilar (2023), the general characteristics of the mathematical help
students obtain through YouTube videos are explored, particularly regarding the qualities of the
sources they prefer and trust. Using a popular channeidebs on school mathematics called
Aijulioprofed as a reference (see hyedrengidedriygo ut u
students who used these videos. The interviews aimed to identify (1) the characteristics of the
mathematical help #t students obtain through these videos, and (2) the criteria for reliability that
students use to trudstor not trusd the mathematical information obtained from these sources.

The results reveal general characteristics of the mathematical help students obtain through this type
of video:

1 It is multifunctional Through these videos, students get multipurpose mathematical help.
They can use it when they have attended class but have doubts and want to clarify them, or
they can use it to introduce themselves to a new mathematical topic. They can use it when
they @annot attend class and want to catch up on lessons. In addition, the mathematical help
they get from these videos could cover different school mathematical topics, from the most
basic to the most advanced.

1 It is always available Another prominent feature of this mathematical help is that it is
available anytime, anywhea¥eas long as the student has internet access. Students can turn to
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this source of mathemati cal hel p in and ou

doing the assignment at 3 in the morning,
1 Itis private Students can refer to this source of help privately, without revealing their doubts
to their classmates or the | ecturer. Some

of their peers when asking for help or expressing doubts in mathematssdewman &
Schwager, 1993). The mathematical help obtained on YouTube eliminates these
inconveniences because it can be consumed privately.

1 Itis easy to use and sqdhced Some of the interviewed students highlighted the brevity and
simplicity of the videos by -bystdpexplanations.en, as
addition, the students have personal control over the pace since the video can be stopped,
skipped, or repeated as many times as needed.

As for the criteria students use to trust the mathematical information contained in these videos, the
findings suggest that trustworthiness is based on three elements:

1 People close to them recommendsiéveral students describe how their lecturers, parents, or
classmates recommended that they look for mathematical help on YouTube or the julioprofe
channel. We think that the fact that authority figures such as their lecturers or their parents
recommendtd in addition to their classma@pp r omot es student sd trus

M It works Anot her el ement t hat we believe incr
mathematical help is that it has helped them to solve assignments and even padsasxams
some of the students interviewed report. We think that when students receives pusitiy

and evalwuations after wusing julioprofeds v
the effectiveness of those videos as study support.

T L't gets 61 i kesd aSntdu dpeonstist ipvaey ccol nonseentast t ent i
that the videos receive from other YouTube users. Some interviewed students analyze the
number of o6likesd and the kinds of comment
of julioprofe,t he vi deos receive thousands of 061 i ke

Concluding discussion

In this paper, two points have been illustrated. Firstly, social media serves as a space where
individuals express their emotions related to schoathematics. These online social spaces can be
used as a window into peoplebs attitudes and
educators can better understand how individuals feel about school mathematics and how they engage
with it by anayzing public sentiment on social media. This approach can lead to developing effective
strategies and interventions to improve attitudes towards mathematics and enhance learning
outcomes. The use of Twitter as a tool for monitoring and analyzing publimsentoward school
mathematics has the potential to advance our understanding of this important subject area.

Secondly, this paper has highlighted how the internet and social media have changed how students
search for mathematical help and validate mathematical knowledge. We are witnessing a shared
epistemology among new generations of students, in which mathahkaibwledge is independently
obtained beyond the walls of the mathematics classroom. Its certainty or truth is validated not based on
its intrinsic mathematical qualities but through indicators of the authority of the sources and other social
indicatorssuch as recommendations, comments, or the number of likes obtained by the source of
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mathematical information. This transformation in acquiring mathematical knowledge and validating its
certainty has significant implications for mathematics education and calls for new approaches to
teaching and learning mathematics that consider thefrelec@l media and internet resources

The emergence of a new epistemology in which mathematical knowledge is validated through
indicators of authority on social media, such as likes, comments, and recommendations, is a significant
shift in how students perceive the value and reliability oheragtical information. This new way of
validating knowledge transforms the traditional notion of mathematical authority and expertise.
Students increasingly look beyond traditional sources of authority, such as teachers and textbooks, to
validate their undrstanding of mathematical concepts. In this new epistemology, the trustworthiness
of mathematical knowledge is based on the collective judgment of a community of users on social
media platforms, who provide feedback on the quality and relevance of an@atibn shared. This

has implications for how we understand the nature of mathematical knowledge and the role of authority
and expertise in the field of mathematics. Furthermore, it highlights the importance of digital literacies
in mathematics educatioS8tudents must learn how to evaluate and critically assess the credibility of
mathematical information found on social media platforms

While this new epistemology challenges traditional approaches to teaching and learning mathematics,
it also offers opportunities for innovation and collaboration in the field. By embracing the power of
social media and digital technologies, educators ceyage students in new and exciting ways,
facilitating meaningful and authentic learning experiences that align with the changing nature of
mathematical knowledge in the digital age. Therefore, mathematics educators need to recognize and
address the emergen of this new epistemology, developing pedagogies that encourage critical
reflection and evaluation of mathematical information found on social media platforms while also
promoting a deeper understanding of the nature of mathematical knowledge and di@uthority

and expertise in the field.
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The relation between skills and competencies in the KOM framework
of mathematical competenies: A discussion

Oliver Kauffmanrt and Uffe Thomas Jankis

In this paper, we explore an influential conceptualisation of mathematical competenci€§Nhe
framework (Niss & Jensen, 2002; Niss & Hgjgaard, 2011, 2019). In particular, we take a critical
look at the relation between competency and skills. Thisspeécc di scussi on ref|
concWmhwnw:and how should we care about the body

Keywords: Competencies, skills, supervenience, embodiment.

Introduction

One way to address the questions about the bo
met aphysi cal perspective. Competencies of a m
analysis will revedaht ahouottcndrheaiimrg enmattluyr er, e laartee ¢

us cautiously begin our discussion by taking

Assume for the sake of argument that the math

when he found about our epistemic capabiliti
simple entities |ike numbamgd ared ufcitgwme D nily [«
Since intuition and deduction, according to D
argumentation, is a substance (i .e., an entit
di ffewowmenntt hfe substance of extended bodies, t h
capabilities at alll. However, even i f Descart
prominent role for mathematiicaitiaes gkfomeeérso
related to the body, although in a contingent
the possible solution to a mathematical probl
paper and ogptenccawn numbers and equations by taf
we ponder, move our eyes, move in the chair a
bet ween our thoughts and our bodaphyTshiucss iesvea
i . e. a conception accorddihreg mad ewh iad h onwo exu te

the thinking substdatnhcee bnoody eaxnt de ntdheed tihni mskpiancge s
to each other.taliHe exfpltahnat carsysudmed i nteractio

since Descartesd6 days. When we are doing a ma
knowl edge, and competencies, this i® embgetbe
this causal story. Substance dualism has been
out of favor, at | east considered as a | ast r e
pro et con subsitmgnc2e0 1y alfiosrm,a sreeec eknt def ense
1989) . On the other hand, a number of materi a
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second ha'ltfendfurtyhe ha®@e al so met critiqgue. The
that they do not explain a number of peculiar
aspects of conscious awareness a&and tthlag ftedaetyu
intentionality (i.e., have representational C
turned¢al b ededwmomi ve accountsd of the relation
di scusstte oole of the body in relation-to m
reductive account of the mind as our backgrou
version of o6the supervenience d hmisnd. 0T hib®pudo
also in |ine with soanie atmeovog tkt sofb enhaitnhde mah @ c I8
serves as a thinking tool in this domai n.

The supervenience thesis

The psychophysical supervenience thesis is an
ter ms, a set of M properties (6Mbprfoperétmeenst a(l
O6physical 6) with respect to a domain D just w
with respect to P, are necessarily indistingu
t hat di ffer wietckssaspégt dt 6f &Mr with respect
possibility of the existence of entities, whi
excluded. I n other words, this is$ian beswaeaoe
(scoal l ed) supervening properties M and the(ir
P. I f D is the domain of psychophysical rel at
that al l psyclpolopgire¢ alesomM menhtadles, event, pr

properwei eusseP t(he terms O&6psychol odltaménanatd O me
are dependent on the bodily properties, Téared

rationale for psychophysical supervenience 1is
the psychol ogi cal sphere has properties, whi
explanatory framewor k. Tcheu sl,e apvseysc hroopohny sfiocra Imesn
and aboved the physical domain per se; t hese
bodily) properties, although they depend on t
shownliimgdevath two specific mental features w
and consoloptuentsenal i tyéd refers to the specif

phenomena. To be in a mental state involves an object of that state: what the state is about. Mental
states are directed at something. They represent something. We barqgaldgsire, know or entertain

a belief without thinking of, desiring, knowing or believing something. For short: mental states
representsne&Gdadnsrceifoeur s to the particul ar way
representing. When an organism is conscious of something, there is a particular way for the organism
to be in that ment al state. To be iscanethigitsou s | vy
l' i ke for the organi s m,p438§. Boeazombietinncantraststheeeisad ( N
something it is like for it to be in its representational state. A supervenience account is a nonreductive
account of the mental tthe extent that it acknowledges the peculiarities of intentionality and
consciousness. Here it differs from blunt reductive theories like behaviorism and materialism. On the
other hand, the asymmetric dependeralgtion between the mental and the physical
psychophysical supervenience still gives the physical domain priority. This feature is what makes the
position palatable for many with a naturalistic leaniBge c ond | vy, psychophysi c

25



apparently | eaves r oom-oheorrt atl h ec asuxsiasttipgdme sea oadf|

causation: My desire to find the solution to
grab for a pencil, et c. As hKaprh yhsaisc ag o isnutpeedr voe
mi ght run into severtemdmtoallb | &ts@ hwng ime¢ abllo t cha unseantt
1998, 2005) . Yet , we cannot go into these de¢
psychophysical hseapéeheennéncéioatcthat t h-e men
and aboved the physical, I's still dependent o
own, but also by being dependent on the physi
Wh a 't this O0dependencyd precisely comes to is
interrelations of knowl edge,d ankdi,| lass, waen ds hcaol nhj
di scussions of embodi ment . I n accordance wit
primary, and the ment al is secondary to the p

properties beingepsomehowpncabhealphysical (in
and the neuropsyxhoamdgi dal ndomhave evidence f

the mental. Out of the vast quantity of Ophys
acquainted with, only a very small nstulysgenl éxk
ment al properties are connected with particul

Competencies depend on skills and knowledge
The background condition about supervenience

with the connections between competencies, s k
Competenciedefswmhdedhd w) ( anmnd tkhnoouwt| ebdeti en)gs urcehd.u cA nbo
as ment al properties from the perspective of

floating, but instead depend on the existence
free folpoatpiemd i es o, but are described as feat
certain skills and knowledge. Since achi eveme
depend on the achieved s kislolnse aerpoe nkdn, o valte d geea,s tt
the body. The competencies partly rely on our
skills, and skills only come into the world t|
of viewopepwn beradnstance for taxonomical or e
percame be described and explored. This is si mi
of thpemisaich as intentionality .and conscious

Mathematical competencies

The notion of mathematical competencies, as opposed to mathematical skills and knowledge, has
gained momentum within the past decades in mathematics programmes, not only in Scandinavia and
Northern Europe, but also for example in Columbia and not ledbeiimternational assessments

PISA (OECD, 2019Ki | patri ck states that school mat hem

contest between knowledge and skill o while AC
to the wuser t hats liesarmorneg tnhaanrheanaqui ri ng an
mat hematics is mor aethieamsedr pyiocmgdavesawel( P01

competency has become a key construct t(fday i
Sadler, 2013; Stacey, 2010; Stacey & Turner,2014pver shadowi ng and repl
constructs such &As knawpbéedegeodndospiektlency fr a
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mentions three: (1) the five strands of mat h
Learning Study of the US National Research C

probdelmving ability identifiadewor k,heanrSd nga)p
competencies of the Dani sh KOM {Nsad&lensanr2002; Th e
Niss & Hgjgaard, 201l was al so i mpl emented as the basis o
competencies (e.g., ofttapayrc&sElynes,evedldb). Kl
competencies were part of PISA until approxim
Core Mathematics Competencies framework ( MOE,
Either explicitly or i mplicitly, al |l these ¢
explanation of the relations between competer
KOM framewor k deal explicitl y hvei tshuptelrevseen i reenica
this discussion along the I|lines indicated, W

conceptionsd of the relation between procedur :
to potential KQMdfevaemewortth further along this |

The KOM framework and supervenience

The basic, original idea of KOM was to formulate the concepts of mathematical competence and
competencies Awi th particul ar regard to thei
mat hemati cso (Niss & HRBj gaar dehind hd kDMframework 0) .
was that the teaching of mathematics would be
competencies and the rel at eThe &verall dharactefizatidnool/ e r v
6mat hemati cal compweit ehc KOMi n sadesrcdarmhea as |
understanding, doing, using and having an opinion about mathematics and mathematical activity in a
variety of contexts where mat hematics plTheays o
overarching conception of competence spans eight distinct, yet mutually related, separate competencies,
often illustrated by an-Rafed flower, the saalled KOMflower as shown in Figure 1.

Figure 1:-fTheved WONMFrom Niss & HRBjgaard, 2

The competenciear e di vided into two groups, the firs
guestions in mathematics and with mathemati cs

27



ability to deal with mathemati cal | anguage a
competencies of mathematical thinking, problem handling, modelling and reasoning. The second
group covers the competencies of mathematical representation, symabdl formalism,
communication and aids and tools. Both of these groups have (almost exclusively) explicitness
(through language) as characteristics, and generally the competencies are conceived as cognitive of
nature (cf. e.g., Niss & Hgjgaard, 2019, [2).1lt is important to notice that none of the eight
competencies can be possessed and developed in complete isolation from other competencies; hence
the nonempty intersection at the centre of the Kalbwer (Figure 1).

Recently the authors of the original KGMport found reasons to revisit the conceptualization of the
basic notions fAin order to provide an update
terminologyo (Niss & HRj gthey gide,a cé@sk, Dut ingtructive® ) .
exposition of the specific relation between knowledge, procedural skills, and mathematical
competencies. But whyroceduralskills? In the very detailed 20&&port (Niss & Hgjgaard, 2011),

procedural skills are not adde s sed at al | . Il n contrast wi t h
6procedural & only appears once (in the-pape,pres:
however, Oprocedur al skillsd are i nesfimands. T
acknowledgment of, the importance of action for understanding mathematical competencies.
Competence is now considered as Asomeoneds 1n
chall enges of given sitmwa2). Withmedetencé th whatsvastalrebdy ] g a
recognized by George P:-lya (1957/1945), t hey
constituent i n the mast el3) Lebdis therefdrentakem a tlookcas 0  (

procedural skills versus ompetencies.

By 6procedural skild i’ n mathematics, 6 the aut
and certainty, a particular, methodologically wadfined oftentimes algorithmi@ goaloriented

type of undertaking (Niss & Hgjgaard, 2019). What they ssigge that the relation between
procedural skills and competencies can be conceived as a specific type of compositional relation. The
existence of competencies relies on the existence of procedural skills, but without the competencies
being reducible to #se skills (Niss & Hgjgaard, 2019). They also claim that skills can be seen as
necessary, but not sufficient for the competencies. "The explanations for competencies not being
reducible to skills, and for the claim that skills are not sufficient for coempets, must probably, at

|l east partially, be f exercisthgadgiventcdmpetehcy typicalyreqnirgs c o |
the activation of a multitude, probably hundreds, of different, very specific procedural skills, each of
which draws upon a servoir of factual knowledge. For example, the symbols and formalism
competency involve the procedural skill of performing #héesed transformations of algebraic
expressions in different mathematical domains or determining the derivatives of combioétions
standard functionso (p,0t20e -omareyc onst daibntt.hd s
authorsé idea about a specific kind of compos
chemistry. Huge molecules (e.g., polymers), composeofatbms, result in the existence of new
properties, and competencies are comparable with the properties of such molecules, the atoms of
which (with their loweflevel properties) are the procedural skills (Niss & Hgjgaard, 2019). Although

this conceptioninte domain of chemistry and biology 1is
is not different from the supervenience thesis (the authors do not use these theoretical labels), and
psychophysical supervenience can consequently be seen as a speciakoasgeftism (cf. e.g.,
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Ki m, 2010) . With a definition of emergenti sm
attain an appropriate | evel of structural c¢om
to characterize these systemso (Kim, 2006, p.

How does this particular Oopictured of the rel
and Hgjgaard fare? Clearly, the higloeder properties themselves, differentiated as they are in the
eight different leaves of the KOMower, are applicable in the preparation of specific curricula, for
the evaluation of perfodmamcéespnand Theoabeho
by listing a number of 0 e d-ramaworkbas astrongtsaeksordd a n c
of applicability. The theoretical underpinnings of KOM are also helpful for developing a deeper
undersanding of skills and competencies. Clearly, the competencies rely on the skills, in the sense
that the competencies do not come into existence without the skills, and the picture of emergence is
perhaps truly helpful here. It givesusahandinuncoveringpi t mor e about what
amount to. Part of the idea with emergentism is that the bottom layer of the padtdssitatethe

existence of the aggregated, more complex layer of the system with its new properties. The bottom
layer plays an aggredang role for bringing the aggreted level of (new) properties into existence.

This means, that an instantiation of a particular set of aggregating properties nedessksrilgthe

set of aggregated properties. Mentioeedpassantvith respect to this specific point, emergentism

and supervenience may come apart. Thus, it is debated whether supervenience (as defined above ir
this paper) also entails this stronger Oneces:
level of prperties. (cf. e.g., Kim, 2010, p. 9). Yet, with respect to Niss and Hgjgaard (2019), this
necessitation from the base level is a stronger claim than merely saying, as they do, that the base with
properties P is necessary, but not sufficient for M, orelims of skills and competencies, that skills

are necessary, but not sufficient for the competencies coming into existence. In accordance with
emergentism, the aggregating properties, i.e., the supervenience base, is sufficient for bringing about
the emergig properties. Transferred to the domain of skills and competencies, the skills would then
after all be sufficient for bringing competencies into existence. This is obviously not what Niss and
Hgjgaard claim, but if the metaphor with emerging propertiegken at face value, this is what their

view implies, and it therefore appears to harbour an inconsistency.

|l nstead of giving in on Niss and HBjgaardds a
sufficient for competencies, we should likely give in with respect to the usefulness of the model of
emergentism instead. The problematic part of emergardpplied to skills and competencies is the
condition about Onecessitation. & Competenci e:
t hrough the subj edhutdrse competenciesdo hat come fuly intd existence

from the mere aagsition of these skills. Remember that they are not reducible to the skills
themselves, according to Niss and Hgjgaard. As mentioned above, part of the explanation for this
probably | i-ese iomdthreaimatnyd | f weismdécauseofatoowi t
close bond between skills and competencies (V
relation between skills and competencies?

Perhaps we could sdyslightly vaguelg t h at competencies only &bl
applyingthe acquired skills and knowledge in variasntexts This would be in line with the last

part of Ni ss and HRBjgaardodés definition: ACor
appropriately in response to the challenges
Would it be clearer to seekSolomonic middle ground by preserving that competencies, on the one
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hand, (really) are acquired through learned skills (and knowledge) and are attributable as properties
of persons (p. 11), but, on the other hand, only (really) come into (mature?) existence through
application in shifting (new?) contexts? This would beay wo accommodate our willingness to
speak of types of levels in mastery of a specific competency, e.g., in dealing with symbols and
formalism or with mathematical modelling (cf., Niss & Hgjgaard, 2019, pi221 Still, it can be

asked, are competencias properties of persons attributable to subjects apart from their being
applied? Put differently, can persons possess tieependentlyof their attribution? The
acknowledgement of the importance of this aspect of competencies is clearly indicated by the first
part of Niss and HRjgaardés definition: the 0
competencies look more lieo cal |l ed O0di spositional propert.
Perhaps then a ¢6r fenatbematieascompetencies,avhede these arenatmeducible

to learned skills (+knowledge), fares better?

If we ignore the attributioaspect, and instead seek an account of thecskilpetency relation in terms

of 6readiness to act, 6 how would such an accold
cannot be reduced tlipwhygde conpeendies comsidercd motigbe jeduGibleWe
to (relevant) skills? The central el ements of
one constraintdé is helpful with an answer to
dependency relation. Competencies need skills (+knowledge) in order ©® eatsthe other way

round. On the other hand, competencies are different from the skills they rely on. In the scholarly
discussions of the nature of mind and body, itis obvioustwtlee s peci fi ¢ candi dat
properties are, motivating for theories accommodative for mental properties being different from
physical propertigs despite the former being dependent on the latter for their existence. Consciousness
andintenbnal ity are such O6top candi dates, 6 as we
supervenience. How do competencies in any <co
perspective of Niss and H8pNegaa o dSctibdshhavwna givend € s |
competency typically requires the activation of a multitude, probably hundreds, of different, very

speci fic procedur al skill s, each of which dr
Hgjgaard, 2019, p. 20). How does the quastit i ve di fference between o0
competenced add up to a qualitative differenc

specific competency is nothing more than the sum of the individual elements (skills) it rebsl on,
therefore reducible to those skills (+the individual sets of knowledge related to each skill)?

If (and only if) competencies are considemedabstractionfrom the contexts of application, uses,
exercises, and challenges, they will be reducible to the constituent skills. Each competency would
arguendahen just be the mere instantiation of the arithmetic sum of its constituent parts, the relevant
skills. The competencies thus considered are mere resultant, additive properties of their parts. So, in
abstraction, we might after all be able to consideompetency as a dispositional property of a
persam . Yet , i n the concrete, things | ook differ
and HBjgaard decl ar e, Ais the enact ment of m
certain kind of <chall engeo ef(rdnlhe @bstragt persebtiye.of No
competencies as Oreadiness to actdé on oneds a
character of a competency comes from the tran
into a new situatonCompet encies from this O6conjuncti Ve
perspective reducible to sets of skill s, t he

30



dispositional sense. Yet, they are irreducible precisely when they are challenged through being put to
use in new contexts. Still, the question of the precise role of the body within a framework like this
calls for further reflections. A number of mentahfures such as our capabilities for abstract thinking,
modelling, and representing equations and numbers, continue to challenge truly embodied accounts
of mathematical competencies.

Embodiment and mathematical competencies

In the last thredour decades, we have been witnessing a turn in cognitive sciences, social sciences,
and the humanities: the turn toward understanding learning, feeling, and cognizing as situational
enacted, embedded, extended, and embodied activities,,sd ar dl'y referred to
Johnson, 1999; Shapiro, 2019; Varela et al .,
have been added over t he year s, but onl vy v
conceptualizations of embodieagnition have also had an impact on the understanding and
exploration of learning and skills within mathematics (see e.g., Lakoff & Nufiez, Z000). u mb er o
6alternative,® 6implicitd skilled ways to | ea
equivalenced (e.g., Abrahamson et al ., 2021;
claiming that thesanyskappesalarteof nebxtp |Iriecq ute 5 Cnogn
instead appear t of rbeee beansagcdlt d vaet ifccrosnt ehat unf
contextso ( HuThdliterataré onarhbodjed mathendaBcal fognition gives suggestions

to the effect that mathematical skills from a learning perspective ultimately rely on bodily skills
(Lakoff & Nufiez, 2000; Nufiez et al., 1999). In (Hutto et al., 2015), for example, pio@br
equivalence (e.g., i nstantiated by 66:10 = G
bimanual motosaction scheme, where the manipulation of handles dynamicatslatad with visual
feedback from cursors on a screen enabled the
the involvement of any mathematical symbolism. Ideas like thesse for pursuing
reconceptualizations of procedural knowledge in mathematics (e.g., Star, 2005), and give evidence
to the effect that certain mathematical tasks can be accomplished by alternative, embodied, enacted
procedures (e.g., Abrahamson et @22, Donovan & Alibali, 2021). Still, one central set of issues,

that corniinues to tease and frustrate researchers who addredsasiatl perceptual or cognitive task
inattemptstofindnos ogni ti ve o6alternatived ways -ewel acco
tasks of cognition, such as thinking and having reflectbrescious awareness. These issues certainly
appear pertinent and relevant to address for educational purposes, where the emphasis on formal ways
of teaching and didactical thinking has been the tradition.

Clearly, the KOM framework is conceived from a cognitive perspective. So much the more surprising

it is that Niss and Hgjgaard (2011) at the same time are very much aware of a number of elements
(potentially) closely connected to an embodied perspectiva, w h t hey | eave out o
maintained mathematical competence and competencies as basically cognitive constructs. In so
doing, the significance of affective, dispositional and volitional factors of mathematical mastery and
learning has in no ay been disregarded, but these factors are of a different nature to the ones taken
into account in this frameworko (Niss & HBjg
compet esncree canse Ois i nsightf ul readiness to act
given situationso (2019, p . 12) should be di:
theory complex in cognitive science of a 4E kind, which emphasizesnff@rtance of cognitive
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agentso6 implicitly knowing the interrelations
e.g., Hutto (2005) for some varieties of enacted theory).

Even if we do not have evidence for the strong claim that all types of mental states supervene directly
on the skilled habitual behaviour of agents, the existence of alternative, embodied routes to obtaining
mathematical tasks of various sorts indicatesttandwidth and plasticity of our learning repertoire

and demonstrates that importance of this research for educational purposes.
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Computational thinking and mathematics viewed as
interdisciplinarity
Morten Misfeldt, Uffe Thomas Jankvi§tRaimundo Elicéy Andreas Lindenskov Tambdtg
Thomas Brahk Eirini Geraniod and Kajsa Bréatint

The international trend towards young people learning programming and computational thinking in
compulsory school has led to different developments in mathematics teaching. In this paper, we view
this as a case of interdisciplinarity and explore what thterplay between mathematics and
computational thinking in ¥ schools in Denmark, Sweden and England looks like through this lens.
Based on national curriculum standards, resources and knowledge about educational practices, we
compare intentions and re#iés in these three countries. The analysis suggests that the school
systems in the three countries all look at the interplay between mathematics and programming as
interdisciplinarityd but as different types of interdisciplinarity. In England, we see & wéagration

of disciplines driven by a pragmatic need, in Sweden a deeper integration of disciplines, and in
Denmark there is a focus on understanding and overview across disciplines.

Keywords:Programming and computational thinkirtgchnology, mathematicsinterdisciplinarity.

Introduction

Across the globe, there is a general push in the direction that young people should be taught
programming and computational thinking in compulsory school (Bocconi et al., 2022). In some
countries, this ambition is addressed through mathematics teachimipdiicaet al.,2023. This

makes it interesting to view the interplay between technology education and mathematics education
as a case of interdisciplinarity in itself, where, in the best of all cases, there can be a mutual
fertilization between disciplingrand pedagogical traditions. From a historical perspective, we
observe a movement from an early (beginning around 1980) interest in children programming to
improve their mathematical capabilities and provide new ways of working with mathematics, to a
period with a lesser focus on the interplay between programming and mathematics (roughly 1990
2010) (Clements & Sarama, 1997). We now find ourselves in the middle of what can be characterized
as a fAsecond waveo of t he i nt ercypdduationfledi & e e n
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Martini 2021). A little before 2010, people from computer science and industry stated that children
need to learn about computthhgg r A comput ati onal thinkingo (Wit
some countries began to take up this challenge and implethemmputer science and programming

in compulsory school.

This paper explores the questiof® what extent may the interplay between mathematics and
computational thinking in ¥ schools in Denmark, Sweden and England, be viewed as examples of
interdisciplinarity? And, how does this unfold on the level of national curriculum standards, in
resour@s and in educational practices?

The main purpose of addressing these questio
navigation of resources to support the teaching of programming and computational thinking and
mathematics. The questions are addressed by a theoretical dissimsiog examples of practices,
resources and political documents from the three countries Denmark, Sweden and England. These
three countries all work with implementing programming, computational thinking, digital
competencies, and technology as part oir tberricula. Hence, by juxtaposing the approaches we
might be able to see more clearly the nature of the interdisciplinary relations between computational
thinking and mathematics. In the paper, we f
Comput ati onal Thinking and Mat hemati cal Di git
methodological constructs that we apply.

The pr Brpgeamiing iand Computational Thinking and Mathematical
Digital Competencie®

Il n the project, fAProgramming and Computational
we take as outset that we are in the middle of an international wave that pushes implementation and
Programming and Computational Thinking (PCT). With that etute’e look at the policies and
practices in the three different countries of Denmark, Sweden and England. We apply the Danish
competencies framework (Niss & Hgjgaard, 2011; 2019) augmented with the notion of
AnMat hemati cal Di gi t al niGwémjarkiise B0t9) i@ srder t¢ $MOCIdnd ( G e
compare the way PCT is implemented. MDC involves awareness of which tools to apply for what
mathematical purposes, using digital technology reflectively for prebtdming and learning, and
engaging in a techAamathematical discourse.

Within the project, we have combined a comparative study of how PCT is integrated with
mathematics teaching at the compulsory level in the three countries with design experiments. To
develop synergies between mathematics teaching and PCT in the Danighsystem, we have
compared approaches and resources from the three countries (this work is described in Elicer &
Tamborg, 2022; 2023). Based on these findings, we have conducted-lbi@sgghinterventions to

verify and refine our understanding of potehsignergies between PCT and mathematics, and we are
currently in a process of developing e&syuse teaching sequences as an educational resource for all
teachers (Misfeldt et al., 2022).

Theory and method: Comparing interdisciplinarity

We view the way that computational thinking is incorporated in the mathematics curriculum through
the lens of interdisciplinary configurations. The idea is that this lens will allow us to look at the way
that mathematics meets PCT in teaching and in alarclocuments.
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Jensen and Jankvist (2018) distinguish three kinds of interdisciplinarity addressing different types of needs

(1) Interdisciplinarity asintegration of disciplines on the border of two existing disciplines.
Examples are mathematical economics, bioinformatics and geophysics as examples. This
kind of interdisciplinarity isdriven by a demand for specialization

(2) Interdisciplinarity as thentegration of disciplinesExamples are business studies, which
integrates economics, sociology, law, etc.; medical science, which integrates chemistry,
physiology, psychology, etc.; engineering, which integrates mathematics, physics, geology,
etc. This type of interdisciplinaritysidriven by a demand to integrate elements from basic
disciplines to create an applied discipline.

(3) Interdisciplinarity asunderstanding and overview across disciplines as a kind of
fAl | g e me i n b iyde doli imtgrdisgiplinarity that is a response to negative and
unfortunate consequences of disciplinary specialization. This involves creating the need for
bridgebuilding and the ability to see problems through different disciplinary lenses.

We will use these three types of interdisciplinarity to look at the Danish, the Swedish and the English
responses to increased focus on programming and technology education, more specifically how
mathematics and PCT are related in school discourse arntt@radhe three countries.

Using a combination of an inductive and a deductive comparative strategy, we show the differences
and similaritiesin the configurations of interplay between PCT and mathemda&eeday, 1967)

More precisely, we shall use the three kinds of interdisciplinarity developed by Jensen and Jankvist
(2018) to develop a decontextualized comparison of the relationship between the teaching of PCT
and that of mathematics in the three countries. We Jewnhplementation stories from the three
countries as critical cases, where the everyday mathematics teaching acts to support the comparison.
In the comparison, we build on the short implementation stories described below. These descriptions
are reconstrumns based on previous research that we refer to in the individual sections describing
the approaches of the three countries.

Implementing programming and computational thinking in the three countries
In England, one main reason for focusing on computational thinking is to support the industry

( Tambor g, 2022). The structure resembles the
computer science, which has been implemented in the temhalasystem since 2013 as the school
subject ficomputingo (Misfeldt et al., 2020). I

thinking has been much closer related to the subject of mathematics. In 2018, it was decided that all
Swedish studestshould work with programming in relation to their mathematics classes, from grade

1 through grade 12 (Brating & Kilhamn, 2021). At compulsory school level, programming was
integrated in close connection to algebra and at upper secondary level maghfiam to problem

solving. Furthermore, this initiative was motivated by equity, and especially by an aim to avoid a new
type of digital divide between people who can create value with technology and people who
increasingly become consumers and spectdtorfe through technology (Heintz et al., 2017).
Denmark, on the other hand, has been experi mer
in a number of schools for the past four years. Technology comprehension has been tested as both a
subjectin its own right, and as a part of other existing school subjects, e.g., first language (L1),
mathematics, science, and social science. In both cases, the motivation has mainly been citizenship anc
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democratic empowerment (Smith et al., 2020). The focus for technology comprehension encompasses
design competencies, computational thinking, citizenship, and technical skills

We now provide a more detailed account for each of the three countries, beginning with Sweden.

Details about the Swedish approach

In 2017, the Swedish& cur ri cul um was r evi s ddgitalwompdiencmo r e
This led to the revision of all major scheslbjects, and in this process, programming became part

of mathematics throughout grade levels 1 to 9 (Heintz et al., 2017; Swedish National Agency of
Education, 2018). The Swedish mathematics curriculungmsmzed in six areas: Understanding and

use of numbers; Algebra; Geometry; Probability and statistics; Relationship and change; and Problem
solving. Programmingvas added to algebra at all grade levels and described in the following way
(Swedish National Agency of Education, 2018, pp.359:

0 Grades 13: How unambiguous, stdpy-step instructions can be constructed, described,
and followed as a basis for programming. The use of symbols Hbgtsep instructions.

0 Grades #6: How algorithms can be created and used in programming. Programming in
visual programming environments.

O«

Grades 79: How algorithms can be created and used in programming. Programming in a
visual and texbased programming environment.

For grades i, algorithms are also mentioned in relation to problem solving, and computer
simulations are mentioned in relation to statistics:

O«

How algorithms can be created, tested, and improved in programming for mathematical
problem solving.

0 Assessment of risk and chance based on computer simulations and statistical material.

Computational thinking is not mentioned in the Swedish national curriculum document. Instead, the
focus is mainly on algorithms and programming. The Swedish curriculum displays a clear progression.
In the early years, programming is approached by focusingtepby-step instruction and symbols,

often in secalled unplugged activities. In middle school, focus is on algorithms in visual environments,
and from grade 7 using telssed programming (Brating & Kilhamn, 2021). Helenius and Misfeldt
(2021) analyz¢he Swedish and Danish situation and noticed that programming itself is the main focus

in Sweden, whereas there is less focus on how programming can be used as mathematical tools. Anothel
characteristic of programming in the Swedish mathematics curricslut® focus on practices and
problems, whereas programming concepts and data structures, are more or less absent

Details about the Danish approach

Denmark has not yet made a final decision on revising the curriculum to include inforrekties

topics (as of 2023). Nevertheless, in 2018, the Ministry of Education initiated a pilot project where
46 schools began teaching a new subject called temiymobmprehension with the ambition to teach
K-9 students the ability to critically relate to and shape technology (Bgowe
Undervisningsministeriet (BUVM), 2018). The project began with developing a curriculum for
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technology comprehension as a subject in its own right. This curriculum included four competence
areas, namely: Digital empowerment; Digital design and design processes; Computational thinking;
and Technological agency. Each competence area was defittleceéyo five subject matter areas
presented as pairs of skill set and knowledge. In the case of computational thinking, the subordinated
subject matter areas are: Data; Algorithms; Structures; and Modeling.

As previously mentioned, the project experimented with two different implementation strategies; (1)
as an independent subject as described above and (2) as integrated into other subjects, among those
mathematics. Six technology comprehension componemtsintegrated in mathematics: (a) digital

design and design processes; (b) modeling; (c) programming; (d) data, algorithms and structures; (e)
user studies and redesign; (f) computer systems. (BUVM, 2019). Even though these elements are
added to the curnidum, they are not explicitly related to existing mathematical competencies and
subject matter areas. This results in a curriculum consisting of juxtaposed components from
technology comprehension and mathematics, thereby placing the responsibility tdpueyve
meaningful integrations in concrete teaching on the shoulders of teachers.

Details about the English approach

England was among the very first countries to focus on PCT in relation to compulsory school. This
happened in 2014 with a new computing curriculum (Department for Education, 2014a). The
computing curriculum replaced a prior mandatory Information and Comeation Technology

(ICT) curriculum. This topic mostly covered basic usage of technology and information search and
the ability to assess quality of information (Department for Education and Employment, A999).
central reason for this change was that@lecurriculum fell short in preparing students to contribute

to the ICT industry, which was important for economic growth in England. Furthermore, there was a
decline in recruitment in ICT and computing courses (Council of Professors and Heads of Gpmputin
2009; the Royal Society, 2012; Microsoft, 2007).

The argument that schooling should promote PCT since industry needs ICT professionals is not
unigue to England, but the English case is very clear in how this motivation leads to policy and
implementationThe English computing curriculum can be seen as a simplified version of computer
science as taught in tertiary education. In headlines, this curriculum aims at:

. understanding and applying fundamental principles of computer science,
. the ability to analyze problems in computational terms,

1
2
3. evaluating new and familiar technologies, and
4

. to educate students to become responsible, competent, confident and creative users of
technology. (Department for Education, 2013)

The content consists of: (a) algorithms and programming; (b) logic; (c) computational thinking; (d)
digital content and potential uses for digital technology; (e) safety and citizenship; and (f) systems,
search and software (Department of Education, 201 teachers of the previous ICT subject were
assigned the responsibility of teaching compu
Acomputingo were highly different. Formal |l vy,
of mahematics and mathematics education researchers have taken up the focus on programming and
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computational thinking (e.g., Benton et al., 2017; 2018). Hence, on the level of pedagogical practice
the relation between mathematics and PCT does exist.

PCT and mathematics teaching in the borderland between school subjects and
political intentions with schooling

We view the problem of understanding the interdisciplinary configuration between programming and
computational thinking, on the one side, and mathematics, on the other, on a continuum from policy
intentions and documents, over resources to actual tegutaiotce.

We have previously argued (Tamborg et al., 2022) that the politically decided curricular structures
that specify the interplay between programming and mathematics can be described as displayed in
figure 1. Sweden has implemented deep integration. Thisisnary, but it also naturalizes the
relation between programming and mathematics. In Sweden, programming is focused on algorithms
and it is closely related to algebra.

Integrated (SE) Juxtaposed (DK) Separated (ENG)
reeras
Computational
thinking
Computational
thinking

Figure 1: Three types of curricular integration between mathematics and computation thinking. From
Tamborg et al. 2023

In Denmark, the details of the relation between programming and mathematics were not specified in
the curriculum, but the intention of relating mathematics and technology is clear. In the English case
there is no relation between mathematics and progragarut both feed into a pragmatic concern
about raising studentsd abilities in relation

In order to compare the policy level intentions and official curricula in more detail, we can distinguish
scholarly knowledge and practical knowledge (Helenius & Misfeldt 2021). On the level of scholarly
knowledge, the Danish approach is broad, since mbtoes computer science, sociology of
technology and experiments with integration into several of the school subjects (mathematics,
science, first language and craftsmanship). England has a focus on the academic discipline of
computer science and on eduiegtfor becoming part ofhe technologyndustry. In Sweden, the

strong relation to mathematics, and especially to algebra, means that the scholarly knowledge
addressed is focused on the intersection of computer science and algebra, in particular algorithms and
variables. Regarding the praclidamowledge addressed in the curricular documents, the Danish
technology comprehension has an affinity to design thinking and the ability to prototype and develop
technology. Furthermore, the Danish approach puts asmphon analyzing the influence of
technology on society. The practical knowledge, which is the focus of the English and Swedish
documents, is much more related to programming and algorithms. The differences between the
scholarly and practical knowledgefwcus are shown in Table 1.
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Table 1: The way that the curriculum documents focus on scholarly knowledge and practical
knowledge

Country Scholarly knowledge Practical knowledge

Denmark | Broad knowledge of technology, and| Design of technology and analysis of
technology as part of topic/in topic | technological situations

England | Computer science for kids a sense | Programming and technology developme
monodisciplinary

Sweden | Mathematics, algebra and algorithms Algorithms and programing addressing
viewed as an integrated topic mathematical problems

If we look at the teaching resources that@evided for working with PCT, we can also see a clear
difference in the focus and way that the interplay between technology and computing is addressed.
Based on examples, we have previously shown that the materials in the three countries differ (Elicer
& Tamborg 2022; Misfeldt et al., 2020). We have analyzed teaching resources from Denmark and
Sweden to discuss the difference in how they address this interdisciplinarity (Elicer & Tamborg,
2022; Misfeldt et al., 2020). Because of the status of the curritidee are published textbooks in
Sweden with programming integrated into mathematics. In Denmark, these resources are online
teaching units for the pilot project on technology comprehension. Some resources focus mostly on
programming and algorithms whitghers take a broader view, one including the handling of data
and computer modeling. Danish tasks cover a wide range of mathematicad tapibsnetical,
geometrical, and statistiéalconcepts, while Swedish tasks mainly focus on patterns and sequences.

As for the English case, there is no such intent of making PCT and mathematics an interdisciplinary
field. However, there are resources produced and made available by, for exanmpdeattieMaths

project (Benton et al., 2017). Their core contribution is a collection of teaching resources that express
what they can do for student s-6almMagadchemmBd s c @le c
framework for action: Explore; Envisage; Explain; Exchegrand bridgE. The latter attempts to have
students connécomputational and mathematical ideas.

Our comparable data about the teaching practice in the three countries consist of expert interviews
(further elaborated in Tamborg et al., 2022). Based on this, we see that in Denmark there is a broad
covering of all aspects of PCT in comparison with Endland Sweden. However, while we in the
public discourse see a relatively clear orientation in Denmark towards democratic education, this is
less clear when looking at the combination of interviews and curriculum (Tamborg et al., 2022).

In England, it was a surprise that socioeconomic inequality was so present in the analysis. Previous
research (Tamborg et al., 2022) unanimously found a clear orientation in English policy toward
building a strong competitive workforce.

Discussion: Interdisciplinarity as a window to national differences when
implementing PCT

The notion of interdisciplinarity helps us understand some of the differences between how PCT is
implemented in Denmark, Sweden and England.

In England, we see what Jensen and Jankvist (2018) describe as interdisciplinatggrason of
disciplines on the border of two existing disciplingsyen by a demand for specializatid@n the
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policy level, we see more or less no integration between mathematics and PCT¢c@sphéng

topicis formally not attached to the mathematics curriculum. Still, the purpose of adding computing
to the curriculum is not completely disjoint from the larger purpose. Even though the computing
curriculum as such is unrelated to the mathematics curricuhenkrglish case shows that this does

not imply that no integration is pursued. Firstly, integration can be left to teachers and material
developers as in éhScratchMathgroject. Furthermore, the basic incentive of the curriculum has
been to develop a strong workforce that can specialize in technology development. In a sense, the
interdisciplinary interplay between mathematics and PCT in the English school systemrigemot d

by overt political intentions. The unfolding of the interdisciplinary relation between mathematics and
PCT is rather driven by ngpolicy agents, such as teachers, scholars and NGOs. Nevertheless, there
is a rich environment oriented viards experimenting with making use of PCT as a part of
mathematics education. In addition, mathematics and computing are aligned on the level of values,
since the overall political intention of i mpl
careers in technology development. This leads us to suggest that the English situation is framed by a
demand for specialization and the need to develop strong skills at the intersection between
mathematics and PCT. That is, it is interdisciplinarity offtret type since the tech entrepreneur
integrates elements from both mathematics and computer science to develop new solutions in a
specialized borderland between the two disciplines. Even though the goal of integrating mathematics
and PCT is relevant arid some extent articulated in relation to the English implementation of PCT,
there is no such thing as an attempt to develop a new topic or integrated scholastic discipline. The
need for integration is pragmatic rather than epistemic.

In Sweden, we rather see what Jensen and Jankvist (2018) refer to as interdisciplinarity as the
integration of disciplinesJensen and Jankvist provide examplebusginess studiethat integrate
economics, sociology, law, eteedical sciengantegrating chemistry, physiology, psychology, etc.;
andengineeringwhich integrate mathematics, physics, geology, etc. This type of interdisciplinarity

is driven by a demand to integrate elements from basic disciplines to create an applied discipline, in
Swedishcase one of algebra and algorithms with an independent object and an epistemic approach.

On the curriculum level, we have entitled this asraegratedapproach to PCT and mathematics.

PCT components are integrated into specific mathematical areas (e.g., programming in algebra).
While this on the one hand offers little autonomy for teachers, it does on the other hand attempt to
create a meaningful and neocomplete disciplinary package of objects and methods that allows
students and teachers to move beyond a pragmatic need for specialized skills and towards a more
fully integrated disciplinaryidentity. This is seen in the ambitions and structure of the national
curriculum standards as well as in the tendency to address genuine mathematical problems with PCT
in the Swedish materials and resources (Elicer & Tamborg, 2022). Nevertheless, ¢hatgoar
indications that the integration is not complete. Brating and Kilhamn (2021) show that there is still a
way to go before the programming tasks that are being promoted always serves a mathematical goal,
and Helenius and Misfeldt (2021) show that thiegration between mathematics and PCT is still
mainly on the practical level and less developed on the theoretical level.

In the Danish case, there is a strong resemblance to what Jensen and Jankvist (2018) describe as
understanding and overview across disciplin€khis is a form of general education or
AAll gemeinbil dungo (Bildung). As previously m
to negative and unfortunate consequences of disciplinary specialization and involves creating the
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need for bridgéuilding and the ability to see problems through different disciplinary lenses. The
ambition of looking at technology as digital empowerment, digital design and PCT, and from various
disciplinary perspectives, includidgbut not limited td mathematics, does reflect an ambition on a

very high level of abstraction. The specific description on how mathematics and technology can be
related in the Danish curriculum are, nonetheless, more juxtaposed than integrated, since the details
in the relatim between PCT and mathematics are largely left to the teachers. Nevertheless, there is a
number of indications that the scaffolding is in fact too weak for the current state of implementation.
Hence, there is a risk that this autonomy does not reallytdeadealization of interdisciplinarity as
understanding and overview. Helenius and Misfeldt (20&i)trastedthe SwedisB A pr act i cC ¢
withoutditnheagrmryd i on between mat hematics and PC
practice. 0 Resbanechcber &@ usage of teaching
experimental program in technology comprehension shows that the materials are followed with high
fidelity, which could indicate that teachers do not feel skilled to adapt the materiakiorown

(Begrne og Undervisningsministerie021). In that sense, Denmark clearly aims at a Bildung style

of interdisciplinarity, i.e., that of type three. Still, the currently weak teacher capacity and slow
approach to implementation challenges this ambition, since the teachers tend to only follow
predetermined materials. We present an overview of the various approaches and levels in Table 2.

Table 2: Interdisciplinary configuration at various levels

Country Policy level Resource level Teaching practice Configuration
and expert level
England | Separated, but sharg Programming and | Structured by Interdisciplinarity
values of driving technology schools/colleagues. | type % focusing on
recruitment for development is Heavy use of specialization into
technology addressed by resources. technology
development NUMEroUS resources professions
Sweden | Integrated Algorithms and Structured by the Interdisciplinarity
mathematical national level. type 2i developing
problem solving Tendency to practicg an applied discipline
integration without | of algebraalgorithms
theoretical and computing
integration
Denmark | Juxtaposed Mission, design and| Autonomy in Interdisciplinarity
empowerment driver| principle- but strong | type 3: understandin
dependence on and overview across
materials in practice.| the many aspects of
digitalization

Conclusion: PCT andmathematics as two of many things

In this paper, we have shown that the integration of PCT into school can relate in a number of different
ways to mathematics teaching. One way of looking at these different approaches is through the lens of
interdisciplinarity. This lens has allowed usittangle some of the differences in ambitions and reality

of Engl andds, Swedends and Denmar kds ways of
ways of doing interdisciplinarity. The question of if the interplay between mathematics and
computatimal thinking in k9 schools in Denmark, Sweden and England, may be viewed as examples
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of interdisciplinarity can be answered with a
the ambitions of the curricular documents are not completely fulfilled in the developed resources and
in educational practices. Especially Sweden sdenagtempt to develop a sort of applied discipline
between algorithm and algebra, but in the current practice there are little theoretical concerns of why
this makes sense and what it can offer. Similarly, Denmark seems to be attempting at developing an
approach to teaching technology that highlights understanding and overview across various fields, but
lacks practical foundations in technology development, programming and computational thinking

The fact that we can view the interplay between PCT, on the one hand, and mathematics, on the other,
as very different cases of interdisciplinarity in the different countries calls for further research. We
have previously tried to understand the necessity nature of mathematical digital competences
(MDC) (Geraniou & Jankvist, 2019) as an attempt to update the normative aspect of mathematics
instruction to meet digitalization. Nevertheless, the division of labor between mathematics and PCT
is of a differat nature in the three countries under scrutinganing thathere is a further need to
understand what parts fDC t hat reside finaturallyo in mat|
may potentially be outsourced to a computing curriculum.
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The Lifestyles Project An interdisciplinary integration of
mathematics with science, arts andEnglish in the Québec context

Midhat Noor Kiyant, Limin Jad, Cinzia Di Placidband Sun Jung Chbi

Learning mathematics in a silo presents it as a complex discipline that is detached from the real
world. As such, there is a growing interest in interdisciplinary mathematics education (IdME) in
Qu®becbdbs secondary educat i @emsinQuéeafmditechallengmpty i c e
adopt IdME due to a dearth of literature providing concrete examples of this approach. Thus, this
narrative practicebased paper discusses a descriptive example from a Québec school where IdME
took place ina Seconda® ( Grade 8) <c¢classroom through the
Project was suldlivided into three consecutive assignments (Hobbies, Careers, and Bedroom
Design), interspersed in the mathematics course throughout the year. In each of these atssignmen
students were graded using rubrics designed by the two collaborating teachers of the integrated
subjects. Learning from the example of the Lifestyles Project, we encourage researchers and
educators alike to further examine the ways to develop IdMiatimés and transform mathematics
instruction to make it engaging, meaningful, and relevant for the students.

Keywords: Interdisciplinary mathematics education, Québec secondary education, -pegedt
learning

Introduction

Mathematics knowledge and processes are used in multiple aspects of everyday life. Engaging in
mathematics fosters critical thinking and problsaiving skills, which are also crucial to addressing
complex global issues. Although mathematics plays an itauporole in society, most students still

find it vague, abstract, and detached from reality (Mosvold, 2008). As a result, interdisciplinary
mathematics education (IdME) has received considerable attention in recent yearBdCidanez

et al.,, 2019; Chi2 0 2 1 ; Kokko et al ., 2015) . In |l ine wi
(QEP) emphasizes the importance of interdisciplinarity and -cuwsiular competencies for
meaningful and engaging mathematics learning (Québec Ministry of Education, 2007a,
2007d). As wunderscored in the QEP, At eachers
t hat may be made with other subjectséthrough
school 0 (Qu®bec Mini st r $tudenfs caB dnprove theiromathematiCad 7 ¢ .
understanding if they are able to connect it with other fields of knowledge/disciplines (Québec
Ministry of Education, 2007c).

Despite the QEPO6s emphasis on connecting matl
remains an ongoing concern in Québec secondary education. Novice secondary teachers face multiple
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challenges in adopting interdisciplinary teaching and learning into their practices (Hasni et al., 2015;
Lenoir & Hasni, 2010). Particularly, there is a dearth of literature that provides concrete examples
and evidence of IDME to learn from (Lindvig & W&en, 2019). In an attempt to address the
highlighted issue, our narrative practicesed paper discusses an example from a Québec school
where IdME took place in a Secondary 2 (Grade 8) classroom. In this paper, we aim to provide a
detailed description dhe implementation of an interdisciplinary projdetsed learning approach in

a reallife setting. This interdisciplinary mathematics project will serve as an example of
interdisciplinary learning and teaching within secondary mathematics education.

Curriculum integration models and IdME

The notion of integrated curriculum implies that different forms of knowledge and disciplines will
work together to impart meaningful learning (Pring, 1971). In an integrated approach to teaching and
learning, multiple disciplines are fused and combinggtiver instead of teaching them separately
(Costley, 2015). There are a variety of models of curriculum integration that exist to help practitioners
understand and implement curriculum integration in their classrooms.

Models of curriculum integration

One model for curriculum integration (Vars, 1991) offers teachers three options for combining
di fferent di sciplines, namel vy, correlation, f
most basic form of integration, where different subjeatliers combine two or more disciplines in

one topic simultaneously. Correlation is used to reveal connections between disciplines within a
single subject area. For example, the mathematical concept of geometric figures might require
discussions about strgil of structures and symmetry, drawn from the subject of science. Taking
correlation a step further, Vars (1991) descr
content of two or more disciplines to create an entirely new discipline. For Eammit of study

about water may be designed by fusing concepts from mathematics, science, and geography. The
most advanced and complex approach in Varsbo
studentcentered approach to curriculum integmatio I n t hi s approach, t he
nature and criteria are determined based on the needs and problems of the students. Teachers grou
students6é6 needs and problems into clusters &
integrate sKis and subject matter content from any pertinent subject, suited to the original
problem/need. As a result of this approach, the criteria for integration are to determine what subjects
and forms of knowledge are essential to explore and solve the prableand.

Il n contrast to Varsodé model |, Fogartyods (1991)
across disciplines: sequenced, shared, webbed
o6correlationd, the 06s equdavanteapids franpdiferentdistiplinesn v o |
independently. These topics are sequenced to provide a framework for broad concepts and to facilitate
the transfer of | earning across content areas
ideas, ad skills as knowledge of two disciplines connected through a common topic. These common
topics promote shared instructional experiences among learners, allowing them to make connections
across the two integrated disciplines. Moving beyond two disciplings,e Owebbedd a
employs a thematic approach where three or more independently taught disciplines are combined
such that they lean toward a common theme as a base for instruction. This approach helps learners to
make sense of the topic under studydbgwing knowledge from multiple disciplines. As the name
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suggests, the O0threadedd approach involves 1in
thread of a chosen skill. In this approach, the content of the integrated disciplines is only a tool for

|l earnersdé skildl develgppmeat hnsluady ,asamdcstaddy
curriculumd approach by Var s-centeredgHowevey, hsonttastr e a
to studentsdé needs and probl ems, the nature .
approactd epends on the selected studentsodo skills.
established by what skills the students need
common goal or theme, which requires knowledge of more thaniseiplthes, is proposed. In this
approach, the overlapping aspects of the included disciplines encourage learners to see the
interconnectedness and interrelationships between the disciplines. Graphical representations of each
approach i n FegyeminfTagbles. model ar

Tabl e 1: médelgfaurriculurd $ntegration across disciplines, adapted from Fogarty (1991)

Approach Sequenced Shared Webbed Threaded Integrated

o o
o
Another model of curriculum integration was later presented by Drake & Burns (2004), which greatly
overlaps with some approaches of Fogarty (1991) and Vars (1991), see Figure 1. According to this
model, teacherscannt egrate curriculum in three ways, s
which is at the | owest l evel of i ntegration,
approach, which is at the highest level of integration. Similar toottielation and webbed approaches
of Vars and Fogarty respectively, the approach of multidisciplinary integration involves organizing the

standards from multiple disciplines. These disciplines are combined such that there exist
interconnections between thdisciplines despite teaching them separately. In contrast to the

Representation

mul tidisciplinary approach, in the O6interdisc
skills that are common to two or more disciplines. Thus, the interdisciplinary appesachbies the
0i ntegratedd approach of Fogartyds model as bo

characteristics. Irrespective of the disciplinary and/or interdisciplinary skills and concepts, the
0transdisci pl i nar gdevelapment ob ianoviativef solutians te ieal liberprokilems

by wusing concepts and skills of al | the di s«
curriculum approachcant droedhd taker ¢ deh 6ps od | l&ans

Interdisciplinary mathematics education

| d ME occurs when an &éinterdisciplinaryd appr
mathematics (ChabBernandez et al., 2019). In IIME, mathematics is often combined with science,
arts, and/or languages (Lovemore et al., 2021; Serrano Corkin 2020). The interdisciplinary
integration of mathematics presents mathematics in a wider context (Chi, 2021); combinedwith real
world knowledge to foster problem solving skills and inquiry among students (Williams et al., 2016).
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Vars (1991)

Correlation

Core Curriculum

Fusion
Fogarty (1991) Drak(ezgag)ums

Sequenced Multidisciplinary

Integrated

Shared s
Interdisciplina
Webbed pEnaty

Transdisciplinary
Threaded
Figure 1: Venn diagram showing relations and interconnections between Fogarty (1991), Vars (1991)
and Drake & Burns (2004) models of curriculum integration

|l dME al so develops studentsd understanding an
the other subjects (Kokko et al., 2015). When students discover these interconnections between
mathematics and other subjects, their beliefs and attitudesrdswnathematics are positively
transformed (An et al., 2008). As many students find mathematics vague, abstract, and detached from
reality and realife situations (Mosvold, 2008), IDME underscores mathematics as an engaging
discipline, which is inherentlpresent in other disciplines as well as everyday knowledge (Chi, 2021).
Given the many benefits of IDME, most teachers have positive perceptions towards using
interdisciplinary approach of curriculum integration in their classrooms (Ozturk & Erden,24l&h;

& Shaker, 2021).

Project-based learning within IdME

There are multiple approaches that can be used by teachers to implement IdME in the classroom. A
common and widely used approach for IdME is preaed learning (PBL) (Chi, 2021). PBL is an
instructional method that allows students to engage meanmgyiihli interdisciplinary content at a

deeper level (Condliffe, 2017). In PBL, students investigate challenging questions or issues of
personal interest in authentic and fkal f e s e t 4Giinbatps 20R20ABell 2040; Laur, 2013;

Lin et al., 2015; Vitue et al., 2019). When students apply mathematics knowledge tlifeeal
situations, their mathematical understanding is greatly improved (Boaler, 1997; Holmes & Hwang,
2016) . PBL helps students in fAestabkneWwladgea
(DemRel & Coskun, 2010, p. 48) and hence, improves their academic achievement in mathematics
(Gurgd & Cetan,—2018). Indeed, a study by Holmes and Hwang (2016) found that students who

initially had Ilittle brpressed mhset er mabhemast
of engaging with PBL (p. 459) . Students fsh
traditional di dactic model so (Ghi sl a et al

interdisciplinary, projeebased format.

The LifestylesProject: Conception and design

In this section, we present an example of an IdME project, which took place in a Secondary 2
mathematics classroom at a Québec school.
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Project background

The IDME project was developed within a context of a resgamattice partnership with a small,

i ndependent girl sé school i n Qu®bec, Canada.
Stephanie (all names are pseudonyms), was keen to implemenetdesaiplinary approach (Drake

& Burns, 2004), particularly IdME, into her mathematics course using PBL as a means to achieving
this goal. As such, she developed the #fALiIfest
teachers from other subjesteas (science, English language arts (ELA), and visual arts).

The overarching objective of this project was to implement IDME as a curriculum integration
approach such that it would:

a) engage students in mathematics education by discovering its connections with other
disciplines and everyday knowledge (An et al., 2016; Chi, 2021);

b)align with the Qu®becds Secondary 2 mat hem;
2007d); and

c) help students develop the skills aligned
Ministry of Education, 2007c) and Cre€sirricular Competencies (Québec Ministry of
Education, 2007b).

Project schedule & setup

To achieve the project objectives, the Lifestyles Project waglisuded into three consecutive
assignments: the Hobbies, Careers and, Bedroom Design assignments, see Table 2. The project
schedule was set up such that all assignments were purposetutijsaiplinary and interspersed in

the mathematics course throughout the year, each sparirdinge2ks in length.

Hobby assignment

The first assignment of the Lifestyles Project was the Hobby assignment, which was comprised of

four classroom sessions and involved the integration of the mathematics and science courses.
Stephanie (the mathematics teacher and project lead) and Melirdignce teacher) collaborated

to design the Hobby assignment. The goal of the Hobby assignment was for students to explore at
least one science and one mathematics concept from their chosen hobby and then share their work.

Session 1:In the first session, with the support of Melinda, Stephanie introduced the Hobby
assignment description and grading rubric to the students for their review. Then, they facilitated a
whole-class discussion where students collectively defined and explainéedwhaon st i t ut es
while discussing various examples of hobbies based on thelifeeaperiences and interactions.

After establishing a base knowledge of what constitutes a hobby, each student selected a hobby of
personal interest to explore and research the mathematics and science inherent in the activity.
Students chose a wide range of hobbies, such as sewing, svgnirarseback riding and cooking.
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Table 2: Summary ofLifestylesProject assignments

Bedroom Design

Hobby Assignment Careers Assignment Assignment
# Class_room 4 8 5
Sessions
Integrated : : Mathematics & English :
Subjects Mathematics & Science Language Arts (ELA) Mathematics & Arts

Collaborating

Stephanie and Melinda

Stephanie and Melissa

Stephanie and Penny

and mathematics in a
hobby

- Analysis of a pay
statement based on given
salary scale

- Calculating the pay
deductions and bieekly,
monthly, and annual gros
and net salary

Teachers
Explore at least 1 Choose a potential careell Design a scaled, 3D mode
science and 1 and calculate the net and| of the bedroom of your
Goal mathematics concepts i| gross annual salary dream apartment while
the chosen hobby and | considering the tax taking into consideration
share the final work deductions certain constraints
- Definition and - Mining potential of - Designing a blueprint or
description of hobby aptitude tests for careers | floor plan of any room
- Process of conducting choice - Graphing scaled topiew
and referencing an - To search and interpret | drawings
auentc ndredble | enine ormeten | - alcuaion ofa ot
de{juétions gf the careers surface area of any 3D
, - Discovering science design
Key Topics

- Use of lowrelief
cardboard technique and
decoration using patterned
paper

- Designing based on
elements and principles of
art

Session 21n the next session, Melinda discussed the topic of conducting an online authentic and
credible research as students had limited exposure of, and experience with the online research. In this
di scussi on, Mel inda facil id adrealdithbhiel idtiyadl oogfu eo
and citation of online sources, see Figure 2a. This discussion provided students an opportunity to both
develop their research skills as well as prepare for the research component of the Hobby assignment.
Then, studentstarted working on their individual assignments in the last half of this session (Figure
2b) as Stephanie and Melinda facilitated them through their individual work of online research and
responded to their queries.
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Figure 2: a) Melinda leading adiscussion on credibility of online sources in the first half of session; b)
students doing their individual work on the Hobby assignment with support from Melinda and
Stephanie

Session 3:In the third session of the Hobby assignment, students continued to work on their
individual assignments. Stephanie and Melinda reviewed and restated assignment expectations and
rubrics to support studentsd success.

Session 4in the last session, students submitted their work in fmdtlal formats including write

ups, video essays, and presentations, see Figure 3. The students were required to share: 1) at least or
science and one mathematics concept from their hobby; Zatibaeale behind why they chose a
hobby; and 3) the list of references they used to carry out the assignment. Some students also opted
to share their final product with the whole class.

Figure 3: a) Screenshot from the video submitted by Secondary 2 student Raza presenting the
scientific aspects of cooking; b) Cymbi presenting the science and mathematics concepts in ballet

Careersassignment

The second assignment of the Lifestyles Projecttivafareers assignment. For this assignment,
Stephanie collaborated with Melissa (the ELA teacher). This assignment was specifically designed
so that the students can go beyond their hobby and start thinking about translating their interests into
potential cagers. The scope of this assignment was much broader and involved eight classroom
sessions, i.e.wtice as many classroom sessions as the Hobby assignment.

Session 1:In the first session, students took aptitude tests, shared their top results on a digital
interactive whiteboardldmboard) and selected their careers. Students could either pick a career from
the results of their aptitude test or choose a different career that matched their interests and hobbies.
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Session 2During the second session, students were required to find three jobs within Canada based
on their career choice. Using a template designed collaboratively by Stephanie and Melissa, students
added t he | ob de tTheasddstail$imcluded thejjob dhescriptian ansl dualifcations,
reasons the students were interested in these three jobs and APA citations for the job sources. To
promote peer collaboration among students, students were asked to post helpful websites on a
Jamboard, see Figure 4.

What websites have you found that were helpful in your job search?

Career Builder ndeed Canada Jobboom Canada

https://www.careerbuilder.ca https://ca.indeed.com https://www.jobboom.com/en

https://www.workopolis.com/en/ Jobezos.Com
https://www.eluta.ca/

https://www.jobboom.com/en

Figure 4: Screenshot of the websites shared by students to find jobs in Canada

Session 3During the third session @he Careers assignment, students continued to research jobs
and complete the job notesheet. The focus of this session was to help students correctly complete the
notesheet while adding APA citation properly using BibMe, an online bibliography generator.

Session 4While working on their individual job notesheet, see Figure 5, students engaged in multiple
reflection discussions in this session of the Careers assignment. In these discussions, students talked abot
the process of looking for a job, their personal poéferences, interests, and lifestyles. The students
continued to work on their individual assignments while engaging in these-elhsdediscussions.

DEC or Bachelor Degree in Fashion Design 1to 2 years experience in
technical sketches Strong retail background and trend awareness
Knowledge of garment construction and fittings Detail-oriented Strong
verbal and written communication skills Solid computer skills, lllustrator and
Photoshop Excellent team cooperation Excellent product knowledge Good
sense of organization Bilingual, French and English, written and spoken.

What qualifications do
you need for the job?
Ex: education? prior
experience?

Does the job 29k per year.
description provide a
starting salary? If so,
what is it?

Create precise technical drawings Enter all fabric and spec information Build

e L] detailed tech packs utilizing designer's initial flat sketch & trim sheet

description? What
responsibilities or tasks
does the job ask for?

Would you be yes because I'd be designing and seeing how things work.

interested in this job?
Why?

Figure 5: Screenshot from Lassads job

Session5The fifth session of Careers assignment ¢
activity, students had to analyze a pay statement by using-Bfeeadntext of a Québec teacher,
referred to as Mr. Needy. To complete this activity, studergd @asskick, an online software,

which allowed students to get help from their peers and teachers as they needed, see Figure 6. Student
were given the salary scale of a general Québec teacher as well as the pay statement of Mr. Needy
and asked to interpt this information. Next, students answered questions regarding pay deductions
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and biweekly, monthly, and annual salary calculations. Lastly, students researched different terms

associated with salary and tax deductions, S
RQSTO (Qu®bec sales tax) aonunontajesin Quélyec, Cdnada h e s
and particularly Mr. Needyds salary statement

by research and writing (using templates developed in collaboration with ELA) in the second half.
Besides individual wdx, students participated in whetdass discussions about gross versus net

Figure 6: a) Stephanie facilitating the students while they are completing Mr. Needy assignment on
Classkick; b) group of Secondary 2 students working individually on the same task

Session 6:1n the sixth session, students completed notesheets about salary and tax related to their
chosen jobs. These notesheets required students to apply concepts they learned in the Mr. Needy salan
activity. As in a previous session, a Jamboard was creatstlittants to share helpful websites

Session 71n this session, students worked on the final task of this assignment, which required them
to write a report to share their learning. In this report, students explained why they chose their careers,
what jobs they chose and why, as well as calculatiotteeafgross and net annual salaries.

Session 8:Students continued working on the report, Figure 7, in the last session of Career
assignment. In this session, Stephanie reminded students to demonstrate and explain all the necessar
cal cul ati ons, and al so expl ai nre, stddents Wareaaskhdetona t |
add APA citations of at least five websites they used in their report.

3) Why did you decide to choose that job?

| chose this because when | am older | want to be a beauty chemist. To my surprise it was very
hard to find that specific job | wanted in Canada, therefore | had to be a little flexible with my final
decision. | ended up picking to be a Cosmetic Colour Technologist, because it was the closest thing
to the job | was looking for.

4] What is the gross annual salary of the job you chose, in the province it is in? Remember to
refer to “starting salary”, if necessary. Feel free to speak about any kind of salary increase
based on experience in that job. Show/explain all necessary calculations.

The symbaol for multiplication is the *: Ex: 2*4 =8
The symbol for subtraction is the -: example 4-3=1

My gross annual salary is $60,000. The job did not give me a starting salary, but | am guessing that,
that would be my starting salary. The province that it is in Is, Ontario. | found this out because the
pay is, $28.85 an hour and | would work 40 hours a week. (28.85%40=51,154 a week) then |
multiplied that by how many weeks in a year (1,154*52=560,000) and that is how i figured out my
gross salary.

Figure 7: Screenshot from the final report where Cymbi is explaining the working behind the salary
calculations of her beauty chemist job
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Bedroom design assignment

The final component of the Lifestyles Project was the Bedroom Design assignment. In collaboration
with Penny (the arts teacher), the Bedroom Design assignment consisted of five classroom sessions.
For this assignment, students had to design a scaled 3@l mbdhe bedroom of their dream
apartment while taking into consideration certain constraints, see Table 3.

Session 1like the Hobby and Careers assignments, Stephanie and Penny started the first session of
the Bedroom Design assignment with a brief overview of the assignment description and rubric. Next,
Stephanie guided the students through the process of desigomygievt drawing of a 2D blueprint

or floor plan. Students had to draw a scaled drawing of their proposed bedroom design on graph paper
once they learned the basics of-topw drawing.

Session 21n this session, Penny taught the students how to glue and peel cardboard to make a 3D
model of their bedroom using the previously designed blueprint. By the end of this session, students
started designing their 3D bedrooms, see Figure 8.

Table 3: Constraints of the bedroom design assignment based on mathematics and arts

Mathematics Constraints Arts Constraints

Useat least three (or more) pieces of furniture i Create bedroom sculptures using low relief cardb
the shapes of regular solidsregular techniques (inspired by Louise Nevelson's work)
decomposable solids.

Calculate the total surface area of the bedroon1 Make patterned paper for decorating the floor, wa
adding the surface area of each furniture piece| and surfaces of furniture pieces, use multiple-non
well as the surface area of the bedroom floor by brush tools to create a painted wallpaper inspired
Dominique Petrin's artwork

Ensure that elements apdnciples of art such as
balance, variety, shape, pattern and composition i
considered when designing and decorating the
bedroom.

Figure 8: Secondary 2 students designing 3D, scaled models of their bedroom designs with Penny's
assistance
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Session 3Students continued working on their bedroom designs in the third session. For the surface
area calculations, Stephanie provided a notesheet for students to use.

Session 4In this session, students continued to work on the assignment. StephdPemayndesponded
to studentsdé questions and provided feedback t

Session 5After making the final adjustments and modifications in their designs, students presented
their work in this last session, see Figure 9. Students were asked to adjust theiv2 td@awings
based on their final 3D products.

Figure 9: Examples of studentsd work from t|

Student assessment ithe lifestyles project

Each assignment in the LifestylBsoject was graded using rubrics, see Figure 10. The rubrics were
designed by the two collaborating teachers of the integrated subjects. For example, the rubric for the
Bedroom Design assignment (integration of mathematics and arts) was designed anbygadied
Stephanie (the mathematics teacher) and Penny (the arts teacher). Gésachklygntroducel each
assignment by discussing and explaining the rubric criteria. Whenever possible, at the end of each
assignment, collaborating teachers met to review the rubrics and discussssfigtémtmance.

Rubrics included both &édsharedéd and O6independ
combined (e.qg., for the Hobbies assignment, mathematics, and $ciemaeed criteria included the
general aspects of the assignment, such as the product, quality of work, and research. For each subjec
that was integrated within the respective assignment, the independent criteria included separate
sections. As an examplée rubric for the Bedroom Design assignment includathematics criteria

such as surface area calculation and top view drawing, as well as arts criteria such as evidence of
using low relief technique and elements.

Both Math and Art: You have earned the following grade:
Because:

You showed interest and effort 5 & 7 =] 9 ile]
Class time was used wisely. Problem solving and details are @3
evident. Care and effort is apparent in the work.
Everything was completed, documented, uploaded to

GDrive, and handed in on time.
sl leed .

You achiewved the project objectives 5 [} 7 8 o 10
Consideration of compositional elements. layout. @

r . |
colour scheme, and overall appearance of the piece.
Adherence to Math constraints: at least 3 regular solids.

.ru_,uﬁ =

Figure 10: Graded rubric where studens' Bedroom Design assignment is assessed on shared criteria
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Conclusion

In this descriptive paper, we presented the Lifestyles Project, an exampleidid from a Secondary
2 mathematics classroom at a Québec school. This project was designed using interdisciplinary approach
by Drake and Burns (2004) and implemented using a PBL approach (Chi, 2021).

The disciplines of science, ELA, and the arts were combined with mathematics in an interdisciplinary,
projectbased format. Students first participated in the Hobby assignment where they chose a hobby
of personal interest and identified and explored selearm@ mathematics concepts associated with

the hobby. In the Career assignment, students selected a future career, found a job in this career, anc
calculated the salary that they would receive (given required tax deductions). Finally, in the Bedroom
assigment, students designed a 3D, scaled model of the bedroom of their dream apartment
considering arts and mathematics constraints. Each assignment involved collaboration between the
mathematics teacher and a colleague from another discipline (science hElakts). Rubrics were
used for studentsdé performance assess mbagad, t h
nature of these assignments.

We believe that the comprehensive example of the Lifestyles Project serves as valuable addition to
the IdME literature and will help novice secondary teachers of Québec to adopt IDME in their
classrooms. As the Lifestyles Project was particularly alignedt vh Qu®becbs Sec
mathematics curriculum, teachers in other contexts may need to make adjustments to make it suit
their needs. Despite this, we still hope that the Lifestyles Project serves as an inspiration for those
hoping to implement IdME in tle classrooms. Learning from the examples in our paper, we
encourage researchers and educators alike to further examine the ways to develop IdME projects and
transform mathematics instruction to make it engaging, meaningful, and relevant for students.
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Preterm chil drends negotiation of
worlds of home and the mathematicglassroom

Rebecca Pearte

|l dentity research in mathematics education h
mathematics learning and experiences with mathematics in a holistic and agential way. My study
answers the research questigthow do children born extremely preterm negotiate their
mathematical identities, and what insights may this identity negotiation provide about their
mathematical learning and doingThis paper will discuss exploratory findings from interviews with

a secondary school student who was born extremely preterm, his parents and teacher, as part of my
ongoing doctoral researchVithin a case study methodologydriaw on a framework of figured

worlds to examine student identity work and demonstrate that this identifyiogmplex and
informed by the figured worlds of home, school, and prematurity.

Keywords: Mathematics, prematurity, identity, figured worlds.

Introduction and background

Preterm or preterm children, as a group, experience more difficulties with mathematics than term
born peers. For example, up to 50% of extremely preterm children, born at less than 28 weeks
gestational age, show serious impairments in mathematics (Jadtradqr2009) likely due to changes

in brain circuitry impacted by lower gestational age (Klein et al., 2018). This is significant for many
reasons. For example, there is a link between mathematics scores in early childhood -and post
secondary school atteswlce and adult wealth in preterm children (Basten et al., 2015).

Current research studies into mathematical outcomes of preterm children employ the statistical
analyses of standardized tests, checklists, and report scales, or the comparison of achievement levels
of preterm children with terrfborn peers. While mathemadidés important in both education and
society, mathematics learning and achievement are complex and related to more than just cognitive
ability. Current largescale quantitative research obscures the individual mathematics experiences of

preterm children ah does not consi der childrenbés or p
achievement. This research i s decontextuali ze
situations. Finally, the research is defio#tsed in that it focusesonwha pr et er m chi | dr

or how they are different from terbborn peers, rather than examining their strengths or what they
can do and be.

To examine mathematics learning and doing in preterm children in a different way, | have chosen to
use i dentity as a | ens t o eXxami neRegeaahtin ci p ¢
mathematics education has increasingly looked at the concept of identity to understand the
rel ationships t hat student s have with mat hel
understand how individuals experience, perceive, and positemselves as learners and doers of

McGill University, Canada
Rebecca Pearcezbecca.pearce@mail.mcqill.ca
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mat hematicso (Goldstein, 2018, p. 146) and ho
individual. Examining ways in which students think about themselves in relation to mathematics can
provide a more holistic measurement that goes beyonc&athea | ysi s of student
reasoning and what they can and cannot do (Cobb et al., 2009) and focuses on the whole person rathe
than reducing learning to factors such as cognition or achievement (Darragh, 2013; Fellus, 2019).
Since identity is reked to persistence, proficiency, and learning in the field of mathematics (Bishop,
2012; Cobb & Hodge, 2010), it can help researchers theorize about mathematical learning and
examine and understand peopl eds r ellus 0l Thes hi ps
concept of identity has been linked to learning through the adoption of@dtical theories, with

the understanding that learning happens through social participation and the process of identity
development (Esmonde, 2009). Mathemaitiestity as a construct can allow for salithoring and

agency, incorporates positioning and the impact of significant others, can provide insights about
learning without using discourses of cognitive deficit, and can be used to examine participant
experences in relation to their social contexts (Fellus, 2009). s ummar y , the stu
mathematics identities can allow us to access ways in which students see themselves and how they
are viewed by others as members of a mathematics communityréand2007).

Mathematics identity research has been conducted with populations such as deaf-afitiderdg

students (Goldstein, 2018), students with learning disabilities-{@énda et al., 2005; Lambert,

2017), and those who are struggling in mathematics (l2008). Preterm children and the complicated

ways in which their mathematics identities may be defined by existing, defggd research, by others,

and by themselves make them a unique and unexplored group of learners. Preterm children represent ¢
hetergeneous group whose differences may distinguish them from other mathematics learners. They
have extensive and complex medical histories, which may lead to individual and family stress and
trauma. They may also experience cognitive, attention, social hawtibaal difficulties as a result of

their preterm birth (Johnson et al., 2018) that may impact upon how they are identified by parents,
educational professionals, and themselves as mathematics learners and doers

Research question and objectives

My overarching research question hew do children born extremely preterm negotiate their
mathematical identities, and what insights may this identity negotiation provide about their
mathematical learning and doingPhere are four objectives to this research: To explore how
secondary school students who were born extremely preterm negotiate their mathematics identities;
to describe the contexts of home and the mathematics classroom in which these students engage in
identity work; to analyze how positioningy others within the worlds of home and school
influences/ medi ates mathematics identity wor|
identity negotiation and learning may be related.

Theoretical framing

| have chosen to use the cultural model of figured worlds (Holland et al., 1998) as a framework to

examine participantsdé identifying as mat hemat
learning as social, situated and involving a dialogic proceggentity formation, what Holland and
her coll eagues refer to as fAidentity in pract

participants view themselves and their relationship to mathematics and how they are seen by others
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through their position and encounters in the social world. Identity is a process rather than a thing; it
is something that is done or negotiated rather than what someone is.

Figured worlds, positionality, and space of authoring are different contexts of activity in which

identities in practice are negotiated. Figure
of interpretation in which particular characteristcgl actors are recognized, significance is assigned
to certain acts, and particular outcomes are

Aframes of meaningo (Holl and et Inthecontektdfy, p.
study, figured worlds contain agents that shape social meanings and structures (e.g., parents, teachers
students), acts, which include mathematics teaching and learning, and forces, which are social
categories based on conventions such as intelligemcmativation (Horn, 2008).

Positionality refers to the way in which people, in the case of my research, extremely preterm
mathematics learners, fit within their figured worlds. Positions are shaped by social and cultural
norms, expectations, and dynamics within figured worlds, sipoality carries dimensions of rank,

power, and status (Holland et al., 1998). There are two ways that | conceptualize positionality in my
research, how certain students position themselves as mathematics learners and doers and how the
are positioned Y others, so how students describe themselves within the contexts of the figured
worlds in which they live and how they are described by different actors (e.g., parents, teachers,
classmates) in those worlds. There is a link between figured worlds, pabijipand identity in that
positions are shaped by figured worlds, and in turn this positionality contributes to identity work and
helps shaped identity.

|l ndi vi dual s must negotiate their identities i
refers to the ways in which individuals take up or reject positions within their figured worlds. The
space of authoring is a Bakhtinian concept in
dialogic of an inner speech where active identitiesevesf or mi ngo ( Hol Il and et
Because individuals can adopt, reframe, or resist the different positions, values, and naredtives th
are offered to them within a figured world through this space of authoring, identity construction is a
continuous, active and agential process (Sabbah & HNtduyanim, 2021). Hull and Greeno
(2006) | i ken the space oifwhehindikiduals pregent and refresent c e
themselves to others and to themselves, thereby authoring amdhooing their identities in the

soci al worlds in which they participateo (p.
positions andesources that are available to them, for example being smart (Hatt, 2012) or a low

l evel student (Luttrel!]l & Parker, 2001). Ther
through negotiation between available positions and how these pssiti® taken up or not.

Mathematics classrooms have been researched as figured worlds with specific Erarmorgnents

and cultures (Darragh, 2013), practices, activities, and available ways of interacting (Boaler &
Greeno, 2000) roles, identities, and socially constructed images of mathematics (Takeuchi & Liu,
2021), and curricula organized and representedifferent ways (Horn, 2008)Classrooms are
shaped and regulated by #Avisible and tangi bl
grades, as wel | as factors that remain beneat
themathemiai cs cl assroom is figured influences stu
& Ling, 2013). Individual families can also represent figured worlds (Cogan, 2016) with different
agents, values and experiences with mathematics and prematurityefdwane different social and
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cultural expectations and definitions of success in school mathematics that can influence student
behaviours, attitudes, and educational mobility (Zuckerman & Lo, 20R81the context of my
research, figured worlds contain agents who carry out tasks that shape social meanings and structures
(e.g., parents, teachers, students). Figured worlds contain acts or actions, which include mathematics
teaching and learning, and éess, which are social categories or expectations based on conventions
such as intellignce and motivation.

Figured worlds has been used in different contexts as a framework to examine identity formation or
identity work, for example with teachers (Avraamidou, 2019), Swedish construction engineering
students (Gonsalves et al., 2019), high school mathematiensiudones & Seilhamer, 2020), and
science students (Wadaimes & Schwartz, 2019), armd an aspect in a theedyiven literature

review on identity in mathematics education (Fellus, 2019). Fellus (2019) used the ADASonodel
classify research on idetytiin mathematics education in four different but interrelated dimensions
including mathematicselated autobiographical identity, discoursal identity, authorial identity, and
socioculturally available mathematics identiti®hile Holland et al. (1998) focus attention on
contexts of learning through acts of apprenticeship, for example, Fellus (2019) turns attention to a
way to understanding mathematical identity in a broader sense, which includes one's personal
experiences wit mathematics, opportunitiesn® receives to develop an authorial voice in
mathematics, how one is talked to and about as a learner of mathematics, and what available identities
one can identify with vicariously.

Methodology and methods

| used a multiple, comparative case study methodology (Stake, 1995) for my research. | chose this
methodology to support a deep exploration of each individual participant, through detailed
descriptions of case settings and situations and the use of midtipis of data. It has also allowed

me to examine similarities, differences, or patterns across ¢atisipants were recruited through

the pediatric followup clinic at a local hospital as well as through a posting on the Férdlbec
website. Inclusn criteria included children who were in secondary school during the ZIZ21

school year, who were born extremely preterm at a gestational age of less than 28 weeks, and whose
parents had identified their children as having difficulties with mathematicschool. Four
participants of different ages and educational backgrounds, five parents (four mothers and one father),
and three teachers took part in this study. Ethics approval was obtained from McGill University, the
hospital where participants werecruited, as well as the schools and/or school boards attended by
student participants.

My main method of data collection is a series of ssimictured interviews, lasting betweeri 80

minutes and conducted remotely over Zoom. Data collection started in the fall of 2021 and finished
in July 2022. | have three interviews for all participants, parents, and teachers, except for one teacher
who | interviewed only once, for a total of apgmately 36 hours of interview time. | also have

report cards or report card results from each student, IEPs for two students, and one
psychoeducational assessnt as artifacts. All identifying information from transcripts and
documents, such as names of siblings and school names and locations, was anonymized. Pseudonym:
were either chosen by or assigned to participants, based on their request.

| used a hybrid process of inductive and deductive data analysis (Fereday -&déhirane, 2006)
to both interpret themes emerging from the data and to develop themes based on the model of figured
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worl ds, participantsdé identity negotiation, e
Interview transcripts were used @ssemble background information for each participant (e.g.,
prematurity history, family background, parti
participants, parents, and teachers that help explain and describe the figured world of home,
prematurity, and the mathematics classroom that indicate how parents and teachers position students.
| looked for intervew excerpts or narratives where students author themselves as learners and doers
of mat hemati cs. I identified emergent t hemes
identity or identity work, how they are positioned in different figured wsrthd how this might

relate to their learning. These data are being compiled to develop case summaries for each participant
and to develop themes that may be consistent across cases. This analysis is ongoing as part of my
doctoral thesis work. The followg section will present case information and analysis about one
participant, William.

Case study:William

Background and preterm birth

William lives with his mother Christine and twin brother Scott. During our interviews he was in
secondary 2 at a public English secondary school with about 1100 students, about 200 in secondary
2. He was 13 years old when our interviews started and tdvhed 2022. William and Scott were

born at 25 weeks gestational age. Christine had been on bed rest before she went into labour, and hel
children were delivered by emergencyséction. Christine described the chaos and stress
surrounding the birth of hehddren,and dter Scott and William were born, it was clear that Scott,

who was deliveredirst, was experiencing complicationg/illiam spent two months in the NICU

where he did not have any of the major complications associated with extremely preterm birth, such
as intraventricular hemorrhage, lung problems, or feeding issues. Scott, however, spent three months
in the hospital, ad at nine months was diagnosed with Cerebral Palsy (CP). Today Scott has spastic
CP and using Canadian Neonatal FoHopvNetwork (CNFUN) definitions, would be considered to

have a severe neurodevelopmental impairr(ebt).

Early education

William showed some early minor developmental delays, for example when he started preschool at two
years old, he was not talking, and it took a long time for him to reach developmental milestones like
being toilet trained. Christine said that this neverssted her out and that she expected William to be
delayed developmentally because of his extreme prematurity. William attended a-ireegrs¢ion

program in kindergarten so he could attend a year of school with Scott at his specialized school for
students with disabilities. Christine attributed this to future difficulties that William experienced when

he started attending a regular English elementary school starting in grade 1. William was never tested
for a learning disability or neurodevelopmentabditer like ADHD in elementary school despite his
teachers suggesting that he be assessed because he was struggling in several subjects, particularly thos
given in French. Christine was adamant tdat hi
be tested, put into a category, or given a label to receive support in school. This decision was based on
her experiences working with students with learning disabilities and her knowledge of the education
system, and Chr i st i neacharssawovéieadcting abomdveat sbd censidered ta r
be regular developmental differences in her son
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Secondary school

William was a student ambivalent about school
I donot l'i ke 1 t, itoés all right o when asked
wor ked as an educati ocomdl. a&Bsostihs tsehret, aMi | Wiilalmdam
Josie, and William himself said that he had a small group of friends and was liked by his peers. In
secondary 2, Williambs mar ks were generally i
gym, drama, and ethics. His lowest mark for both terms of the 2P@32 school year was in
mathematics, with 63% in term 1 and 65% in term 2. Throughout our interviews, William identified
his favourite subjects in school as history and English, because they were easier for him to understand.
He particularly liked Englistbecause of the teacher and how she made the material accessible and
easy to understand for her students. William also said that he thought he was pretty good at writing.
Christine echoed this, sang that William did well in English despite not liking to read and not being

a huge reader. Despite her previous assertions that William did not have an attentional or learning

di sability, she suggested that Whitlofl an attardtien d i s
probl emo but that she didnét investigate this
considered it fineo and felt it wasnot hi nder
Wi | | i a rAfaveuritd cdaases were mathematics and science because he found them more

challenging and the material more difficult to understand. Christine noted that William had started to
experience difficulties in mathematics in grade 6, notably withd problems. That continued into
secondary school, and in secondary 2 he struggled in mathematics more than she thought he would
and required extra help. Wi lliambs classes at
21 students, but he pasinred out sever al ti mes that his cl a:
learning, particularly in mathematics, because every class, students would need to be admonished or
kicked out of class for their misbehaviour.

The figured world of home

The main agent in the figured world of Willi
Williambés father was uninvolved in his educa
important figure in his life. William told me that his father vgaod at mathematics because he used

to use it for his job building fences, and be
good at it too. 0 Wi lliam said his father had
mot her, wwhwi iwokikds who are not good at mat he
|l 6m coming from.o William also told me that h

was important for him because he might need it in the future.

During our first interview Christine told me that she hated mathematics, had a horrible experience in
mathematics in secondary school, &adely got a passing grade. She plainly said that she did not

care about Williamdéds achievement in mat hemat.
well in mathematics if he passes in order to graduate from secondary school. Christine questioned
why anyone would work hard at mat hematics i f

necessary for a futuareer. Despite these negative discourses about mathematics, Christine told me
that she tried to help William with his homework when she could and would try to help him study for
mat hematics tests. By the end of newhnéeresssanh o ol

65



architecture and health sciences, Christineo:s
considerably.

Christine: We |l | Il go up and down. Li ke, it 6s, I
was saying, he wants to be an archit ec
need to be on that | evel, you know, so

it.
She also said that she hoped that William did not hate mathematics because it would be necessary for
certain programs, and that she wanted him to know that those programs were achievable for him if
he got extra help and A p u dantea ©hristine, rarsd eshefwante& d u ¢

William to continue in Cégep and university. She told me that William talked about going to
university, so he envisioned himself pursuing higher education as well.

Christinebds expectations for Wi lliam and math
he worked than his marks in the class. She sa
as he didnot fail mat h e hegperformed, she was fine w
Christine: Y eah, l'i ke 1 just, because | teldl hi m

you don6t have to worry.

Christine had set clear expectations for William including going for extra help, not leaving the
classroom unless he understood everything the teacher was explaining and completing all the review
packages given to him by his teacher.

Christine positioned William as a student who needed to work hard in school and said that academics,
especially mathematics, did not come easily for him. She characterized William as a student who
could be distracted in ohass$gand advagndtbencacuss
listening. There were some inconsistencies in this positioning. Although she said that William was
Aborderlined in mathematics, and that it was
beendoingw¢l , 6 referred to Wi lliam as fiaverageo in
felt that he was getting more confident and was starting to realize the importance of school, and this
was reflected in his grades.

Despite being described by his mother as a student who was good at going for extra help when
necessary, William was also positioned by Christine as a student whose difficulty in mathematics
stemmed from his lack of effort. She also said that he procrestimath mathematics homework,
especially when he found it difficult, and needed to be pushed to do it. When | asked Christine about
Williambébs use of mathematics outside of schoo
of mathematics, for exartgpduring cooking or baking, and said that he was able to make connections
between some of the topics he was learning in school and how they could be applied in more
utilitarian settings.

The more we spoke, the clearer it became that
views about his difficulties with mathematics were inexorably linked to his prematurity and to his
brotherds disabilitiaesketdnChiastynewiwbat hespesl

difficulties in mathematics were related to his preterm birth, she said no and portrayed his struggles
as similar to those of other students his age. Conversely, when | asked William whether he thought
being born preterm had an impact on mathematics, he seemed unsure, and it was clear that this was
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perhaps the first time he had considered thi:c

whoos, |l i ke preterm who does mat hemati cs, but
However, as he thought further, he told me that maybeght have an impact because extremely
preterm babiesd brains are not fully devel ope

have a drastic impact on mathematics ability.

Christine said that because she worked with students with attention defigibaatidevelopmental

del ay, i n her opinion W lliam didnot have an
Wi lliam figot out (of his preterm birth) with
i ntervi ews Chr i st i reementary school $eacheds pWihet lher gaanget an e
individualized education plan (IEP) for William, and that she knew from her neonatal-iglisthat

there was a higher likelihood that he could have attention problems or learning difficulties arising
from his extremely preterm birth. Several times, Christine compared William to his brother Scott to
explain why she was less concerned about him in school. For example, she said:

Christine Well, | think because | had Scott, hig
William. Although | probably think at some point he was, | worried maybe about
school, you know, cuz | knew like attention deficit disorder, stuff like that.

Christine also said that unli ke Scott, who has:s
and this might have made teachers forget that he could have some sort of processing difficulty. This
was another example of Christine seemingtoacknewd ge t he possi bil ity tF

in mathematics could be due to a subtle attention or processing difficulty or impairment, despite her
previous assertions to the contrary.

The figured world of school and the math classroom

The figured world of Williambs Secondary 2 1
di fferently by Wi lliam, Josie (Wi lliamds math
of a typical mathematics class depicted a traditional class seuctwror r ect i ng t he |
homework, worksheets, and class work from a worksheet package on whatever topic is being covered
and completing this work in class or for homework. Most of this work was completed individually,
though William said that occemally students were allowed to work with another classmate and very
occasionally in |l arger groups, but only when
the rest of the class. William recognized that he was more productive working byf tietselse he

got distracted from the task at hand when working with others. When asked about evaluations in
mat hematics, Wi lliam only mentioned tests, an
only when At he whol e studemts lsad difficulty witlaadparticolar questioa.n m
He said that tests were often given back at the end of the class when everyone was packing up, and
just went into his class binder.

William often attributed more importance to the behaviour of his classmates in mathematics class,
rather than the actual mathematical content covered in the class. He said a perfect mathematics class
would involve changing the seating plan because too rlads time was spent trying to get the
students under control. He said that his <cl as
or |listen to Josie, fAfool around, 0o and took a
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her word to discipline students when they mis
students related to behavioural norms in the classroom:

William: Well, | expect, | think she expects us to respect the teacher, and respect the
classroom, as well as |li ke, do our hom
homework, and so we always have to tackle that at the beginning of class. As well
as like, study and try and participate so they understand.

Regarding the mathematics curriculum, William
in Secondary 2 were unnecessary for students to learn and his connection to mathematics as a subjec
seemed limited. He said that a perfect mathematics class wd al so i nvol ve #f
curriculum that | would have to | earn and cha
|l earn. 0 He said that Josie never talked about
students in thelass never questioned the relevance of the curriculum.

The academic achievement of the other students in the figured world of his mathematics classroom
seemed to hold little significance for William. He was unable to identify any students who he
considered to be good at mathematics. In general, he sawgdoémaa t i cs students a
goodo grades, studying hard, and modelling g
compared his grades on mathematics evaluati o
students were doing; his class sedntike a lowcompetition environment. Regarding his friends,
William said Al think we all do the sameodo in

Christine had a generally positive view of the support offered to William. She said that teachers, including
Williambébs mat hematics teacher, always made t he
school had recently started an atehoolhomework program for science and mathematics, and though
William did not attend because neither he nor Christine thought it was necessary, the program was there
if he needed it. Christine thought thaty @ledm:
because they were always accessible to students through Google Classroom, and consistently posted extr
resources online, like videos, for students to look at outside of class

Christine also concurred with W lliam that Jo
desired, however Christine placed far less importance on this than William. She said that Josie talked
a lot and so students lost their focus and actedeomt,d t h a't some students
mathematics teacher. However, Christine also said that Josie was completely organized, had her entire
school year planned, knew the mathematics curriculum very well, and acted as a mentor to the other
mathematicseachers.

Josie had been teaching at Williamés school f
secondary 1 to secondary 5. She described the
and a big jump from the content covered in secondary 1s&Hbehat the main topic was algebra,
presented in many ways through algebraic expressions, equations, patterns, and a heavy focus on
geometry and the use of multiple formulas to determine the perimeter, surface area, and volume of
shapes. These were soofehe topics that William identified as being very difficult for him and as
having little relevance to everyday life.

Josieds description of -hirutematrematds clasgwasin alignreenta n d
with W lIliamés characterization. Josie said s
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resources, mixing and matching from different sources, and provided students with paper packages
of work (also posted on Google Classroom), wf
explained that a typical mathematics class would startguitiig over homework from the previous

class and discussing questions that students found challenging. Then she would cover a new topic for
about 20 minutes, and finish with practice examples and then homework. Most of the work is
individual seat work exceor the occasional review package that students were allowed to complete

in small groups. Josie considered herself a strict teacher who wanted quiet when she was teaching
and expected students to be quiet and listening to her when she talked, whehsconsr wi t h Wi |
perception of his mathematics class as a place where many students were not focused or listening.
Josie described an evaluation system that was based on chapter quizzes, tests, and assignments, son
of which students were allowed to Wwoon at home over a period of several days or a week. She
described a class environment in which she tried to support students as much as possible and gave
them multiple opportunities to succeed, for example helping them with memory aids for tests and
exans and answering questions over email or Zoom outside of school hours. All students in her class
were all owed extra time during lunch to compl
know what they knowo without the evalwuation b

Josiebs expectations for her mathematics stud:
said she expected her students to fAput their &
and not just fAcoasethowgdndotrhat ufsitt @ mdto wguwd |
that work ethic and hard work are what distinguishes students in mathematics and that hard work has a
major contribution to student success. When asked to describe her best mathematicdctieieait]

Josie: I dondt | ook nec ewiseamathematics student, buhagainbl'ms t
going towards work ethic and maybe the
even know who | have as a best student.

Josie also spoke about the importance of struggle in mathematics, and how many students thought
they arendét good enough because they struggl e
makes you good i s that about30gigutesaf mathdnmatcs hmmeyark e |

every night, each day, because she felt that
you donét practice it, youbre not going to (e
parentsofstdent s who f ai l to regularly do their wo
weaker students dondét, dondt get that practic
students can get 80s or 90s in mathematics and that some stualemtsiore of an aptitude for

mat hemati cs, but that Athe difference between
the regular students is their perseverance. 0

Josie told contrasting stories about Williamb
performance on evaluations, a distinction that is echoed by William in his identification as a
mathematics student. William was positioned by Josie asdettioe student whose marks are very

up and down, depending on the topic, but whos
carry him through whatever he wants to do.o W
William during thefirst term. Despite Josie giving multiple small tests on the same subject and not
counting | ower marks if students did better o
the 50s. Josie said that hi s frteoa sboenitnhge raenod an
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had difficulty with multistep word problems, not always knowing how to approach the question and
where to start mathematically. He also had difficulty knowing which formulas to use to find the
surface area and volume of solids. Although Josie said simeédid t hi nk t hat Wi |
successful in the advanced Secondary 4 and 5 mathematics courses needed to pursue certain progran
in C®gep, she also made it <clear that she tri
predict how studentsill end up using mathematics in their future careers.

Al t hough his marks were borderline, Josie pra
She said he always checked her Google Classroom page to stay up to date, regularly attended extra
availabilities, and showed agency in asking for helpwhen needed it because
he wants to be able to go home and do his hom
didndét | i ke mathematics and that his hard wor

said that Willam could get easily distracted in class and sometimes had trouble paying attention,
Josie described William as a model student who settled down to do his work, was independent in
cl ass, but wasndét shy to rai se ibkedismadsaangwelh e n
liked and having a good support base of friends that he could work with on mathematics during recess
or at l unch. Finally, l i ke Christine, Josi e
mathematics as being very diffeten f r om ot her students, saying 0
heds also not the weakest neither. o She conf i
than when she or her own children attended secondary school, so mathematicsiedifficere

common among students.

Wi | | insathednatics identity work

Throughout our interviews, | tried to ask William questions that would help me gain insight into his
identity in practice (Holland et al., 1998) and how he performed an identity as a mathematics student.
Three interrelated t he ostienaliy asearmgteechaties stodem ahd hgi | |
understanding of how this relates to both behaviour and academic performance, the tensions between
his current and anticipated achievement in mathematics, and his ability to identify and connect with
mathematis. There were both consistencies and contradictions concerning these themes.

Several different times during our interviews, | asked William what he thought it meant to be good
at mathematics or to be a good mathematics student. Like the parallel narratives described by Josie,
the answers that he gave included explanations aboug begood studerih mathematics class
(behaviour, effort, and attitude) and being a go@dhematics studef@cademics and grades).

Specifically, in defining what it means to be a good mathematics student, William said:

William: To be good at mathematics would probably, in my classroom, probably be like that
youdbre on top of your work, and Iike vy
grades | i ke in mathematics and you knc
like, just I i ke, try, just barely even d
good and stuff.

William also said that an adult who is good at mathematics probably did well in mathematics in
school, went to college or university where they studied mathematics, and had a job that involves
using mat hematics. Al t hough rkiadedoedaraa ancche fommeh s W
it difficult, he still narrated a relatively positive mathematics identity. He told me that he often enjoys
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doing mathematics and has fun with it and is perceptive enough to appreciate that the reason why he
finds certain topics less fun is not because he hates mathematics but because it is frustrating to not
understand.

Williamds identity is mor e aihmaghaneatics casstithtough er f o
he admitted that he found some of the mat hema
because all of the formulas we have to useéyo
| 6m okay at it (mathematics)o and:

William: Um, wel l , | 6ve probably, |ike | wouldn
say |li ke the worst, | 6m probably 1ike
medi ocr e. Because |i ke, S ome, some of
they wondt share. And most of them | i ke

probably one of the better kids there. But like not, but more like behaigerthan
like, mathematics wise.

William made the distinction that he could still be a mediocre mathematics student academically but
a good student behaviourally. William also said that he always did his homework in mathematics
class and tried to part i odispretofethe charactensscsvtbat hen g
linked with being a good mathematics studestv en t hough most of his ¢

work and weren6t active class participants. TI

and attitude in matheatics class. When asked why it was important for him to do his homework,

Williamds answer again indicated this distinc

goodo (mathematics grade):

William: Well, like it used to be because |, like I, well, it still is but | just like | really, | want

to actually |l ike do well, |l want to ac
l' i ke 1itdés | i ke that, b ut Ifdiffesemtly, buk likewa n t
impress them because like some of them like know my mother because she works
at my school.

Conversations with Wi lliam revealed tensions

better in mathematics, and his current level of effort and performance and changing understandings
of how important mathematics might be for his future. Wilh6 s narr ati ves abo
mathematics were at odds with his definitions of a good math student as someone who tried hard.
During all three of our interviews, William mentioned that he felt he could get better grades in
mathematics if he put in me effort, that his current marks did not reflect his capabilities and that he
had the potential to fido better. o0 Despite pre
in mathematics, he also framed his mathematics performance as subpahniduadio of effort:

William: Li ke, Il think 1 6m, where 1, l'i ke | fee
and the effort. But overall, like, | feel like I, like the grades are okay, | know | can
do better. But if | actually, like tried, and if | really, reallawm t ed t o, but

in a good place now.
Thiswasa consistent narrative for William, on multiple occasions he explained he could do better, that
the effort that he put into mathematics was e
he could do better and IAy ettr itenda,t amah zti magt muae ki
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actual |l y dd&Vhenasadd how hig foeads wauld describe him as a mathematics student,
William told me that he thought his friends wc
full est potential 0 and that h e clgbelwbrked oniits e t «
Similarly, when | asked him what his parents said about his 63% in mathematics on his term 1 report
card, William said his parents were not mad, but thought he could perform better in mathématics.
another caversation, William told me that his mother was the first person to know about his marks
since she works at his school and with his ma:
Afamazing, 0 is mostly fimedi ocrreendg easntd stuhiatt. omaStit
descriptions of his efforts in mathematics closely mirror how he is positioned by Christine, it seems that
he has assimilated her discourses into his authoring of his mathematics.identity

Despite saying he was in a Aigood placeo with
about his 63% in mathematics in term 1 and expressed the desire to improve academically, telling me
Ait [his mark] i snét t he .beAsntd ble ckanuoswe 116 nk ngoow
When asked why he wanted to do better i n matt
desire to really understand what he is doing to make future mathematics classes easier:
William: So and then | can understand it. And t
like, do it again, or relearn the lesson, or just have any like to use it like, any day,
Itoll just be easier for me to underst
Despite this desire to get a better mark i n me
born with it [mathematics ability], | just th

insistence that he could do better if omlg tried harder came across as somewhat defensive, a
response to his confusion about why his participation, homework completion, going for extra help
from his teacher, etc., were not translating into academic achievement. William alluded to this when
he bld me that he did worse than expected on mathematics evaluations based on the effort he put into
doing his work:

Willliam But my effort I Om putting in, l i ke, wh
my expectation of what | thought | was gonna get. And so | think | just over, like, |
get overconfident or like confident, and then | just like, expect ahigkpectation
than what | really get.

William expressed some uncertainty about how he would or could bridge this gap between his current
and future academic achievement in mathematics, and it seemed unclear what he could do to work
any harder. During our final interview he told me that hid ¢maSecondary 3 mathematics was to
succeed, get the best marks he possibly could, and be motivated to do well. When asked how he
pl anned to put that plan into action and moti
was goingto do this,téelng me t hat he di dndét know what to
think of something to do later to improve. Similarly, when | asked about the mathematics, he would
need to be an architect or a health science professional, he told me thatiimethe got to those
progr ams, he would Aprobably be able to do it

Over the course of the school year, William frequently framed school mathematics as a subject that
he often felt had little relevance to the real world and narrated a lack of engagement with school
based mathematics as a subject. He clearly recognized thath e mat i ovor ha® fHh mealr f
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and applications, but also told me that many
useful outside of the walls of the mathematics classroom. This distinction between mathematics for
use in the real world and mathematics that is irrelef@nteal life is important, because William

used this perceived irrelevance and lack of authenticity as a reason not to focus on certain topics:

William: Thereds no | i ke one that I, | i ke pref e
understand it well|, |l 6d rather more fo
have to use like in the real world, because | feel like if we justdoe o nes t hat
not actwually going to use in the real

As an example, William said that finding the surface area and volumes of polygons and three
dimensional shapes were not topics that he thought were important for life, unless they were needed
for a particular career, and that these topics should not beataay to learn in secondary school.

|l nstead, the topics he deemed i mportant are t
day, o0 for example how to calculate costs at t
these measuremerttsdifferent units.

During our first interview, William made it clear that he did not see himself as pursuing a career that
involved the daily use of mathematiddowever, during our last interview William expressed
interests in careers in either architecture or something in the health sciences. He seemed to understanc
that both these jobs would involve the daily use of mathematics, for example when giving
prescriptons or calculating costs, and did not seem worried about the mathematics that would be
involved in those prograsat the Cégep or university level. Considering that William identified
someone who is good at mathematics as a person who studied mathematics after secondary schoo
and has a career that involves the use of mathematics, this shows a possible shirmt@vilards

a more positive affinity with mathematics as well as confidence for the future.

Conclusion

This case study reveals that the mathematics identity work performed by one secondary student who
was born extremely preterm is complex and informed by the figured worlds of home, school, and
prematurity, positionality, space of authoring, and availalgatities.

The figured world of Williamds mat hematics cl ¢
hard work were valued over achievement and interest in the subject. William described himself as a
competent mathematics learner in that he participateldss, completed his homework, and behaved

well, and this is reflected in how he was positioned by his mother, Christine, and his mathematics
teacher, Josie. Despite this, W lIliamsds mat he
first interviews William did not fully value schoddased mathematics and was alienated by the topics

in secondary 2 mathematics and the behaviour of his classmates. Nonetheless, at the end of the schoo
year, he expressed a desire to improve his marks and pdyertiginue into possecondary programs

t hat required a more advanced knowledge of m
mat hematics and his teacherés partially dismi:
other students gant that certain socioculturally available mathematics identities (Fellus, 2019) related

to academic achievement may not be readily available to him

These limited identities resulted in tension and conflict in the way that William represented himself
as a mathematics learner and doer and identified positively with matheémpdidgipating and
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completing all his work but confused about why this was not translating into academic success. To
explain this discrepancy, William took up an achievenmeativation master narrativ&avalaand

Hand (2019) refer to this as the ability of
science by exerting effort and overcoming obs:
t hough there may be f atbatimpad ontiheiryleamidg asdtachievements 6
in mathematicsSeveral times during our interviews, William alluded to the fact that he could do
better in mathematics if only he worked harder and put in more effort. This narrative was also voiced
by his mother, showing how William has taken up and integrated theudsss of significant others

in his mathematics identity.

At home, William is a participant in a figured world of prematurity that is also informed by his
mot herds view of mat hematics as difficuldt an
figured worl d, Chri sti ne Hasdavinghaonegative impact dVihis | i a
l earning and achievement (AnNoO repercussi onso)
problems that could be preventing William from reaching his full potential in math. One of the actors

in the figuredwod of home is Williambés brother Scott,
Christine minimizing W lliambés difficulties i
world of prematurity could be seen as a positive if parents view thegmealy preterm children as

no different from terrrborn children. However, it also means that if clinicians and psychologists are
concerned about academic issues in extremely preterm children, there needs to be better knowledge
translation (KT) or follow upvith the parents and teachers of these children, especially for those who
are at particular academic risk. My ongoing analysis will reveal whether this figured world of
prematurity is consistent across cases.

In conclusion, initial findings from one case of a secondary student born extremely preterm highlight
the complexity in his mathematics identity work, learning, and academic success. This complexity is
not captured in the current research literature gir@tierm children and mathematics. Future analysis
will provide more insight on this understudied topic.
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Incorporating experiments into the learning of mathematics
Amenda Chow

In teaching, experiments are a tool to complement classroom theory and enhance student learning.
There is a lack of experiments in the teaching and learning of mathematics, especially at the
undergraduate level. This article provides further insights, foaélpuggestions, and examples on
incorporating experiments into a universlgvel mathematics curriculum.

Keywords: Math experiments, active learning, mathematical modelling, exploration, experiential
education.

What is an experimental math space?

Background and motivation

In many university science, technology, engineering and mathematics (STEM) courses, there is often
an experimental lab component that accompanies the lecture portion of the course. For example,
students may go into their biology lab for a frog dissectidnich complements a biology lecture

about anatomy. Experimental labs are an important part of undergraduate student learning as they
provide handsn practical experience and offer a different perspective from the theories taught in
lectures. Experimentddbs also offer an opportunity for teamwork, exploration, design, creativity,
and reflection. However, such labs are not normally used to support the learning of mathematics.

It has been noted for some time that there is an insufficient amount of experimentation in STEM
classrooms, and this deficiency starts in early educ@hitkin & Karplus, 1962) About twentyfive
years later, Bishofil1988)notes his concerns about the style of mathematics teaching:

From my perspective of a cultural view on mathematics education, | see four major areas of
concern about the present state of mathematics teaching. They are the techeigad
curriculum, impersonal learning, text teaching, and the assumptions waidiehind these.
(Bishop, 1988, p. 7)
Hurst, Rennick, and Bedi (2019) note that engineering students are not receiving sufficient
experimental design experience that will be required in their professional aadetireir suggested
solution is to implement engineering design days. These are two days where classes are cancelled,
and students work in teams to solve +walld problems that are built on the theory learned in their
courses. Problems include constragtifunctioning furniture, building a dam with sustainable
materials and creatingoware for a video game. Rather than engineering design days, in the
mathematics discipline, an experimental math space is a possible solution.

Such a space is a physical laboratory, which holds equipment for students to conduct experiments
related to the mathematical concepts they are learning. An experimental math space is meant to
inspire exploration and experimentation in teaching and learnimgrested instructors can

incorporate experiments into the mathematics they want to teach to their students. Whenever possible,

YYork University, Toronto, Canada
Amenda Chowamchow@yorku.ca
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experiments should relate to authentic-kgafld situations, and be relatable to students as this supports
retention, engagement, grades, and recruitif@arnpbell et al., 2008Campbell et al. explain

Students who felt they learned more were also more interested in the course and felt that they, and
others, participated more in the course. This same relationship occurred with the applications. For
students, interest and learning are very tightly tigétier and both are tied to participation. Other

data collected about student learning and interest appear to support this. Real life applications can
increase student interest and participati@ampbell et al., 2008, p. 9)

Examples of mathematical experiments could be to use robots to model and simulate random walks
in a math modelling course, collecting the measurements of a spasg system for an ordinary
differential equations course, constructing physical graphs usargpulatives in a graph theory
course, or folding origami shapes to investigate geometry concepts. In these examples, robets, spring
mass system, manipulatives, and origami paper would be objects housed in the experimental math
space. More detailed exatap appear later in this article.

Implementation

The equipment contained in an experimental math space should be flexible, scalable, sustainable and
inclusive. For instance, being mindful of purchasing equipment that is reusable and portable. As this
is to be a welcoming and inclusive environment, tiséi@ild be no cost for those interested in using

the equipment in the experimental math space.

The actual experiments may be conducted by students in the experimental math space or may be taker
outside of the space and into classrooms. Students may work in groups or independently when conducting
experiments. Along with this, the experimental mathcspcan facilitate other aspects of course
development and completion. For example, instructors can use the equipment to explore concepts they
want to teach and prepare their lessons. It can also be used by students who are completing course project
thatbenefit from an experimental component. Outside of the classroom, an experimental math space can
also play a role in both student and faculty research projects, as well as for engagement activities such as
math camps for high school students and STEM sfags for members of the community or as part of
recruitment events during campus tours and department open.houses

In one type of mathematical experiment, students assist with the experimental design and conduct the
experiment to collect and analyze the resulting data. For example, in one calculus course, students
measured the time it took for a balloon to travel wawiteights and used the results to verify
equations of motiorfGruzka, 1994)In another calculus course, to teach flow rates and ordinary
differential equations, student volunteers were asked to drill a small hole inside a cylindrical
container, fill it b a certain water level, and measure the time it took for the water level to go from
10cm to 3cm(Farmer & Gass, 1992)n both experiments, the materials (e.g., balloon, measuring
tape, containers, etc.) are readily available household items, and inexpensive to purchase if needed.

There may be accompanying computer software needed to operate some of the equipment and collect
experimental data. Using software is part of the experiment and part of student learning, and software
also complements the mathematics being ta(Byoiwn, 2014; Mamolo et al., 2011; Pudwell, 2017;
Wohak & Frank, 2022)For Brown (2014) and Pudwell (2017), experiments are about exploring
mathematics via computation using software. In particular, Brown explains,

79



Experimentation was designed to focus on a specific set of goals: 1. Explore mathematical
phenomena experimentally. 2. Detect patterns and provide mathematical explanations. 3. Explore
mathematical thinking and process of conjecture. 4. Design and impglemsthematical
algorithms with computer algebra systelfigown, 2014, p. 283)

In Mamolo et al(2011) undergraduate students were given clear plastic pyramids that could be filled
with water. By filling the pyramid under various conditions, students explored spatial reasoning and
geometric modelling in a tactile way. This was then followed by studetwos n t he sof t w
Geometerb6s Sketchpaddé t o -dimensienal pyragia {treangle)haadta e s c
encourage connections between-gvmensions and thregimensions.

Other types of mathematical experiments can be classroom demonstrations conducted by the
instructor, or classroom activities in which students explore concepts using tactile objects. For
instance, in a geometry course, Zome tools (Figure 1) can be udmdidothreedimensional
structures, which is helpful for students learning about visualization and abstraction.

Figure 1: A three-dimensional structure built from Zome tools

Rather than Zom#ools, students could construct geometric structures using found objects at home
such as a malleable wire hangar. Encouraging students to recreate experiments on a simple scale
using inexpensive objects and to do so outside the classroom is importamgeb#ta conveys
experimentation is a part of everyday learning (not just learning in a classroom) and inspires
creativity, sustainability and flexibility. The focus of experimentation should be on the concepts
taught, rather than on fancy expensive eqe&ipin

Assessing student performance in an experiment is context dependent. For experiments that are in the
form of classroom activities, like building models in a graph theory course, students may be evaluated
on an oral explanation of their model. Classroom @lestrations conducted by the instructor may

|l ead to class participation in online polls
Experi ments that reqguire computer programming
graphs generatedbyh e code. Experiments that have data

lab report, which addresses experimental design, math modelling, interpretation of the data, and
results of the experiment. Brown noted the importance of this:

Each lab report goes through the writing and editing process. Althougltdinsgming, writing
and editing helps students understand the importance of careful reasoning and precision when
explaining mathematic¢Brown, 2014, p. 288)
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It follows that the student learning outcomes for incorporating experiments into the mathematics
curriculum include:

(a) improving student persistent, retention and engagement,

(b) reducing math anxiety,

(c) supporting different learning perspectives,

(d) encouraging teamwork, communication skills and creativity,

(e) developing mathematical reasoning via experiential learning,

() practicing mathematical algorithms using computer software, and
(9) connecting mathematics to authentic +ealld applications.

Dissemination

Incorporating experiments into the study of univertetyel mathematics appears in various forms at
different institutions. For example, the book by mathematics professors Banks arfd00@was
written based on several years of designing and teaching expefoneséd and modellinfpcused
math courses at North Carolina State University. They state the following:

Our experience with this approach to teaching advanced mathematics with a strong laboratory
experience has been, not surprisingly, overwhelmingly positive. It is one thing to hear lectures on
natural modes and frequencies (eigenfunctions and eigenvalueggm to compute them, but

guite another to go to the laboratoexcitethe structureseethe modes, anthkedata to verify

your theoretical and computational modéBanks & Tran, 2009, p. i)

The three experiments presented in Banks and {2609) are: (i) heat transfer of copper and
aluminum, (ii) vibrations in a beam, and (iii) acoustic wave propagation in a PVC pipe. In addition,
there is considerable discussion on the mathematical modelling and computational simulations
associated to each expeent. That is, their entire math course is designed with a primary focus on
modelling, simulating, and experimenting.

In Canada, at the University of Waterloo, the Department of Applied Mathematics has several
experimental math spaces each focusing on a particular field such as fluid dynamics, control theory,
or mathematical medicine. These are primarily used for resaadctime spent in them is often done

by graduate students.

The experiment al mat h space in York Universi
focused on teaching and learning in undergraduate math cq@isew, 2022) It is funded by a
university teaching and learning grant. Its logo is shown in Figure 2, which conveys the
interconnection between mathematics and experimentation.

Figure 2: Logo for Experimental Math Space at York University
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Examples of math experiments

All the examples of math experiments noted in this section are part of the collection housed inside
Yorkds experiment al mat h space. They are wuse
instructors. The discussions in each example highlight seesnalihg outcomes presented in the
previous section such as writing skills, use of software, working with others, connections between
mathematical concepts and practical authentic applications, and reproducing experiments on a
simpler scale.

Pendulum Experiment. The dynamics of a simple penduluiidhalil, 2002, p. 5) illustrated in
Figure 3, are described by the ordinary differential equation

. Q.. Q... .
®O —wo6 —=0Edbo 00
& a

Equation 1: Second order differential equation for the dynamics of a simple pendulum

whereais the length of the pendulum aadis the mass at the end of the pendulum, @r is the
angle of the pendulum from its rest position over tim€he parametersand "Qare the coefficient
of friction and gravity, respectively. The external applied foree is.

Figure 3: The dynamics of a simple pendulum

When a force is applied, the simple pendulum moves left to right in the plane. hditmezesional

space, the movement of the pendulum is more complicated. Shown in Figure 4 is a pendulum
experiment designed by Canadian engineering education firm, Qu&hserertical blue rod is the
pendulum, and the pendulum is connected to a-sbiaped rotary servo base by a rotary arm. The
cube base has a motor, which controls the movement of the rotary arm and pendulum. The black box,
displayed in Figure 5, that ie the left of the pendulum, powers the movement of the pendulum and

is the interface between the pendulum and the laptop on the right.
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Rotary arm

Pendulum
Rotary

Servo Base

Figure 4: Pendulum-rotary apparatus from Quanser

Figure 5: Quanser's pendulum experiment

The software used is MATLABOGs Simulink, which
and operate the various components of the p
representing the dynamics of the pendulum is shown in Figure 6. Onsarthink model runs, the

pendulum swings, and this movement is recorded. A graph modelling the left right motion of the
pendulum is shown in Figure 7.

HIL
Read |
Encoder 1 >
Ti
imebase Pendulum (deg)

Pendulurm: counts torad
HIL R ead Encoder

Timebase
(HIL-1}

Figure 6: A simple example of a Simulink model for the pendulum experiment
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Ready Sample based T=-10.000

Figure 7: The graph displays the position of the pendulum over time. Position is on the vertical axis
and time (in seconds) is on the horizontal axis

The pendulum experiment can be used for different objectives. For example, using damping to reduce
oscillations, or applying feedback to invert the pendulum into an upright position. Prior to working
with the pendulum apparatus, students form their labpgdtypically two to three students in each
group) and are given a prelab, which prepares them for the actual experiment. The prelab gives an
overview of the experiment, and a few preliminary questions to be answered, which are submitted by
the lab grougor evaluation, and returned with feedback to the students prior to the start of the actual
experiment. Some examples of prelab questions for the pendulum experiment are, rewrite Equation
1 into a first order system of equations, linearize Equation lerreda specific set of equations of
motion. Prelab questions may also ask about aspects of Simulink or to list appearances of pendulums
in everyday life. The mathematical concepts used in the experiment are taught in the course lectures
prior to the prelb.

Each lab group works on the actual experiment for about two hours. There is normally a teaching
assistant, lab technician, or instructor present to give guidance when needed. During this time, the lab
groups set up the experiment, operate it in Simulink, @llect the necessary data that will answer
guestions posed in the experimentds | ab repor

After completing the experiments, each group has one week to complete their lab report before
submitting it for evaluation. Questions in the lab report typically require students to submit the graphs
generated by their Simulink model, analyze the grapkploee hypothetical scenarios, make
connections between the experiment and reality, and address functions in the Simulink model.

Here is a sample question that appeared in the lab report for the pendulum experiment. The question
is two-fold in that it asks students to compare the measured behaviour of the rotary arm angle in the
physical experiment to the simulated response ofdtagy arm angle produced by Simulink, and to
make the same comparison for the pendulum ang
generate corresponding graphs in Simulink (see Figure 8) and then to provide a written analysis of
what is shownn Figure 8. From observations of the graphs in Figure 8, it is shown that the behaviour

of the measured and simulated pendulum angles is similar but not identical, and there is a clear
di fference for the rotary ar m amalygifigere 8 White par
accurately describes the graphs, uses correct terminology taught in the lectures, and quantifies the
difference in behaviour between the measured and simulated rotary arm response
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The model does not represent the system well. Inspecting the pendulun? angkecan see that

the system closely matches the model, although it is slightly off. However, we can see that the
rotary arm position+ has some over and undershooting, but we can clearly see that as the system
reaches steady state, it does not converge to what the model predicts. Although it does not
converge, we can see that the phase of the model and the plant samé&)eand the rotary arm

angle is offset by approximately 1.2 radians from the model at steady state. Thus, the steady state
error of the rotary arm is 1.2 radians

1 T T T T T T
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Figure 8: Graphs show the behaviour over aSecond time interval of the rotary arm angle and
pendulum angle in the experiment (measured) and in Simulink (simulated)

Vibrations Experiments. Vibrations are all around us. Sound is vibrations through the air.
Earthquakes are vibrations on the surface of the earth. We feel the vibrations made by manufactured
tools like jackhammers, cell phones and electric toothbrushes. Because of their peatadic
vibrations are modelled by oscillatory functions; however, when sine and cosine functions are taught
in a precalculus course, there is typically no mention of vibrations. In contrast, common topics taught
in applied math cases, such as maspring systems, wave equation, resonance, damping, elasticity
theory, Fourier analysis, and stability, are all related to vibrations. Consequently, there are numerous
vibration experiments suitable for an experimental math space thdiecarcorporated into the
teaching of these mathematical concepts.

A string-vibrator experiment (Figure 9) is ideal for visualizing vibrations. These vibrations are caused
by the sine wave generator shown on the bottom left of Figure 9. The stable nodes (points of no
vibration) in the standing wave are clearly visiblethis experiment, students are encouraged to
explore string vibration by changing the frequency on the wave generator, or by varying the tension
and length of the string.
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Figure 9: String vibrator apparatus

The stringvibrator experiment inspires a simpler homemade version whereby one takes a bowl and
wraps an elastic band around it, and then plucks the elastic band. The vibrations are clearly visible
(Figure 10) even in this rudimentary form. A second usefd inexpensive demonstration of
vibrations is with slinkies, which can be used to generate different types of waves (standing,
travelling, transverse, longitudinal). There are also free online oscilloscopes and mobile phone apps
like phyphox(Carroll & Lincoln, 2020; Staacks et al., 201Bat measure various properties of
vibrations like frequency and amplitude. Phyphox can measure other quantities like position, speed,
acceleration, and pressure, and this collected data can be exported for analysis onto a computer. An
example of using piphox and experimental data in a calculus course to compute the time of an object
falling to the ground can be found in Chow, Harrington, Leung (2023). Phyphox was developed with
educational physics labs in mind. Freeimasoftware and found objects at home are easily accessible
tools for experimentation that enhances mathematical learning.

Figure 10: Vibrations created by wrapping a rubber band around a bowl and plucking the rubber
band

The vibrating string (on€dimensional object) experiment in Figure 9 can be generalized to a vibrating
plate (twedimensional object). This vibrating plate experiment was created by scientist and musician
Ernst Chladni (1756 to 1827). Ullmax2007)s t at es Chl adni 6s experi men
experimentally investigate the nature of soun

A modern version of Chladnidés plate experi men
plate is on top of a mechanical wave driver, which vibrates the plate. The driver is connected to a sine
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wave generator, which controls the frequency of the vibration. Sand is sprinkled over the square plate
and as it vibrates, the sand collects along regions that are not vibrating (stable nodes). This creates
aesthetically pleasing sand patterns called Ghltdures, which form interesting symmetries and
patterns(Waller, 1961) The location of the stable nodes can be determined mathematically and
simulated using software like MATLAB étython In an earthquake prone region, knowing the stable
regions is beeficial as these are ideal locations for emergency shelters and hospitals. The vibrating
plate experiment may be reconstructed from found objects at home such as a speaker, plastic wrap
and a salt or pepper shaker.

Figure 11: Vibrating plate experiment

The vibrating plate experiment can be used as an example of mathematicégngviesi, 2016;
Fenyvesi & Lahdesmaki, 2017; Ornes, 20I9fferent shaped plates and frequencies create artistic
Chladni figures, which can be modelled by partial differential equations. For a circular plate, the
Chladni figures have concentric circles as their pattern, and relationships between the fraqdency
number of <circles have be(Rassing 4983Thefrgudnciesandg . ,
sounds produced ithe experiment can be an application for properties of sinusoidal functions and
music. For example, Worlar{@011)re-imagines this experiment with drumheads, rather than metal
plates. Wohak and FraifR022)present a lesson plan that showcases the mathematics and technology
needed to compress audio signals. Chladni, whose love for music likely encouraged his lifelong
scientific pursuits of sound, is considered by many as the founder of acouititanf, 2007)

Quanserb6s flexible Iink apparatus i s another
is a flexible link (object that looks like a metal ruler), which is free on one end, and fixed on the other
end to a rotary servo base unit. The flexibi& Experiment is operated by Simulink and has the same
physical set up as the pendulum experiment shown in Figure 5 except the flexible link (rather than
the pendulum) is mounted on top of the rotary servo base. As with the pendulum experiment, lab
groupsworking on the flexible link experiment submit a prelab, gather data, and complete a lab report.

The flexible link is similar in structure to objects like the wing of an airplane, a diving board, tree branches,
the human arm and leg, etc. Vibrations can occur in each of these objects. In the flexible link experiment,
once the link reaches its left mgmosition (top image in Figure 12), it vibrates for a set length of time,
and then it moves to its right most position (bottom image in Figure 12) and vibrates for another set
amount of time. This repeats until stopped. Objectives of the flexible lingriexgnt may be to
investigate the behaviour of vibrations when the link is disturbed by an external force (akin to, for
example, wind disturbance on an airplane wing), or to design a feedback model which reduces vibrations
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Figure 12: Quanser'sflexible link. Displayed on the laptop is the motion of the link as it moves from
left to right. Its left most position is the top image and its right most position is the left image

Moment of Inertia Experiment. In a multivariable calculus course, moment of inertia (also known
as rotational inertia) is a commonly taught application for triple intedftiswart, 2016) For
instance, the moment of inerti®of an object with volumeb and density is

‘O "I Qw

Equation 2: Moment of inertia formula
wherei is the distance of the object to the axis of rotation.

An accompanying experiment is pictured in Figure 13 showing two objects of the same mass and
same size, but that are differently shaped. The gray coloured object is ring shaped (hollow), and the
yellow coloured object is disc shaped (solid). The objeaftbe experiment is to determine which

object will roll down the plane fastest. The moment of inertia is affected by the spatial distribution of
mass around an axis of rotation. In this case, the ring has most of its mass distributed around the edge,
andthis leads to greater rotational inertia (i.e., resists the change in motion more) than the disc. That
is, the ring will move slower and hence, the disc will roll down the plane faster.

Addressing which object rolls down the plane fastest can also be answered by computing the angular
acceleration of each object wusing Equation 2
will be less for the ring, which supports the observatibtihe experiment.
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Figure 13: Two objects of the same mass and size (but differently shaped) race down the inclined
plane. Which object wins the race?

The experiment in Figure 13, while a simple classroom demonstration, allows students to explore
many variations. For instance, what happens when it is two sphere shaped objects or if the height of
the incline plane is changed or the two objects are déréffit size but with the same mass? This is

also an experiment in which mobile apps like phyphox may be used to measure the timing,
acceleration, and velocity of the moving objects.

Reflections and looking ahead

In the course where the Quangendulum experiment was used, we note student feedback on the
experimental aspects of the course. The course had eight students officially enrolled; however, one
of these students submitted no work in the course and did not attend lectures or labsitfiavo of
students were graduate students, while the remaining were undergraduate students. This is a course
crosslisted with engineering and all the students enrolled were studying engineering programs,
except for the one absent student who was in a matigonog

Towards the end of the semester, students were asked to complete an anonymous online evaluation
of the course. Three students completed the evaluation, and there were two lab specific comments,
which are noted below

| enjoyed the lectures and labs, | felt they were helpful in conveying the necessary knowledge on
feedback control.

| wish the labs could have involved more Simulink design, we changed a few blocks for the labs,
but most of the model was already built for us.

Based on the second student comment, at least one student wanted their labs to be more challenging
In future offerings of the course, this is something that may be implemented as an optional bonus
component for students who want to challenge their expateation skills. We may also request
students give an oral presentation of their experiments and findings so that they can practice more of
their presentation and communication skills. However, in general, the addition of the labs in the
course was benefal to student learning.

Aside from the formal course evaluations, during the last lab of the semester, students who attended
the lab (three in total) were asked for general feedback on the lab component of the course by the
teaching assistant (TA). This was done in a conversdtioformal manner. The TA had assisted the
students with their labs throughout the entire semester; that is, the students knew the TA. Here are
the notes of the TA based on what the students were willing to share:

(i) enjoy group element,
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(i) good for conceptual understanding,

(ii) good balance between math and homework assignments and the lab component to apply their
knowledge,

(iv) visual feedback and perception.

The last comment about visual feedback and perception seems to be missing some context, but it has
been included for completeness. Overall, student responses are positive, but collected from a small
group and anecdotal, so further rigorous study on thadtgf experimentation on student learning

in a math course is needed.

Through sharing the commonality of experimental labs, an experimental math space is an opportunity
for mathematics to better connect with other STEM disciplines, and to possibly develop
interdisciplinary courses whose curriculum is completely based omiegrgation. The previous

section noted engineering and physics examples, but other fields are possible. For example, a math
modelling course is a natural place to teach connections between mathematics and biological systems,
and to conduct correspondingperiments(Robic & Jungck, 2011)A geometry course may be an
opportunity for experiments involving microscopes to learn about scale, position and measuring, and
to explore the micravorld where artistic patterns like fractals and tessellations may appear. In
another instance, a math amdusic course is an avenue to incorporate phyphox, vibration
experiments, and computer software. In general, experimental math spaces can be a chance for artistic
collaborations, which provides connections to such aregap theory, geometry, nature, puzzles,
computer graphics, architecture, textile design, etc. The possibilities are vast.
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Rapturousness in makerspacedelight in construction
Olga Fellu$ andViktor Freiman?

In efforts to bring change to their educational systems, New Brunswitk, $€hools have been
introducing new learning environments since 2014 (NB, Canada). These changes include the
integration of makerspaces targeting STEAM disciplines and the formulafiorew learning
objectives such as the use of new technology and the developmetitcehiry skills (Freiman,

2020). This paper discusses part of a larger CompeTl.CA project (Compétences en TIC en
Atlantique/ICT Competencies in the Atlantic Canada). We focus on the construct of simultaneous joy,
delight, and enthusiasm to describe studentso
for their stuffed animal. We suggest the construct ofrapp us ness t o descri be
expression. We present a case study featuring an engineering challenge that kindergarten students
were trying to solve when designing a shelter for their stuffed animals at one elemenfry (K
school 6s SiedWMth theneed to Adlpichildren to navigate increasicmiyplex realities,

and the need for students to have equal opportunity to study and appreciate processes of problem
solving, innovative environments target learning objectives of a nevied0 provincial Education

Plan, which include improving numeracy skills for all leasas a key element in STEAM education,

and enhancing learning éhand application a the arts, science, trades, and technology for all
learners (Province of NB, 2016). Reachihgse goals would result from a better understanding of
feelings of joy, delight, and enthusiasm when doing mathematics

Keywords:Makerspaces, delight, fun, joy, enthusiasm, rapturousness, engineering challenge

Introduction

I n early school year s, the devel opment of nul
strong foundation to prevent gaps Numeracg skill d e n't
necessitates sustained efforts throughout formal schooling and beyond focusing on problem solving,
a strong foundational understanding of mathematics, and Jwmandsxperiences. Against this
backdrop, an increasing attention needs to be turned to commsuohitpl partnerships where
educators are enakblredwiitb pddvidenhkapracti ca
mat hemati cal principles and conceptso (Provin
in the case of makerspaces where strong partnerships with independent groups and assswtétion

as Brilliant Labs, allow schools to obtain resources and guidance from ®£Xgdits. Our study

seeks to push to the fore the affordances of such collaborations, where mathematical principles and
concepts surface in connection to other types ofss&ild capacity building, such as perseverance
(Freiman et al., 2022). Our 2022 MACAS presentation focused on the concept of rapturousness that
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Olga Fellusofellus@brocku.ca

2Université de Moncton, New Brunswick, Canada
Viktor Freiman viktor.freiman@umoncton.ca
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describes makersoé joy, del i ght, and enthusi a
stuffed animal.

Conceptual framework

We introduce the concept of rapturousness as an object of investigation in mathematics education in
general and makerspaces in particular. We define rapturousness in a broad sense to include, at once
feelings of joy, accomplishment, and satisfaction. Mamethis in the next paragraph. Our work
clusters the following concepts: rapturousness, engineering challenge, and design thinking in
makerspaces and is couched within scholarship that highlights theaimtietransdisciplinary role of
mathematics in STE contexts (LeBlanc et al., 2022). This work also connects to a novel socio
ecological perspective of learning mathematics (Coles, 2023) that pushes to the fore mathematics
education that i's fAmarked by r eci pl9)othai rhises re
Afiguestions of affecto (p. 22), and that taps
(p. 23). In this paper, our focus is on the theory and experience of the last words in the€e quotes
joy, affect, and excitement.

Rapturousness While rapturousnesss not very often used in the research literature, we see it
connected to sociemotional aspects of learning through movement and action (see De Freitas &
Sinclair, 2014) in the making journey. We understand rapturousness as a feeling that combines
triumph over an obstacle and setitnagement. This sense of rapturousness comes across in the
writings of Pikionis (1989) who reminds us, fi.
that rapturous joy we felt as dthien when we first discovered our ability to move in spatte
alternating disruption and restoration of bal
concept of rapturousness, we see its connections witkussian word estorzheniwhich is used to
describé simultaneously a sense of joy combined with delighn English, the concept
rapturousness semiotically offers a blenclaitedness, delight, pleasure, gratification, satisfaction,

and triumph. The concept of rapturousness zooms in oatintirsection point of work in STEAM

based environments and affective aspect of the process of making through feelings of joy,
gratification, and delightThis, we argue, corroborates the trend and direction to incorporate self
management through soeémotional learning in education by allowing students opportunities and
choices in what, how, when, and why they learn (Cristévao et al., 2017). Againbadthkidrop,
rapturousness, in our research, is operationalized through noticing expressions ofshiggr evel

of engagement, and exquisite deligBpecifically, we examineapturousnessin the context of

mat hemati cs education as intrinsically connec

We situate our work within the immense amount of growing literature on affect in STtask
environments in connection to mathematics education (e.g., LeBlanc et al., 2022) where affect and
other denotations that are relevant to the concept, such asiappreof aesthetics in mathematics
(Sinclair, 2004, 2011) have been recognized
wellbeing. While emotions have been specifically identified as one of the three necessary types of
engagement for developingathematical thinking (physical and intellectual engagement being the
other two) (Mason et al., 1982/2010), research that sheds light on positive emotions such as the
concept of rapturousness that we are offering in this work remains dearth.

Engineering challengesprovide students with opportunities to (1) design objects, (2) collaborate
with others, (3) and learn science through processes of creativity while (4) using available materials
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such as cardboard. Designing objects helps students to see connections between science concepts ar
solutions to reaWorld problems (Sadler et al., 2000). Collaborating with others helps children
develop understanding through interaction with and regulaif their environments (DeJarnette et

al., 2021). Using materials such as cardboard allows for embodied activities, creativity, and

i maginati ve pl ay. |t al so contributes to st
development, while ensuring y$ical safety (Deed et al., 2022).

Understanding the affordances of engineering can also be rationalized through the lens of learning
theories. The maker mindset is conceptualized through the theory of constructionism, which
emphasizes chilted activities and interactions, where thinkinggesses are more valuable than
endproducts, and exploration and experimentation are positioned as core to the process of learning.
Constructionist thinking draws on constructivism, another learning theory, that considers how
learners construct knowledgbrough interaction, and experience and exchange ideas (Fletcher,
2007). Exploration and experimentation help students to articulate their mathematical reasoning, and
make conjectures, and test to see if the conjectures are correct (LeBlanc et alTia@22%tand in
contrast to behaviorist conceptions of | earni
subjective terms such as sensation, perception, image, desire, purpose, and even thinking and emotior
as they wer e s Watsoa,da30,p.8).|Ay edacatibnal systehts sh(ft, educators today
attempt to bring desighased learning experiences into thé& 2éntury classrooms, which move to

an explicit integration of social, emotional, and academic skills (DaH@gmond & Cook, 2023;

Zhang et al., 2022).

From this perspective, salianagement and responsible decisiaking on the part of the students
tie this work with literature on sock@motional learning (SEL), a new strand across contexts and
curricula that is aimed at supporting the development of-wwalhded citizens who can contribute
Ato the fuwlfall demtanadfs 0s.@neefehenternatienal trends@ve identify
i's to devel op i nmasagemdntand Isatningiated dedismmakihg pooeessés
(Freiman et al., 2022). Research on makerspaces occasions such opportuhgigsparts positive
SEL experiences (Darling, 2022n the Canadian context, we notice an increased attention of
provincial educational systems to SEL; for instar@setario introduced SEL in its new curriculum

in mathematics (2020); New Brunswick (French) added saffextive competence in its Exit Profile

for Francophone Secondary School Graduates (MEDPENB, 2016). Our work on rapturousness
suggests that makerspaaemry untapped potential in contributing to these concerted efforts of
integrating SEL ito school curricula.

Data collection and analysis

Two groups of 20 kindergarten students and two teachers participated in the study. The researchers
coll ected data during st ude rtojedinteniewsk Thechildrerg v i
were instructed to build a shelter to protect theirfetlénimal from rain and high winds. In building

a shelter for their animal, the children used different cardboard materials anefriehily
construction tools such as safe saws and plastic screw drivers and screws. The children worked in
small groups D2-3, with minimal teacher guidance. Twelve video segments were first analyzed
observing the abovmentioned markers throughout the design of the shelters and the construction
process. Then, initial codes wer gestaes Brstgithie d t o
each video segment and then across all video segments to finally investigate common aspects within
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and between all segments. Our initial anal ysi
process that includes iterative actions of asking, imagining, planning, creating, improving, and asking.

ey ¢
.
—— [R———
.o
-

Figure 1: Design thinking (Hughes et al., 2019)

In a shoritime activity like the one experienced by the children as they were working on their shelter
task, we adjusted Hughes et al.ds (2019) desi ¢
manifested in their collaborative work and d¢esha thregohase process: Plannirigealization and

Testing and Adjusting.

Testing &

Adjusting

Realization

Figure 2: Interconnected cogs in makerspaces: Threghase process

Through this process, the children first planned their project, carried out their plan, and tested the
product to later adjust it if it did not satisfy the requirements of size, sturdiness, and protective
properties. However, we noticed that this process mot necessarily linear. Instead, it was oscillatory

as the children were moving among the different phases planning, building, and testing and adjusting,
which is why we chose to represent this process in interconnected cogs rather than a cycle/s@ur ana
was inductive as we observed repeated markers of rapturouknass the time the children were
immersed in planning, realizing, and testing and adjusting the design and construction of their shelter

A sample of the data and results

Analyzing the data as the children iteratively progressed through the inextricably linked cogs of
planning, realization, testing, and adjusting in their makerspaces, we observed multiple combined
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expressions of rapturousness, i.e., joy, excitement, thrill, satisfaction, and triumph over challenges.
These were captured through the childrends g
suggesting, animated movement in the space they werg tasbuild their shelters, and high levels

of concentration that was evident throughout the project as they negotiated the design of the shape
for their shelter, carried out the plan by cutting, adjusting, and manipulating objects, synchronized
their actims and movements as they were working on building the structures, and testing and
adjusting their structures through iterative cycles of trial and error.

Motivated by the task of protecting their animal from high winds and heavy rain, the children began
planning their design by deciding on the shape and size of their shelter. For instance, Figure 3 shows
two students discussing and estimating the heigtiteof shelter in relation to the size and height of

their stuffed animal. The experience of rapturousness captured in this phase was marked by highly
animated gestures.

Figure 3: Planning phase in the thregphase process in makerspaces

In the Realizationphase, children built a prototype of their shelter. As they were trying to construct
the walls of their shelter, we noticed multiple expressions of rapturousness when children exuberantly
tested their structures and exploded with cheers of excitementiwhenked as planned. During the
process of realization, the children exhibited synchronized movements, deuekorg processes
through logic and explanations as they were making conjectures and discussing how to fasten the
joints of the faces of theiconstruction to make their construction more solid, and effective
collaboration with their peers throughout the work.

Figure 4: Children show excitement and engagement as they negotiate the shape of the structure

When the children decomposed the problem that they were trying to figure out. They negotiated the
meaning of the constraints that they needed to take into consideration. They communicated their ideas
looking attentively at each other, using animated badguage, and exuberant gestures as they made
conjectures and tested them out. These processes of working oflife grablem through iterations

of decomposition and negotiation of meaning, we suggest, are conducive to creating conditions for
rapturousnss. As the children negotiated the design of their shelter, they were immersed in efforts to
design a structure that wil!/ genuinely protec
intense concentration in their discussion.
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Figure 5: Children immersed in the project as they negotiate the design of the shelter

When the children checked i f t heir respect.
withstanding against Awind, 0o they had to dea
construction, they were demonstrating efforts and capacity to adjust their structure by means of trial
and error. Seeing their designed product becoming better, the children were visibly and audibly
overjoyed as they could see their stuffed animal wasged and the shelter was solid. In post
project interviews, students explicitly refer
as a factor contributing to their success.

Student: It was kind of hard to make the Lego challenge thingtaedshelter building, but
it was still fun

Figure 6: Children excited to see their designed structures function properly

Students also valued their joint work through collaboration, which helped them to successfully carry
out their plan. Without it, they admitted, this kind of an experience may not have been possible. The
following interaction between the second author dedchildren conveys, we believe, this message.

Researcher: Last question, if you teach me, what are the qualities | should have to be successful
as you were in the building activities? The STEAM activities?

Student 1:  Maybe we should build with our partners and work together.

Student2: Same as [friendds name] é that we shoul

Expression®f joint rapturousness that we observed were collaborative, shared, and adaptive. Such
feelings were manifested throughout the data. Indeed, at the conclusion of the activity, one team
enthusiastically joint efforts with other peers to transport theltestfer a lion to their classroom.
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Figure 7: Children experience joint rapturousness while carrying their shelter to the exhibition

Conclusion

Our findings surface three contextually related and synergistically connected qualities in experiencing
rapturousness through experiences that are experimental, collaborative, and creative. To wit, feelings
of rapturousnessaees soci at ed with student sd e-prgs@iptiveenc e s
and openly creative contexts. Experimenting through negotiations of tasks and decomposition of the
necessary against available toglsungchildren experience rapturousness through discovery, trial
anderror, and moving ahead toward a shared goal. They get emotionally attached to the task at hand
(i.e., protecting their animal)pngkulluksn et al., 2008 In this context of experimental work, we
suggest, rapturousness is a catalyst i n stud:¢
2022). It is not only the experimental context that can organically generate expressions of
rapturousness butsa the collaborative negotiation of meanings and actions, working together
through acts of synchronizan of movements, and jointly making decisions while working
collaboratively to achieve their goal (Cook & Bush, 2018). Rapturousness and creativity is the third
pair in this set of findings. It is through imagining and creating prototypes, bringingtadgsker,
suggesting new solutions, and reinventing the use of objects when children move from one shape to
another, try to intuitively adjust objects they design (Li et al., 2019), that children solve a problem
(Polya, 1945).

In particular, we attribute rapturousness to experiencing joy, satisfaction, and dlelight
simultaneouslyTo wit, as students were immersed in the iterative activity of planning, realizing,
testing, and adjusting, we noticed their facial expressions, intense concentration, wide smiles, and
animated gestures and movements. We distinguished between rapturatishesadividual level,

which is selfdriven, responsive, and directional and rapturousness at the joint level, which is
collaborative, shared, andla pt i v e . These were noticed throuc
with emphatic language, and expression of pride in what they engineered, constructed, and
accomplishedSuch feelings are an important part in the imiEoss, and transdisciplinary approach

to mathematicsRobichaud & Freiman, 2022).

This sense of the association between experimentation, collaboration, and creativity is also supported
by data collected in higher grades. When asked about next plans in making, after having completed a
chainmail of 300 3Eprinted pieces, one Grade 8 stntdeesponded:
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Student 1: | havendét thought of my next bi g lpyr 0j ec
in bed, like it will just come to me like, oh my gosh | need to dolthidie Isd cool!
Like in bed trying to fall asleep,@oject might come to mind atite this is going to
be so cool need to find a way to dbat!

In early school grades, young children learn through work on engineering challenges with imposed
constraints and respond to problems as they emerge. Observing the children working on their
engineering challenges, our study suggests that contexts suctkkasma paces t hat sp
creative minds, can engage them in an experience of rapturousness tcbuglexploration of

new technologies where they can produce new ideas and design and prototype objects that are
valuable for them. Facing challengestaying on task, andorking with others are skills that are
necessary to the development of creativity, perseverance, and more generallyraunaglt,
inspired, anddriven person.Makerspaces can potentially offer fertile ground to investigate the
development of mathematical thinking and reasoning wifgorting socicemotional learning

through engagement and perseverance, which are interlaced, we suggest, with mathematical
rapturousness. Our study has investigated such work in a small number af sstib a small

number of students and teachers. Given that seroiotional learning has become an important strand

in teaching and learning in general and in teaching and learning of mathematics in particular,
investigating the concept of rapturousness jpotentially shed much needed light onto the experience

of joy, satisfaction, elatedness, and delight in learning. Our finding merits deeper study on a larger
scale for educational change in mathematics.
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Teaching geometry with a HumanCentered Design approach
Gloriana GonzalézandSaadeddine Shehab

Three high school teachers engaged inidual lesson study cycle to plan and teach a research
lesson. The lesson required students to apply a Hi@esmtered Design (HCD) approach to
mathematical problersolving. Analysis of the preand postlesson discussions answered the
guestion: How do gevetry teachers who are participating in a lesson study cycle use the Human
Centered Design framework to plan and teach a proddaesed lesson? The findings show that the
teachers made references to HCD in t wanngvays:
objectives for their students, and (2) as a practice for the teachers to develop the research lesson.
The study has implications for engaging teachers in identifying authentic contexts for students to
experience geometry problesolving.

Keywords: HumarCentered Design, geometry, higbhool math, lesson study, probkased
instruction.

Introduction

Calls for changing the high school math curriculum in the U.S. emphasize the use of authentic
problems (NCTM, 2018). Geometry instruction can provide a special opportunity for students to
apply math to realvorld scenarios. Our study analyzes geometryhtea¢ s 6 engagement
and implementing a high school probldrased geometry lesson using the Hur@amtered Design
(HCD) framework (Lawrence et al., 2021). The framework emphasizes empathy and iteration for
identifying and solving authentic probleniree U.S. high school geometry teachers participated in

a lesson study cycle following four steps as specified by (Lewis et al., 20063tudying
instructional materials, (3)lanning a research lesson to observe student thinkingeé&hingthe

lesson by one team member in a 9th grade geometry class, aefle@t)ng on evidence of student
thinking during the lesson using videos from the lesson. Our research quedtiowido geometry
teachers who are participating in a lesson study cycle séiCD framework to plan and teach a
problembased lesson®/e describe how the teachers relied on the HCD framework to attain specific
learning goals by designing and implementing a research lesson situated in the context of graphic

arts. The context i1Is intended t o cdnceptdrelated ot ude
circles. Additionall vy, students had to apply
needs and constraints, key aspectdudycehgagerheat HCL

exemplifies their key role in embracing holistic and interdisciplinary approaches to education.

Theoretical Framework

HumanCentered Design (HCD) is a problesolving approach where people use design thinking
processes and tools to identify the unmet need of a population to develop relevant and creative solutions
collaboratively and iteratively (Brown, 2008). People usi@p rely on empathy and iteration (Brown,

tUniversityof lllinois UrbanaChampaignUSA
Gloriana Gonzalez: ggonzlz@illinois.edu
Saadeddine Shehab: shehab2@illinois.edu
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2008). When using the HCD approach, designers focus on understanding and collaborating with all
stakeholders to identify problems, explore solutions, create prototypes, test the prototypes, and refine
the solutions in iterative cycles (Brown, 20@8pwn & Katz, 2011; Dorst, 2011; Zhang & Dong,
2008). Designers implement practices such as interviewing people, identifying themes, communicating
ideas, creating prototypes, and developing plans to bring final designs to the market (IDEO, 2015).
Figure 1lillustrates an HCD framework that summarizes Hw@antered Design spaces and processes
(Lawrence et al., 2021). The framework has five HCD spaces (Understand, Synthesize, Ideate,
Prototype, Implement) and each space is composed of four processes

UNDERSTAND IDEATE IMPLEMENT

NARROW

DEBRIEF CONCEPTS

RE(CREATE)

INTERPRET  ORGANIZE BRAINSTORM  PLAN ITERATE  ENGAGE

DEFINE PROPOSE EVALUATE

SYNTHESIZE PROTOTYPE

Figure 1: The Human-Centered Design framework (Lawrence et al., 2021)

Teachers are designers of learning experiences and instructional materials (Henriksen & Richardson,

2017). They can utilize the HCD processes sho
learning experiences and instructional materials. Momeameegrating HCD in problerbased
mat hematics | essons can positively influence

learn and apply mathematical concepts in authentic prebtdwing contexts that feature multi
disciplinary collaboratins. Students can also learn about and engage in HCD processes liedp can

them develop 21st century skills such as collaboration and creativity (Goldman et al., 2012; Koh et
al., 2015). Prior research by Bush et al. (2018, 2020) iff grdde math classroom shows that
engaging students in design thinking results in their positive attitudes towards math. The students
designed a prosthetic arm for a student to be able to use a keyboard. In doing so, the students createc
prototypes that apied math concegtand procedures while also developing empathy. Studies such

as the ones by Bush and coll eagues provide exeée
knowledge and experiences in math classrooms.

In this study, we explore how three geometry teachers used the HCD framework in the context of a
lesson study. The lesson study team designed and implemented a grabkhgeometry lesson that
engaged students in applying properties of circles to genarptototype of a restaurant logo that
meets stakeholders needs and constraints.

Methods

The study applies a desipased research methodology to design, implement, and evaluate four
lesson study sessions (Easterday et al., 2018; McKenney & Reeves, 2012). Three high school
geometry teachers were recruited to participate in a lesson studydcyotg the spring 2022
semester. The teachers, all from public schools in a Midwestern state in the U.S., had never
participated in lesson study before. All the teachers had prior experience teaching: Celia (13 years),
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Coral (2 years), and Dustin (24 years). We use pseudonyms for the study participants. The authors of
this paper facilitated the sessions. To demonstrate HCD processes and foster creativity, the teachers
studied prototypes of problebased geometry lessofsee Gonzalez & Deal, 2016). The prototypes

were developed as part of another research study (Gonzalez et al., 2023) and adapted by the author:
to include HCD elements. The four sessions (1.5 hr/session) were conducted virtually using Zoom,
Google Slidesand Google Forms. The online sessions allowed the teachers to participate after school
by eliminating traveling time to a central location. The teachers could opt to have the camera on or
of f during the sessions an dheamaih@lity ofordine pldtfortnh e A
afforded the team to simultaneously edit the forms in real time when constructing the plan for the
research lesson. Additionally, the online sessions allowed us to overcome the challenges of live
observations since schisdhad visiting restrictions due to the pandemic. Nevertheless, the online
sessions posed some limitations for data collection such as not having many opportunities for
informal conversations, which are crucial for establishing rapport among team members.
Additionally, the videos shown in the pdesson discussions restricted the point of view to the way

the first author positioned the camera when visiting the classroom. The research team selected the
video clips for the podesson discussions. These demns about where to position the camera and

what videos would be discussed provided a different experience for the lesson study team than when
conducting live observations. At the same time, f@ston discussions with video can allow teachers

to attendto student thinking (Gonzalez & Skultety, 2018). During the first session, the team studied
instructional materials and was introduced to the HCD framework. During the second and third
sessions, the team planned the research lesson, deciding to focuspertigw of circles (math
content) and iteration (HCD process). The f i
geometry classroom. During the fourth session, the team analyzed videos from the lesson focusing
on identifying evidence of studebts us e of properties of circles

The sessions were video record@tk created a timeline parsing the session intervals, which is

a unit of analysis noting changes in the activity structure (Herbst et al., 2011). In each interval, we
identified (1) references to the HCD framework, (2) whod@the reference (the teachers vs. the
facilitators), and (3) the purpose or effect of the reference. For example, a referéneenipp at hy o
by a teachermay have the effectaf hangi ng t he pr o lsd teatsbudents feet r o d
empathy towards stakeholdataring the planning step Overall, the HCD framework specifies
empathy and iteration as two key elements of a design challenge (Brown, 2008hug¥g to
understanchow the teachers referred to these elements of the framework during the lesson study
cycle.We coded independently a random sample of 20% of the total 75 intervals. However, we had
difficulties achieving reliability in the first thre@unds (60%, 53%, and 67%). After each round of
coding, we met to resolve disagreements. After the third round, we developed a coding scheme for
the references to the HCD framework (Table 1). We reached reliability in the fourth round of coding
(86%) and tk first author coded the remaining 20% of the intervals.
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Table 1: Codes for references to the HumaiCentered Design framework in lesson study discussions

Code Description

Yes The facilitators or teachers make an explicit reference to the frB®iework or one of its processes or
practices for the purpose of integrating HCD in the geometry problem or using HCD practices to en
the lesson study cycle.

No The intervaldoes notinclude any explicit reference to the HCD framework or one of its processes |
practices.

Findings

We introduce the findings in three parts. First, we provide an overview of the research lesson and the
lesson study cycle to give the readers a sense of the context for the study. Second, we discuss the
references to the HCD framework. Finally, we talk#lthe purpose of the references.

Overview of the lesson study cycle and the research lesson

In the first session, the teachers examined three prototypes of geometry lessons using the HCD
framework prepared by the research team. Table 2 includes a summary of the lessons, which provided
the teachers with ideas that they used to create a resessch ie the second session. They decided

to combine the math content of <circles and g
Watch Prototypeodo and the cont ex fThe cafionale fbbethke gni
selected math content wasittstudents had prior knowledge of constructidine teachers expected

the students tapply properties of circlewhen creatingheir design. The rationale for the context
about making a |l ogo for a restaurant was the
the opportunity for students to be creative. In terms of HCD, the teachers decided to focus on
iteration. Specifically,they wanted thetudentso create and refine a prototype by incorporating

peer feedback. The teachers critiqueel thf r ami ng of t he HfADesileggson ng a
which involved a fictional character, Dakota, who worked at an advertising agency. They stated that
the students in the research lesson should not be living vicariously through Dakota and instead could
be positioned as experts in the problem. The sulesgcliscussion led the teachers to frame the
problem as one whethe students were helping a small business owner of an existing or imaginary
local restaurant. The teachers hypothesized that tderggiwould be more invested with this new
context and show empathy by relating to local needs in the community. Therefore, even though the
teachers focused on iteration, thraypbeddescmpathy in the framing of the problem, an important
characteristic of HCD.

10t



Table 2: Prototypes of geometry problembased lessons with HumaCentered Design objectives

Title Geometric Human-Centered Design Goals Problem
Concepts Occasion
Designing Circles and awar enes sprobldm | Wristwatches are back! Aew company is
an Analog geometry solving approach. asking for proposals to do a unique
Watch constructions reliance on connecting with | production of wristwatches. They launchec
people; competition, and the winner of the best
under st andi ng |designwil earn $5 million dollars plus sale
as well as c o]lroyaltes.
constraints; As one of the participating design teams y|
use of math knowledge to . .
. decided to approach the task using the
make decisions on what .
o oo HumanCenteredDesign approach. You
gualifies as a feasible idea; .
prototyping a design. started your challengg by explormg t[he
problems through talking to a specific
population. You learned from interviews
with millennials that many of them are
interested in wearing analog watches (yes
the ones that are not digital).
Designing Rigid awareness of the role of A backpacks company is trying to include
Backpack | transformations constraints; customers in the design process by giving
Patterns and triangle consi der at i on |them the option to provide their initials whe
congruence as wel |l as e x {theybuy a backpack so the company can
constraints; it to create various patterns that can be
use of math knowledge to tailored to the inside and outsidetbé
createdesigns that meet the | backpack. To do so, the company launche
company®6s ¢ on{designcontest, and the winner will get the
design featured in their first advertisement
Designing Rigid consi der at i on | Dakotaworks atan advertising agency. S
a New transformations as wel |l as e x ¢andherteam are currently working on
Restaurant| andcongruence constraints; designing a prototype of a logo for a new
Logo use of math knowledge to restaurant. They are putting together somg

make decisions on what
sketches meet
constraints;

use of sketches to collect and

integrate feedback;
appreciate sketching when

prototyping.

sketches that me et
constraints and they can use to communig
their ideago the executives.

References to the HCD framework

After the introduction to the HCD framework in session 1, the teachers made references to the
framework in at least half of the intervals. Table 3 shows the number of intervals with references to
the HCD framework by the teachers or the facilitators. Tihting demonstrates that the teachers

appropriated the framework and used it to plan the lesson in sessions 2 and 3. Additionally, the
teachers referred to the framework during session 4 when examining videos of students working on

10¢€



the problem. The facilitators made references to the framework in more than half of the intervals in
all the sessions and diminished the refereonees time. It is possible that by making less references

to the HCD framework, the facilitators all owe
framework by themselves.

Table 3: References to the HumarCentered Design framework

Session | Lesson Study Total Intervals with Facilitatq Teachers
No. Step intervals HCD references references references
1 Study 17 11 11 (100%) 1 (9%)
2 Plan 18 13 12 (92%) 9 (69%)
3 Plan 21 12 10 (83%) 6 (50%)
4 Reflect 19 11 7 (64%) 7 (64%)

Purpose of the references to the HCD framework

We found two types of references to the HCD framework: HCD as content and HQDaasice.

On the one hand, the teachersdo references to
studentsod understanding of geometry by applyi
the HCD framework had the purpose of identifying waysniporate the framework into the
research | esson. As stated earlier, the teach:
prototypes of logos. They also embedded empathy in their framing of the problem for the students.
In session 4, theetacher s i dentified evidence of stude:
discussing videos of the research lesson. On the other hand, the second type of reference pertains tc
teachersd engagement in HCD t he msieglowvteegesdargh und
lesson. The teachers used prototypes of lessons for planning. The research lesson itself could be
viewed as a prototype for testing ideas about using HCD with students. In the following sections we
show some evidence of these two thefnas the data.

HCD as content

We selected some examples of discussions across sessions to illustrate how the teachers referred tc
HCD as content. In session 2, when planning the research lesson, the team considered ways to
incorporate iteration as students worked in groups of threeo(s ) . Reference t
Afempat hy, 6 and Aprototypingo are noted in bol

Celia: Okay, this could be a terrible idea. B
asiterationgoes, and i f there would be enoug
t hem, I dondét know, 10 minutes to say,
the best |l ogo that you can in 10 minut
thetask,itsaysi Fi nal | vy, propose your sketch fc
their feedback and make at | eastntone m
it, and instead of that, say, AnOkay, a
l ogo off to the next group. o0 And | i ke,
is to improve the logo that you started. And we do another 10 minutegytrem
they dondét need 10 minutes this ti me
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Dustin:

Coral:

now they get, I donodt know, five minut

they have to improve it. And ohehrore it 0
pass 0 And, so now they get thitteyhave rd |
toimproveitone mor e ti me. I dondét know. Il d

for that. But...
I ' i ke that i ddeirg.itoncedd | bdookay kwbdbtwh On:

design that has been i mproved upon onc
what can | do to improve this? Becaus¢e 6 s al ready béeBuit mpo
go back to Glorianads question |ike, v

out of this from the HumagRentered Design perspective? | could see it being just
|l ooki ng at t he wsysto@mpsthizé aithdtakbhaldersop | | R e
youbdre tfyeyiendppbact ffeom multiple peopl e,

the room or |1 6m totally open to havi ng
night before, where they talk to family or friends about what makes a good logo.
And then they bring thatintohe room t hat day. So, It

than them dialoguing with the other two members of their trio. | think that would

be a fascinating like,enamp t o t he problem. And the
wedre doing. But mniskalytle lutthatthely were goibgadbe y s
doing something with | ogos that day. I
AOkay, what makes a good | ogo an effec
So, | was thinking about, you know, when you said to pass it and have them make
improvements, that to me fits in withe ways to prototype a new design process
Because in the real world, once you have a design, you péiEnit on to your
superiors or peersfor them to make adjustments. And then kind of like, add on to
what you already have. So, | feel like that would kind of connect the students to
what happens in the job force, whether
the sort.

In the discussion, the team debated the practical issue of how many iteration cycles to incorporate in
the lesson. The team decided that students would ask another trio for feedback once, to avoid getting

ifibogged

down. 0o At t h e ypimgdand inCarporating feedback thugh h a t

iteration is an authentic practice in many-ja@bated settings, thus adding authenticity to the task. In
session 3, the team refined the activity so that students would perform one iteration in relation to other
lesson activities.

Dustin:

Celia:

Are we going to have enough time guys to do it with two groups? | thought | raised,

Il 6m j ust @& adhaeeéenmymind, | haveweitten on a piece of paper over
here, like okay, we need this many minutes probably to do the design, this many
m nutes to pitch it to a group. | 6m j u
to experiencehe iteration part of it just by having them run it by one group? Or

| suppose now...no, never mind. Scratch that, that was my opinion. So.

| think just having one, one group, you know, that they Hagk at it and give
feedbackd t hink thatoés fine. Especially tr
I mean, ideally, would they be able to get more than one group? | think if time
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wasnot an 1| ssue, |l i ke yeah, the more
feasible in one class period, probably just one is good.

There were four objectives for the research lesson and two of them included prototyping and iterating:
AfStudent s b dhe mimef pratatypingen HonianCe nt er ed Desi gno anc
sketches ta@ollect and integrate feedback 6 The ot her two objectives
AStudents undefshaedetdh®d®esHgmanoonsi ders wuser :
constraints. o AStudents use mathemati cal know

bY

execuecowvetsmdai nt s. 0

During the lesson, the students used properties of circles to create a restaurant logo. Each trio made
a prototype of the logo, received feedback from a peer who came to talk to the group, and then
modified their logo. Figure 2 shows an example from a sloekt. The first prototype of the logo for

a pizza restaurant had a comet inside of the circle. After receiving feedback, the second prototype
included the comet as a tangent. Figure 3 shows their final prototype, which they presented to the
classatthered of the | esson. The trio created a | o
Pizza. o Their intenti on ,amsseoolors, aoestablished byithe | e
class in the initial discussion. The changes to the logo integrate the tangent to the circle as part of the
design, minimize the crust, and refine the drawing of the tangent.

List the criteria that you selected to sketch your prototype:

Sketch your prototype:

Write the feedback from another group:

Use the feedback to sketch a new prototype:

This work is the product of a Lesson Study cycle with Geometry teachers in a collaborative project between the Problem-Based B v
Instruction in Mathematics Classrooms research group and the Siebel Center for Design at the University of lllinois Urbana- l. S u o
Champaign. The work was funded by a Campus Research Board Award to Dr. Gloriana Gonzélez, "GeoDesiC-Geometry and -

Design in Classrooms” (Grant No. RB19058)

Figure22A groupdés showing a prototype and its mo
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Figure3:Fi nal prototype of a |l ogo for fAShoot

In session 4, during the pedste s son di scussi on, the teachers i
iterative process of creating a logdey used the example of another trio that had been using a circle
to create a logo for a taco restaurant.

Dustin: | will take the blame for rushing their development of $keond iterationa little
bit and tensions were flaring theatthe end [laughs].
Gloriana: It worked, it worked.
Celia: | did appreciate though how the one stuf@emseemed like who like presented the

first iteration to the other group and then wargnging back the feedbacld she
had said they, you know, they said to makefthig imore rounded t lddks like
teeth9 they said So, like sharing that feedback And to me, liketaking the
feedbackto then make theecond iterationmore visually appealing based on that
feedback. | appreciated that.

The feedback was that the | ettuce coming out
the name of the restaurant in the logo, resembled teeth. The students changed the visual in response
to the feedback. Celia noticed that the iterative gsecallowed the students to incorporate the
feedback and improve their logo. Overall, the teachers used the HCD framework as content during
the lesson study cycle. The examples show how the teachers integrated iteration in the research
| essonds aoldj eaccttiivweist i es . Addi tionally, the t
engagement with iteration during the research lesson.

HCD as a practice

We selected some examples of discussions across sessions to illustrate how the teachers referred to
HCD asa practiceln session 1, the teachers empathized with the students as they examined and

discussed the three prototypes of the geometry problems. The bolded sections in the examples show
that the teachers took the st ude ronthefrofptgpess pect

Dustin: | was still in the process of reading the analog watch proByptl felt like at
|l east two and a half of theéthe situat
perspectivereally walking kids through the interaction and the interpersonal
skills needed to make something happen in the real worldnd so, | saw that
shining through loud and clear in all the models.
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Coral: Yeah, same, like trying to reada$ a student, | think that the way that each of

these tasks are introduced kind of gets them in the mindsetf , A Oh, yealt
Okay, this i s wlkgtheyead seeitad ealistigthdybans . 0
see it as having a purpose, not just,

actually the application.

Celia: Yeah, |l was going to say, a | ot of the
this i n the reaehlofthese probtemsdhasAyowdknosy.can
i mpact onéon some c ar,bkeeausealetoffimeskids! |y i

wi || often say, nOkay well, I can see
or subjects in STEM, but how would I,
want to do that?0 So, I thought that w

After discussing the three prototypafsgeometry problenbased lessontheteachers demonstrated
some synthesis and ideation practices to convergards the restaurant logo problémgetingone
math standard, circles as a geometry topic, and iteration as an HCD objHutivexamples from
session 2 show how Dustin started to narrow down the math standard for the lesson.
Dustin: I would say if I had to pick one and tm open to this everyone, it would thee
first standard |listed in the watch pro
structure and openendedness.

Similarly, in the same session, Coral identified prototyping as the HCD objective since the problem
already required students to empathize.

Coral: Yeah, | agree, | would say the ways to prototype in this design project, | think
like, there is a sense of the empathy just from the problem statement itself, like
youodbre asked to make Soo melt htihnign kf osri nscoem
already kind of integrated with the project, iteration would be a nice thing to
focus on.

Conclusion

In our study, we found that geometry teachers can practice HCD to collaborate when designing
problembased geometry lessons. They can also integrate HCD elements and processes in geometry
problems via lesson study. Our findings indicated that over theseairfour online sessions, the

lesson study team used HCD processes to design and implement a lesson with a geometry problem
that encompassed both geometry and HCD learning objectives. It seems that the use of the HCD
framework during lesson study empoeerthe teachers to collaborate and design an innovative
geometry problem. The problem engaged geometry students in applying properties of circles and
iteration to design a restaurant logo. The students had the agency of selecting circle properties to
creat their design. The constraints of the problem fostered their creativity by specifying elements to
be included in the design <challenge. The prc
empathy and envision how to he#aésignt The teacherst a k
appreciated seeing that the students selected a geometric property for their design and refined their
integration of that property in their logo after building their prototype and receiving feedback from
their peers. The iteratvey cl e wi t hin the HCD framework supp
properties to an authentic setting of graphic design. In future studies, we would like to continue to
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explore how the HCD practices can empower teachers to design innovative lessons set in authentic
contexts for students to enjoy and appreciate the beauty and relevance of math.
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Mathematicsformu |l t | s peci e Akasd forimlamsi s hi n g
Olivia Lu!, Sreedevi RajasekharaandSteven Khah

We have been developing the framework of Mattk
ethical and enactivist approach that recognizes the right of all species to flourish through the human
study of mathematics and encourages respectful partpdosihiveen humans and other species (Tran

et al., 2020).Kolam designs are geometrical shapes typically represented with dots, which are
connected to each other through straight lines, loops, and curves. We interrogate some of the
literature on kolams in nthematics education (Ascher, 2002; Chahine & Subramanian, 2017;
Chenulu, 2007), which typically draws on ethnomathematical or culturally responsive perspectives
(D6AmMbrosi o, 1990) .

We revisit and resituate kolam drawing in mathematics education through a perspective of being for
mul tispeciesd flourishing (Khan, 2020) and us|
2014), we argue that the external and internal horizdnth® object of learning need to be
continuously placed in relation to each other. This perspective on the kolam drawing practice serves
as a pedagogical pivot (Ellsworth, 2014) that keeps the cultural and ecological significance always
close at hand anchimind even as one deepens their mathematical exploration or appreciation. Our
work responds to our wonder, Ahow do we <cr ez¢
meaningful engagement with other cultures in ways that privilege a mindset of papnansh
kinship over one of resource extraction and c

Keywor ds: Mat hemati cs educati on, mul ti speci es
kolams.

Introduction

In this theoretical paper, we argue that Variation Theory (VT) and Ethnomathematics (EM) form a
necessary and mutually enriching partnership that simultaneously advances multiple goals such as
those aligned with equitable outcomes for diverse learnetsiyrautelevance, cultural respect, and
humanizing mathematics education. We arguettieéxternal horizon of the object of learning is a
critical aspect of the ongoing evolution of relevance and motivational frame for learning
mathematicsThe lives of nathematical objects of learning that are embedded in cultural practices
should maintain a harmonious relationship between both their ongoing cultural aspects and
mathematical aspects. Variation theory also provides an important frame for the design of
sysematically sequenced and structured patterns of critical discernments that attends to the
pedagogical dimension of ethnomathematics within school and other safieghistrate our ideas
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through the example of the practice of kolam drawing, which originates in Tamil Nadu, India, and
has been previously explored in the EM literature.

Steven:

Olivia:

As | have explored the works of variation theory, | see the potential and importance

to intertwine these concepts into the introduction of cultural learning within
mathematics classrooms. | hope that in mathematics, the cultural significance gains
traction, not only respectfully, but i n a ma
l earning. I f variation theory can offer
knowing, there should be opportunities to connect their learning of mathematics
activities begnd the classroom.

My experience witkolam drawings started as a young bride whose husband worked
in a small town called Karur in Tamilnadu, India. It was customary for the ladies of
every Tamil household to get up early in the morning, sweep the front courtyard of the
house withcoconut palm leaf stalk broom@ecyclable) and sprinklevaterto purify

the swept area of the courtyard before drawing the traditional kolam designs. The
purpose of sprinkling water is to get the ribeur stuck to the ground. People who
have cows at home used to roow dungto the water and cement the front courtyard
with the mixture before putting the kolams. In Kerala, we have the tradition of making
beautiful patterns on the floor, aniyal (decoration) as they are known, the material
used is wet rice ground and added wisin fromchopped okréo thicken the paste.

Kolams are drawn in front of Hindu households as a sigwadtome | took lessons on kolam
drawings from my friends, village women who lacked the opportunity to pursue higher education
because of their gender and family traditions. Kolam drawings require mental concentration and
prowess and are well connected with skdicipline (Personal experience; Ascher, 2002). | used to
practice the kolam drawings many times on paper before putting them on the floor. | remember
putting the dots in the sequence of-3-1, 1-3-5-3-1, 1-3-5-7-5-3-1 and this is done in precision
without any ruler.

Sreedevi: | have used sand drawings including kolams in work with elementary teachers for

Steven:

more than a decade (Khan, 2010). Teachers are always surprised at how much effort
they take to make even simple images that are aesthetically pleasing and feel great
satisfaction when they make increasingly intricate patterns. | am always careful to try
to situate these traditions within their contexts and cultures. However, in math classes
and the literature where cultural artifacts or practices form the basis faruaton,

| have often found the cultural aspects to be rapidly dropped and never returned to as
the mathematics takes precedence.

The work of teaching mathematics in schools is complex and challenging (Potari,
2012). To ambitious goals of high achievement, mathematical proficiency and equity
for all learners, have been added goals related to humanizing, cultural
responsiveness, anda@o-emotional regulatory competence based on emerging
consensus around how people learn. This consensus foregrounds the critical and
necessary roles of contexts and cultural situatedness (National Academies of Science,
Engineering & Medicine, 20)8At the same time, research on theories of learning
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reveal swarms of discourses (Davis & Francis, 2021) that intersect, interact, evolve,
compete for attention, and influence approaches to, and beliefs about effective
teaching.

A critical convergent insight from neuroscience, economics, and education research is that attentional
working memory (bandwidth scarcity) is a critical (rewlitional) limiting factor for learning (and
learning to teach). This can be severely attenubtedactors such as physical, emotional, and
economic stress due to poverty, racism, trauma, and marginalization (Mullainathan & Shafir, 2014;
Verschelden & Pasquerella, 2017) but can be ameliorated by careful design considerations such as
limiting unnecesary distractors, chunking into smaller pieces, and providing immediate corrective
or evaluative feedback within a nqudgmental (growtforiented) environment. This environment
offers repeated and increasingly elaborative experiences, which elicits @adfective responses

(see Figure 1). These findings are consistent with the design principles used in some types of digital
games and puzzles (Khan & Rudakoff, 2019), some mathematics curriculum resource partners
(PreciadeBabb et al., 2015) as well as iMarsal Design for Learning (UDL) frameworks (Lambert,
2021; Takacs et al., 2021).

AFFECTIVE NETWORKS RECOGNITION NETWORKS: STRATEGIC NETWORKS:
THE WHY OF LEARNING THE WHAT OF LEARNING THE HOW OF LEARNING

Engagement Representation Action & Expression

For purposeful, motivated learners, For resourceful, knowledgeable learners, For strategic, goal-directed learners,
stimulate interest and motivation for present information and content in differentiate the ways that students can
learning. different ways. express what they know.

Figure 1: Three networks influencing UDL principlesd affective, recognition, strategic (Takacs et al.,
2021, p.33)

In this paper, we bring together our understanding of the curricular and pedagogical design
implications of variation theory (VT) and ethnomathematics (EM) in attempting to create a novel
partnership between them that we believe will be useful tsgmace and irservice teachers who

seek to include the cultural Ideorlds of learners and their community into their classrooms in
meaningful, impactful, and respectful ways while also advancing and remaining consistent with
effective principles for learninghathematics. Our literature search and review found many articles
over the last three decades that separately drew on ethnomathematics or culturally responsive
pedagogical practices and those that drew on variation theory. We could find no wepkpticaily
partnered the two frameworkghough we acknowledge that in the description and design of some
classroom ethnomathematical activities, we saw evidence of practices consistent with the broad
principles of variation theory. Likewise, in some work draywm variation theory we saw evidence

of the wider cultural context of learners and communities being drawn in without explicit reference
to ethnomathematics or culturally responsive pedagogy.
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Why partnering?

The idea of partnering draws on work of the Math Minds project (Davis et al., 2020) as well as work
on multispeciesd flourishing (Khan, 2020) bo
understanding of structural coupling and owe debts to indigemays of knowing, thinking, and

being in relation to the othéhanhuman relative® including mathematical concepts. The former
involves work with teachers on partnering with a walleled learning resource that is consistent

with their five principles olearning to improve teaching-hey argue and present examples from
JUMP Math lessons that systematically use structured and clearly sequenced patterns of variation of
critical discernments that are sustained over multiple lessons and years. The work, however, presents
as acultural ang focused on critical discernments of mathematical concepts and associated linking
logics.

Our work starts from a position of cultural responsiveness (Matthews et al., 2022; Seda & Brown,
2021) and is consistent with recent findings from the National Academies of Sciences (1994) on How
People Learn that contexts for learning matter, are eskstmtiaarning, more so for students from
non-dominant cultures in education systems, and are not merely a backdrop or prop for [géening.

take a more critical decolonial, améicist and eceommunal approach, which attempts to trouble
capitalistcolonia | i st, essentialist understanding of 01
the taking and exploitation for individual or
education is one that we find especially problematic in the cbofake Truth and Reconciliation
Commission of Canada (TRC) Calls to Action and moves to decolonize the University/Curricula.

Intentionally coupling EM with VT allows us to develop a strategy for working towards the ambitious
goals of modern curricula and schooling in ways that feel honest, have a high probability of success,
and, which honours the dignity and integrity of trerters we work with, the communities, heritages,

and cultures to which they belong and contribute, and, who too must be invited into renewed vivifying
partnerships with schools and education as they continue to transform each lntiseextending

the wok of Math Minds, we propose keeping cultural ideas central and find ethnomathematics a
valuable partner along with variation theory in thinking about the design of learning experiences.
Note, there are other potential theoretical and pedagogical partrtareither member of this
coupling, but they are not our focus in this paper.

As variation theory concentrates on the cognitive and design components and ethnomathematics
focuses on the sociocultural components and human practices in multispecies worlds, we can couple
aspects of working memory (from variation theory) with ethnormagties and/or the cultural
connections of ethnomathematics with variation theory. We will provide an example of kolam
drawing to focus attention on how the use of variation theory and ethnomathematics might inform
mathematics education and teacher practice

A brief introduction to ethnomathematics

Following Lubis et al. (2019)we take Ethnomathematics (EM) as expressing the reciprocal
relationship between mathematics and/in culture (Lubis et al., 2019). It can be considered a
Acul turally specific practice performed by on
by reference to a specific conceptualization
that mathematical ideas have grown out of the needs of various cultures around the world, and it is
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important that students of Western nations are exposed to the mathematical practices in different
cultures. The current Eurocentric challenges in mathematics education can be relieved through
applications of ethnomathematics, as ethnomathematics cregtestumities to recognize the
contribution of noAWestern approaches to mathematics and to explore mathematics beyond the
traditional framework of mathematical thinking (Hall, 2007). People all over the world have
developed several mathematical methods isterst with their interests, religious beliefs, aesthetic,

or recreational goals/purposes. Some cultures use arts and designs rich in symmetry, proportions, and
transformations as part of their daily ritual, and kolam is one such example.

Ethnomathematics helps students understand theanossular applications and identify mathematics

in reatlife situations. In the mathematics education context, ethnomathematics can introduce
mathematical perspectives that focus on bringing divergitythe classroom through local knowledge

and the idea that mathematics appears anywhere (Peralta, 2020). A multicultural approach to teaching
mathematics can also guide students to comprehend the subject in an academic setting (in the
classroom) and in @nformal way outside traditional classrooms. According to Uy (2013), humanizing
mathematics lessons helps to include all students and boost their confidence levels, promoting holistic
l earning of mathematics, and hnmbatmeoatids.dlegracticgs t h e
of ethnomathematics have the ability to provide math educators with crucial resources that connect
dominant and nedominant forms of knowledge in ethnomathematics. The recognition of mathematics
within cultural practices inonjunction with the discovery of different ways of thinking can be brought
together as two perspectives of ethnomathematics (Peralta, 2020).

Ethnomathematics can serve as a bridge that connects the theoretical aspect of mathematics with lived
experiences. Consider, for examplee increasing diversity of the population in Canada/North
America, which has | ed to emphases on incl udi
the formal curriculum. Ethnomathematics helps to overcome learning difficulties (Orey & Rosa,
2007). The authors elaborated on their assumption on the origin of modern mathematics as follows:
Much of what we call modern mathematics came about as diverse cultural groups sought to
resolve unique problems such as exploration, colonization, communications, and construction

of railroads, census data, space travel, and other pregmiimg technique that arose from
specific communitie§Orey & Rosa, 2007, p. 11)

Cultural variables have influenced students in their consideration of how they understand the world
and interpret their experiences as well as that of others. In other words, culture influences the ways
we gather and utilize our own mathematical knowle@gational Academy of Sciences,1994).
Ethnomathematics helps students appreciate the contributions of their culture as well as that of others
( DOAmbrosi o, 1990; Joseph, 1991). As Freire (
be filled with nformation, rather, teaching must involve the creation of knowledge and transference
of information. Ethnomathematics is communal in the sense that all students in the class are
significant and stay connected to their roots so that they develop resistaheeassment or
domination and are equipped with the ability to engage in important concepts within mathematics,
thus linking mathematics with its contexts.

However, incorporating ethnomathematics approaches has its limitations. One limitation is that
ethnomathematics can privilege socidtural aspects over cognitive aspects of mathematics
teaching and learning. Through the process of introducing the caméstween mathematics
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learning and culture, often the progressive nature of learning itself is not regarded. In addition, the
common method of practice and conceptualization for ethnomathematics is accomplished through
only retaining the cultural aspects that deemedrelevant to the mathematical topics of interest. In

this way, the mathematics portions &e x t r &amntthosk @ultural practices, often losing the
meaning behind the tradition shortly after it is introduced. Therefore, the appropriate realistic
applications b ethnomathematics practices should continuously incorporate various significances
(traditional, ecological, familial, historical, theological, holistic) throughout lessons. Hence again, our
semiotic signal in choice of the signifigartnerrather than resource. A more comprehensive analysis

of EM and some of the arguments within the field can be found in Khan (2008).

A Dbrief introduction to variation theory

Variation theory (VT) is a theoretical framework of learning and experience described by Ference
Marton and several others (Marton et al., 2004). The variation theory of learning (Marton, 2014)
focuses on the need for learners to notice/discern critipactsof the object of learning. There is a

core concept ofthe object of learningphi ch is situated in a conte
learned and what students are expected to learn. In the framework of VT, the learners are drawn to
contrasting byobserving how something changes or is different, allowing them to mar Marton and
Booth (1997) defined learning as the advancement of experiencing something in a new/different way,
particularly at a moment(s) where there are differences in the structaveaoéness. For Runesson
(2005), Al earning is defined as a change in t
70). In order to draw awareness to changes, sequences of patterns of variation and invariance are
required and are called criticdiscernments. While developing these critical discernments, there are
four necessary conditions of learning in VT to consider: contrast, separation, fusion, and
generalization. We have summarised our understanding of the elements of Variation Theory in a
series of concept maps presented below, which are also available Bliaghere are also linked
concept maps that extend and deepen the understanding of the Object of Learningi@®dteynal

and external horizons of the OQ&nd the core concept of critical features (or discernments in the
Math Minds rendering). In the interest of space, these have not been included.

LANGUAGE OF PROF. DISCOURSE
[VARIA'I'ION THEORY};SQE’“:’,";QEQMQ —b[ NORMS, STANDARDS OF WORK J
)
£

OPPORTUNITIES FOR PROF. SOCIALISATION

‘—___—gr’OUHdCd in

/ [
ies
! Theory of Learning
[
n

which focuses o and

understanding
of
SPECIFIC a”
NECESSARY OBJECT OF LEARNING
CONDITIONS &

for learning
a specific

through

LEARNING STUDY
ig:

S a SPECIFIC
TEACHING

ENACTMENTS

seeks to
explain how

Less Effective
a

examples
[Facus Question: What is Variation Theory? ) non-examples

etc.

Figure 2: Concept map on theories of learning and experience to attain the object of learning (Khan,
n.d.)
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[Fncus Question: What are the different types of Variation in Variation Theury?)

VARIATION THEORY

identifies

(3 TYPES OF VARIATION |
V1 \\}2 V3
(student) (teachfrs) (deswgn)\

STUDENTS' WAYS OF VARIATION IN TEACHERS'
UNDERSTANDING THE UNDERSTANDING AND

OBJECT OF LEARNING WAYS OF DEALING WITH THE
OBJECT OF LEARNING

VARIATION AS PRINCIPLE
IN PEDAGOGICAL DESIGN
& DECISION MAKING.

l4——influences

question to be addressed

question to be addressed influences question to be addressed

What is the range of teacher ideas
about different ways to teach
a particular OOL to a
particular set of learners?

F Y

What are the critical features of the OOL?
To what dimension of variation (critical aspect)
do these critical features belong?

What aspects should be varied simultaneously?
What aspects should be kept invariant?

What is the range of students’
existing understandings
of the OOL?

informs—————p»|

post assgssment
of leafning

grounding question
elaborated as

WHAT DOES IT TAKE FOR STUDENTS TO DEVELOP
THE CAPABILITY WE DESIRE?

Figure 3: The three types of variation within variation the@an, n.d.)

In mathematics education, elements of the VT framework can provide practical guidance for teachers
in designing mathematical lessons/tasks and can enhance the mathematical understanding of the
learners (Handy, 2021; Watson & Mason, 2006). Jing et al. YXggested that only a handful of
studies are available on the effects of wvari:
outcomesDonovan et al. (1999) pointed out that in order to develop competence in a specific area of
inquiry, students mat understand facts and ideas in the context of a theoretical basis, and the knowledge
must be organized in ways that facilitate recovery and applicaDon. attempt is to provide
mathematics teaching and learning opportunities that can help learners experience mathematics

In the traditional mathematics classroom, students memorise a formula or algorithm, work through
problems individually or in groups, or they take a test to demonstrate their understanding, thus helping
teachers to evaluate them. The question here is, aonwwe empower learners with meaningful
experiences in mathematics? In the educational context, the learning experience is the interactions
that connect a learner with the matter being learned (Leung, 2010). Leung further identified three
categories of undstanding (of mathematical concepts by students) based on research conducted in
a primary mathematics classroom in Hong Kong: create/discover mathematical knowledge beyond
the present level; shape new mathematical knowledge; astthpe prior mathematiclhowledge.
Ethnomathematics is present in the cultural practices of various groups of indigenous people and such
practices have helped in preserving their cultural identity (Pradhan et al., 2021). It is important that
teachers understand how mathematiredwledge is related to various cultures in classrooms with
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cultural diversity and how socicultural factors influence the academic achievement of students
(Haghi et al., 2013). The mathematics practices of the classroom should bring meaning to reignite
mathematics knowledge, which can be explored through a uadtibf activities and concepts,
including fascinating designs/techniques/patterns such as kolams.

A background onkolams

Kolams are drawn using loose powedée material (i.e., rice flour, chalk powder, rock powder,
ground rice, sand, etc.) that connects and surrounds predesigned dots with lines. The practice of
drawing kolams is generally performed on a wet surface so thae#igndstays for a long time.
Usually, the dots are connected by lines to make a pattern, or loops are drawn around dots to create a
design. The drawings of kolams originated from the practices of women from Tamilnadu, a ritual
performed in the early morrgs before sunrise. Typically, rice flour used in making kolams can feed
many types of animals like ants, birds, and squirrels, and hence this land art is a symbol of harmonious
living with nature. Kolam designs are recursive in nature. They start ofihasesmnotifs and form a
complex structure by repeating the subunits. There is a synchronization of yoga in the practice of
drawing kolams. The health benefits range from improved blood circulation, meditative effect on the
mind, and the posture strengthemint he body. Kol ams are drawn t
homes/offices, and it has a calming effect on the mind and body to prepare and face the hardships in
store for the day.

The potential of kolams in mathematics classrooms

The art of kolams can create opportunities for students to recognize and build the context of
mathematics applications outside of mathematics (Chenulu, 2007). Kolams can be used in educational
applications of key mathematics concepts that include (bubh@rémited to) counting, patterns,
symmetry, fractions, probability, geometry, graph theory, algebraic thinking, and spatial
analysis/awareness.

Kol ams provide and introduce a holistic envir
experiences along with focusing on the whole child/person approach. It has the potential to not only
incorporate an invitational approach into the mathemalassroom; the lessons learned can expand
beyond the classroom as lifelong learning, respecting environment/resources, the cycle of life, and
spiritual connections with body, mind, soul, and nature.

How kolams exemplify VT and EM

We see potential in providing an example of approaching the use of both variation theory and
ethnomathematics in mathematics education through the practices of kolam drawing as a learning
sequence for teachers. Through an ethnomathematics lens appraaehstgdy of kolams, the
mathematical aspects overshadow the cultural aspects. The ethnomathematics perspective observe:
kolams as a resource, as we can extract and recognize the mathematics portions from the cultural
practice to make connections withinetltlassroom (Perlata, 2020). Additionally, we notice the
capacity to use kolams in the mathematics classrooms, as a compelling example of partnering
variation theory with ethnomathematics.

Kolams are exemplary in joining the perspectives of ethnomathematics and variation theory, and the
practice brings forth several mathematical concepts in a constructive interconnected fashion. The
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mathematical concepts expressed through kolam practices can provide opportunities for variation theory
in student learning in making connections with critical discernments and allow for focusirate e

and external horizons of the object of learniii@pe object of learning acquires meaning through its
external horizon in variation theory approaches (Lo, 2012), and generally relates to the cultural aspects,
but this link is not made within teacher education since there is limited time and expenamostfo
teachers in the exploration @tternal horizons that are truly external/different to their own

[Images from Figure 4 through 11 produced by O. Lu and S. Rajasekharan].

Figure 6: Sequencing of different dots, simple lines, and curves used in complex Kolam designs

Note.Tracing the design can be used to initiate an interestuadients in feeling the resources and
partnering with them.
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Figure 7: Dots, circles, and classic shapest/tiles part of traditional Kolam designs

Note. Tracing the designs on the rice flour does not form part of kolam designs. But the authors
consider it as a strategy that can be adopted in elementary mathematics classrooms to help create ar
interest in the subject.

Figure 9: Variation of beginner patterns created using 2:3:2 Kolam designs
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Figure 10: Variation in skill levels shown in 1:3:3:1, traditional Kolam lamp (wick) design

Discernments and drawing explanation VT and EM

Using the framework of variation theory, we would like to probe thdiypee and postived teaching

as well as the learning experiences of mathematics educators with their students on particular objects
of learning when partnering with culturally respmesinstructional designs such as kolam drawings.
Specifically, these lived experiences can be brought to the surface with the internal and external
horizons as variation theory components, which can directly be indicated with the learning.

From the variation theory framework, the key elements of critical discernments can draw attention to
and emphasize the multiple characteristics, movements, techniques, and types of kolam drawings.
The critical discernments formed from the kolam drawingtpra can be creatively curated with
opportunities to relate to mathematical understandings and/or holistic learning concepts, integrated
into the classroom. These types of discernments may include choosing the material or style when
creating a design. Bselecting from various types of flour and sand, the techniques and methods may
vary. The process of drawing kolams includes discernments of actions, such as performing body and
hand movements to hold or pour the material (i.e., tracing, dropping) (Figuraat to drawing the
selection and method of drawing, the pattern type must be considered with several points of critical
discernment. This may include, the number of dots, types of dots (slanted or round), organization of
dots (from centre to the outiErmation), and types of lines (straight, looped, curved, parallel). Also,
critical discernments must be taken into account for the overall design pattern (odd number sequence
pattern, connecting dot pattern, etc.), finding a route from starting poicbrigpletion, and
maintaining the connection with consistent lines to account for each dot with overall sequencing.

In producing the final kolam drawing, critical aesthetic discernments are made in reflection,
contemplation, and admiration of the artwork done. Comparison with past drawings and/or the
drawings of others provides other opportunities for discernment. Timnelbeédual and peer
comparisons can involve critical discernment regarding learning from different or similar techniques
and patterns, reflecting on the gokanned process in design, and observing the differences in actions
that could have been made fioprovement.

The critical discernments at play have been displayed throughout this paper. The practices shown in
the images of introducing and addressing the critical discernments in the stages of kolam drawings
do not have to be followed using the same procedurefi@agam of stegby-step instruction. In our
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trials, we only offer an example of sorpessiblecritical discernments at work to produce kolam
designs. Figure 4 illustrates the methods of holding the rice flour, which can be done in three ways,
1) flour between the index finger and thumb, 2) flour pinched by all fingers and dropped with the
middle inger, and 3) flour in a fist dropped from the pinky opening of the hand. Figure 5 shows the
types of dots and placements of dots are shown in the variation of circular/rounded dots and slanted
dots, resultig from the third and first methods of holding (respectively). Figure 6 presents multiple
variations and sequencing of different circles, simple lines, and curves. Incorporated together, these
produce a kolam design. There are designs of the tracing mtodwith material on the surface

and then finger draw designs) with classic dot and line circles. Additionally, there are basic types of
lines (horizontal, vertical, diagonal) and complex lines (rounded, spiral, zigzag, parallel). Figure 7
demonstratea variety of shapes created from the tracing method and the line drawing method as well
as common kolam shapes, which can al Vimualt ak e
Mani pul at i v e s110 showcabe the.rande iofgcamplexgy inBkoldot line drawings.

This first starts with one of the simplest designs with a 1:3:1 design, then with 2:3:2 designs in star
and flower patterns, and finally with a more complex design of the traditional lamp kolam pattern. In
slowly progressing the aspetisit make up a kolam design, critical discernments can draw attention

to the areas of improvement and importance for students to learn to make a complex kolam design.
Throughout the paper and practice, the experience level of kolam designs is repiassdtsuly-

side images, valuing the beginner and advanced learners and demonstrating the variation in direction
and precision based on skill level. The final product of the project is displayed in Figure 11 below.
These designs were taken to the natunadi lsurface, honouring the traditional ways of practicing
kolam drawing outside in the natural environment. The designs below are the final works of the
practice done in previous figures and compiled into one image to demonstrate variation in skill level,
symmetry, and the social aspect of drawing kolams.

Figure 11: Holistic realistic practice in demonstrating the final Kolam drawings (variation in
comparing skill levels and symmetry)
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Mathematics for multispecies flourishing (M4AMSF)

Figure 12: MAMSF framework (Khan, 2020)

Mat hematics for Multispeciesd Flourishing is
mathematics that recognizes the right of all species to flourish and encourages respectful partnership
between humans and other species. It is framed asdngehe frameworks that are attuned to human
flourishing (Seligman, 2012; Su, 2020) to the
and in ways consistent with a decolonized and ethical ecology. Mathematical activity or learning
experiees are intentionally and explicitly connected with needs for survival, transcendence,
belonging, dignity, and challenge through a consideration of land, language, lore (story), living, logic
and learning. It entails a period of passionate immersion (sae, R020; Tran et al., 2020).

Table 1: Rethinking kolamsthrough MAMSF

Element Exemplification from the practice

Survival The rice flour in kolaméelps in the survival of many species (e.g., ants, birds)
including the survival of the art. Here, we connect learning of mathematics with
ecological kinship.

Transcendence| Born of a dot, kolameepresent energy or creative power. The women who draw
kolams act as creators of positivity and they rise above materialistic thinking an
oppression to create auspiciousness in daily lives.

Dignity Dignity of kolam as an art form connected to science and mathematics, a comb
of tradition and modernity. Teaching mathematics through kolams as a way of t
boys/men that girls/'women have been learning mathematics.

Belonging Kolams belong to specific cultures in practice, and to the entire universe in
philosophy or intention, and in materials used to draw kolams.

Challenge In drawing/creating the design, usually without lifting the finger. Getting up early
the morning before sunrise to draw kolams is a challenge. It is a challenge to e
the mathematical aspects of geometric forms, symmetry, number theory, algdbi
other mathematical concepts through kolams (Chenulu, 2007).
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Element Exemplification from the practice

Land Kolam is a land art or an environmentalthet was transferred from remote areas of i
origin to modern locations where this art comtéract with more audiences and thus
widening the scope of this land art (Rahbarnia & Chadha, 2015).

Language | Kolam is a language of care, sharing (of food), compassion, and universality.

Lore Many folk tales exist in Tamil culture to make the kolam drawings mandatory for T4
households. This can contribute to creativity and imagination in classrooms.

Living The rice flour of kolamsupport many species, and people living in apartments emp
kolam artists to draw kolams in front of their buildings and this provides livelihood f
the hired hands.

Logic Kolam is drawn as an act of charity, to welcome prosperity, and to drive away the 4
spirit. Kolams are aesthetic and serve as sources of positive energy. Kolams symb
the merge of home with the universe, a notion similar to the Hindu concept of
6Vadhaiva kutumbakam, 6 which means t I
2020, Nagarajan, 2018).

Learning | Measurement is involved in putting the dots and lines. Specific amounts of rice floy
be used for dots, lines. Kolams reflect curiosity, creativity, perseverance, emotiona|
physical regulation, and confidence and these are vital to learning. Pratiiéngy and
innovation are involved in kolam drawings.

Conclusion

Partnering ideas from variation theory and ethnomathematics, we believe, has value for teachers of
mathematics, education researchers, and curriculum designers. The chief value is a reliable approach
to developing critical awarenesses while not succumbinthe tendency to reduce the cultural
practice only to its mathematically interesting aspects but to continue to situate both the practice and
mathematics as living, evolving aspects of human cultures consistent with mythopoetic (Khan, 2011)
and multispeies flourishing (Khan, 2020) framework. Another value is in keeping the cognitive and
cul tur al aspects of practices together in a
extractive. Kolam drawing provides an accessible, yet sufficientlyestgaiiig and mathematically

rich, starting point for exemplification and extension of these ideas for teachers and can provide
several points of entry for making critical mathematical and cultural discernments while honouring
multicultural traditions in magmatics classrooms.

We consider our study important in terms of creating a cultural meaning for students based on the
why, what, and how of learning mathematics. Kolam drawing contributes to/supports the skill of
discerning teaching strategies/approaches by which a betterstanatling of mathematics can be
created in a cultural setting. Teacher educators need to share a congenial partnership with students in
building knowledge, and so together they can develop previous knowledge, perceptions, and
creativity for both studentnd teacher educators. It has been proven by empirical research that higher
achievements are the learning outcomes of positive emotions like enjoyment in learning, and lower
achievements are connected with boredom and anxiety (Putwain et al., 2020)yS20&k¢ added
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that certain concepts that may seem unrelated to mathematics, can be used in its mathematics
pedagogy under the influence of ethnomathematics. Kolams can be used to explore mathematics that
exists beyond the limits/boundaries of academic circles. Mathesneti part of every culture
(Ethnomathematics) and how it is practiced by different cultures (for example, the kolam drawings)
can be incorporated into the school mathematics curricula. Studies have been conducted to understand
the perceptions of mathemagiby preservice teachers and how they struggle to apply their subject

knowl edge in el ementary mathematics classroom
are serious about understanding mathematics in local contexts of use, we musingetavaisk
guestions that do not seem mat hemati cal i n ou
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Bodymarking: Interpreting embodied experiences of spatial reasoning
Josh Marklé andJo Tower$

Drawing on an enactive hermeneutic theoretic:
embodied experiences of spatial reasoning in a grade 12 mathematics classroom. In doing so, we
employ a novel methodology and tool that we call Bodymarking abecgeaphic profiles of everyday
classroom actions, such as gaze and gesture. Using these profiles, we point to the important role of
sensory experience in knowing and doing mathematics.

Keywords: Embodiment, gesture, gaze.

Introduction

This work sits at the intersection of two critical areas of research in mathematics education: spatial
reasoning and embodiment. Spatial reasoning has been identified as integral to both general
mathematical capability and the potential for individuals flaurish in life beyond formal
mathematics education (PISA, 2021 Mathematics Framework). Research on the body in mathematics
education varies widely and includes the constitutive role the body plays in the development of
mathematical understanding (Davi$ a&., 2015), how students experience the body in the
mathematics classroom (Roth & Thom, 2009), and how our senses, such as sight and touch, influence
how we know and do mathematics (De Freitas & Sinclair, 2014). In this study, we employ a novel
process w callBodymarkingTowers et al., 208, which we use to observe and describe everyday
classroom actions, such as gesture and gaze, to offer an interpretation of how students use the body
to both sense and make sense in a spatial reasoning activity.

Theoretical framework

We adopt an enactive hermeneutic theoretical
embodied experiences of spatial reasoning in the mathematics classroom. This framework is
grounded in, on the one hand, the principles of enactivism, which vignitom as a complex
phenomenon emerging from interactions between organisms and the environment (Varela et al.,
1991), and on the other hand, carnal hermeneutics (Kearney & Treanor, 2015). Because our focus is
on sensation in the mathematics classroomgrag extensively on this interpretive philosophical
approach, which views the body as both interpretable and interpretive. Enactivism and carnal
hermeneutics share a foundation in phenomenology, in particular Métleant y 6 s (1945
phenomenology ohe lived body. Consequently, we too, are directly informed by Mefesty in

this work.
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Methodology

Towers et al. (208) developed a fingrained tool for mapping classroom action, and use the tool to
record and visualize soneemmon ways students and teachers engage each other through intentional
movements of the body (e.g., gesture), gazing, and tool use (e.g., writing). Applying the tool yields a
color-coded map of the ways students are oriented towards and by each ottheliragrd/ironments

in a given lesson. In this study, we apply the process to twoi@dte video recordings, each focused

on one of two small groups of students.

Data

Data generation occurred as part of larger study in two grade 12 classes with a total of 36 participants
at a large, western Canadian high school. One of the courses was a calculus class in which 16
participants took part in two sessions. Subsequentlytftose participants were invited and agreed

to participate in a third and final session. All of the sessions with this first group took place virtually
due to COVID19 restrictions. The second class was acateulus class in which 20 participants

took part in three ipper s on sessions. Bot h cl asses wer e
Baccal aureate (I B) program. The focus of this
capability in the mathematics classroom. In particular, the aim evastk in spatial ways (e.g.,
through visualization) on common topics in the secondary classroom (e.g., working with quadratic
functions). In this paper, we focus specifically on one lesson in which students worked with parabolas
and quadratic equationsrttugh spatial activities, including visualization and origami.

Describing sensation and orientation through Bodymarking

Bodymarking (Towers et al., 28Ris a methodology and firgrained tool for mapping classroom
action. It was originally intended as one of a suite of diagnostic tools devebypadteam of
researchers (see e.NlcGarvey et al., 2018, 2022), which are designed to indicate and characterize
collective action in the mathematics classroom. In the present study, we used the tool to record and
visualize some common ways students and teachers engage each other isstbensjasuch as
intentional movements ohé body (e.g., gesture), gazing, and tool use (e.g., writing). Applying the
tool yields a coloicoded map of the ways students are oriented towards and by each other and their
environments in a particular lesson. In addition to identifying collectiverautithe classroom, we

have found it fit for other analyses involving the observation and description of classroom action,
such as investigating how metaphors for teaching and learning manifest in the mathematics classroom
(Davis et al., 202).

Preliminary analyses have been conducted on video of mathematics lessons from the Trends in
International Mathematics and Science Study (TIMSS), and an example is shown below (Figure 1).

Pointing “
Gesture :

Gazing (Private)
Gazing (Public)

Boardwork (student)
Writing
Manipulating Tools

Figure 1: An example of Bodymarking
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Observationd or, markings, which are indicated by cells of cofbare recorded in a spreadsheet

for each of 8 categories at-§8cond intervals for the duration of the lesson. The categories, from top

to bottom in Figure 1, include Pointing, Gesture, GgZjRublic), Gazing (Private), Boardwork
(teacher), Boardwork (student), Writing, and Manipulating Tools. Although these constructs might
seem conspicuous for their everydayness, each has been consistently refined and reinterpreted ovel
the course of deveting the tool. Moreover, the everyday nature of these criteria speak to the
everydayness of our embodied experiedce® spend everyday of our lives in our bodies. For ease

of reference, Table 1 provides working definitions for each of the Bodymarkingecrite

Table 1: Bodymarking criteria

Bodymarking 15 Sec.
Strands Intervals Description of Strands
Pointin Using fingers or objects, such as a pencil, to focus attention on
g aspects of written work, identify key ideas or missing steps, etc
Gesturesnvolving the hand while not engaged in pointing; bodil:
Gesture

movement, such as modeling distance with outstretched arms

Shared Gaze Sustained watching of an object of interest in public view, such

(Public) when a student stares at a problem written on a chalkboard
Shared Gaze Sustained watching of an object of interest in private view, suct
(Private) when a student stares at privately written work
Boardwork Involves addition and/or removal of work by teacher in public vi
(Teacher) such as on ahalkboard, whiteboard, or overhead projector, etc.
Boardwork Involves addition and/or removal of work by student in public vir
(Student) such as on a chalkboard, whiteboard, or overhead projector, et
Wiritin Addition and/or removal of work iprivate view, such as on a
g student 6s worksheet or noteb
Manipulating Using any sort of tool, including a calculator, working with
Tools manipulatives, etc.

As a tool and process, Bodymarkings not intended to be predictive or even descriptive of any
particular pedagogy or mathematical activity. To draw a metaphor from painting, one might argue it

is in the tradition of Impressionism, not Realism: itssl1® cond sl i ver s, okésji ke N
convey a sense of movement of things, rather than naturalistic depictions of the things themselves.
More concretely, each node of colour signal s 1

Tthat i s oOmar ki nighddiha(nidn tderre)naacrtkiionngop.ddavi s et a

Though the original aim of the Bodymarking tool is thus to give a sense, in tandem with several other
diagnostics, of collective action on a classroom scale, we found it furnished us with a lens and
grammar for describing and interpreting how the partitipan the present study might sense and
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orient in the mathematics classroom. We opted to scale down the unit of analysis from a classroom
level and focused on two groups of three and four students, respectively, over the course of a 74
minute lesson. We chose this lesson because it was onécimawamera remained focused on each

of the groups for the entire period, and because the lesson contained a wide breadth of spatial
investigations of topics typically treated as rspatial (e.g., using the quadratic formula to find
tangencies betweenliae and a parabola).

Applying the tool

We applied the tool to two 7dhinute video recordings of a single lesson, each focused on one of two
small groups of students. The video recordings were an important source of data from the larger study
on studentsOdO embodi ed g spteey had alreaslysbeen viewedpsaveral a |
times. However, although the video was somewhat familiar, the Bodymarking process created a
certain distance between the interpreter and the data. We coded the video without sound, which is an
effort to bracket oucontext. In coding foiGesture for example, the intention is to capture all
instances of gesture, regardless of whether or not a particular instance is mathematical or even
pedagogical in nature

«74 Minutes—»

Pointing

Gesture

Gazing (Private)
Gazing (Public)
Writing
Manipulating Tools

Pointing

Gesture

Gazing (Private)
Gazing (Public)
Writing
Manipulating Tools

Figure 2: Mappings from two groups

Figure 2 shows Bodymarking profiles for the two groups of students. In part because we scaled the
unit of analysis from classroom to small group, we removed two of the coding criteria, Boardwork
(student) and Boardwork (teacher). This is not to say thesenat be important phenomena at this
scale, only that neither happened to be present in the resultant mappings for this lesson. Another
feature of the Bodymarking process is to code only what is visible in the video recording, so while
there were some itemces in which the teacher (Markle) was working at the board at the front of the
room during the lesson, it was aftreen and thus not accounted for. Moreover, from an enactive
hermeneutic perspective, we are most interested in how students touch tandized by the world

around them. We argue this is best captured in the categories that are explicitly about sensation and
orientation, namelyPointing, Gesture Gazing andManipulating Tools

Though these two groups were close in proximity, no more than three or four feet apart, their
respective mappings bear a stark contrast. Group 1 appears to point (green) and gesture (blue) more
frequently, for example. It is intuitive to begin comparing ttwo groups and searching for
correlatives, say in the quality of their written work, but that is not how we employ the Bodymarking
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tool in this study. Rather, we view the tool as indicative of semsang in the broadest sense, of

how students bring forth a world through sensation and orientation in the mathematics classroom. We
allowed the tool to direct our attention to intervaighe lesson that provoked us in some way. We

then returned to those intervals in the video recordings and sought to describe and interpret them from
an enactive hermeneutic perspective. Figure 3 depicts three such intervals on the Bodymarking maps
of thetwo groups.

«- 74 Minutes-—»

Pointing

Gesture

Gazing (Private)
Gazing (Public)
Writing
Manipulating Tools

Group 1
(4 Participants)

Pointing
Gesture

Gazing (Private)
Gazing (Public)

(3 Participants)

Figure 3: Intervals of classroom action

These intervals (shaded regions) stood out for how they reflected distinct cadences of classroom
action, in particular through gesture (light blue) and gazing (light and dark brown). Blocks (a) and
(b) seem to depict frenetic activity: in both groups,ipaldrly group 1, pointing and other gestures

are used frequently, and gaze is in constant flux, private in one moment and public the next. Block
(c) captures a different sort of rhythm. In both groups, movement is oriented around tool use, but
there is aivergence as well: gaze in the first group continues to oscillate between public and private,
while in the second group the gazes seem more fixed and stable. With these insights in mind, we
returned to these intervals in the video to see if the Bodyntapkcess aided us in describing how
students experienced spatial reasoning in the classroom.

Movement: Pointing and gesture

The Bodymarking process focuses the interpreter on specific movements of the body in the
classroom. In the tool, pointing is parsed out from the broader category of gesture. Madison (1988)
refers to hermeneutic inquirlyyoas( pa flnve6t)h,o da nfdc
focus on pointing in particular is deliberate. One reason is connected to the nature of pointing: when
we point, we mean to orient ourselves or others (e.g., pointing to a desired location on a map or when

one MApoiynot st ot haen owtaher ). Contrary to other gest
directed toward another, pointing is a solici
intentional objecto and dAindircadt easréds piercv ifti &€s

(MerleauPonty, 1945/2012, p. 191). Pointing is a way we can reach out and touch the world, and
solicit others to join us there, but it is also a response to a call, a means by which we ourselves are
oriented. As Kearney (2016)ot ed, we ar e al ways fAsolicited by
ourselves back into ito (p. 45).

But pointing is not the only means by which we bring forth a world. The broader category of Gesture
captures the myriad ways we move with intention in the classroom. This can include, for example,
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raising oneds hand to ask a question or using
two intervals from the lesson in which some form of bodily movement was prominent, whether it be
through pointing, gesture, or manipulating tools, suchrigaimi paper.

«T74 Minutes—

Pointing

Gesture

Gazing (Private)
Gazing (Public)
Writing
Manipulating Tools

Group 1
(4 Participants)

Pointing

Gesture

Gazing (Private)
Gazing (Public)
Writing
Manipulating Tools |

Group
(3 Participants)

Figure 4: Pointing, gesture, and manipulating tools

We have highlighted manipulating tools in this mapping because of something that stood out to us on
reviewing the video segment after completing the Bodymarking process. We noticed several
instances in which the members of group 1 used touchtoexpltreeadt her 6 s wor k. Th
a simple origami construction, in which an edge is folded onto a point. Doing so repeatedly yields a
parabola formed by al/l of the crease | ines.

origami fold isequa | ent t o solving a quadratic equatic
instances.

R = TP e <]
pe |~y

_s
| Y » (9
= 7

Figure 5: Paper folding and movement

After carefully making some folds (panel a), one student calls attention to their origami paper, framing
a crease line between their thumbs as their peers look on (panel b). Three of the students then return
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their gazes to their own origami paper, but only two of them begin to fold again. The third student
instead reaches out across the table and pinc
and index finger (panel c). With their other handyttemtatively bend their own piece of paper, their

gaze fixed on it. After this confluence of gaze and touch, the four students then turn with renewed
purpose to their individual folding (panel d).

Two phenomena of interest emerged from reviewing this segment in light of Bodymarking. One is
the critical role of touch in spatial reasoning. Although the instructions for folding were diagrammed
and presented on the whiteboard at the front of the ctassrand | (Markle) demonstrated the fold

in reattime with my own paper, this group of students demonstrates the importance of tactile
experience in visualizing and executing a spatial task. In their case study of blind students in
mathematics, Figueiramwad Ar c av i (2014) noted that touch h
connections between global and local properties of mathematical objects, as well as for emphasizing
properties and processes of r e a sysisoftemgeatstoych 1 3
as a discrete source of sense data rather than a diacritical phenomenon of the entire body. This leads
us to a second, more surprising insight that emerged from the confluence of touch and gaze depicted
in panel c. In this frame, student is touching their own, partially folded paper with their left hand,

and joining their peer at a sensible point, to paraphrase MePlesaty, with the touch of their right
hand. But the way this student Othkisegchange staudkusf t e d
and it is something we did not notice until we applied the Bodymarking process to the data. We take
up the enigma of gaze in the next section.

Movement: Gazing

In this work we delineate between what we galblic gaze andorivate gaze. A public gaze is
sustained watching of a publicly accessible object. For example, during-elas¢einstruction,
students may gaze at the teacher or whiteboard at the front of the classroom. A private gaze is
sustained watching of an object intedder private viewing, such as when a student gazes at their
notebook. Coding for gaze in in this way involves determining which type of gaze is most prominent:
are most individuals lookg to an object intended to be publicly accessible over thgeddnd

interval or are most looking to their own private works? Intervals that contain significant amounts of
both public and private gazing are dgalbded. Figure 6 highlights intervals ofenest from the lesson

with respect to gaze

«T74 Minutes—»

Pointing
Gesture

Gazing (Private)

Gazing (Public)
Writing
Manipulating Tools

Group 1
(4 Participants)

Pointing
Gesture
Gazing (Private)

Gazing (Public)
Writing
Manipulating Tools

Figure 6: Intervals of gaze
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From a practical perspective, Bodymar kingds d
proxy for the nature of classroom action in a given interval. It approximates an answer to the
following question: Are individuals mostly oriented by and aodveach other or themselves? Coding

in this way allows the tool to point the interpreter toward different cadences of everyday action in the
classroom. On one level, we argue the distinct cadences of gaze depicted in the highlighted blocks in
Figure 6 ref ect di stingui shable cadences of <classroc
freneti c, while Group 26s (bottom) appears mc
gazing. This is not to say one pattern of gaze is preferable to anmthethat these groups had
established their own interactional style over the course of working together in this class. In this sense,
foll owing Nemirovsky and Ferrara (2009), gaze
partinagivenconer sat i onal turn or transactiono (p.
with the highlighted intervals reveal two very different but similarly effeétia¢ least in terms of

solving the problem at hafdpatterns of interaction. For example, the rbems of Group 1
frequently check in on each otherdéds work with
members of Group 2 sustain their collective
intervals. In this sense, the distinction begéw private and public gaze is we#fined.

Another moment of interest emerged toward the end of the lesson, and again, questions emerged from
the Bodymarking process that did not occur to us to pose during previous viewings. This moment
occurred just after the last highlighted blocks of gazingigufe 6 during a final visualization
exercise. Having solved for the tangency between the line and parabola in the first segment of the
lesson, then explored the spatial properties of parabolas through paper folding in the next, | (Markle)
asked student®tvisualize the parabola formed between a point (focus) and a line (directrix). Next, |
asked them to slowly move the focus up and down, and to visualize what they saw happening to the
resultant parabola. Figure 7 depicts group 1 working through the izeti@h exercise.

—




Two provocations emerged from this moment, neither of which we had fully acknowledged in our
initial viewings of the video. The first had
in Figure 7. As Markle described moving the focus awaynfrot he di rectr i x, t hi
appeared to reflexively open, describing the movement of the parabola as it became increasingly
shallow as the focus moved away from the directrix. Though we had noticed this gesture in previous
viewings, the Bodymarkig pr ocess focused our attention t
coupled with the gesture. I n this case, we a
private: the student seems to be looking off into the room, possibly at Marlkédeasds the lesson,

but is also taking part in a group visualization, which clearly has private aspects (including not only
what the student ostensibly sees in their visualization, but their gesture as well). This called our
attention to the gazes of thther members of the group, all of whom have their eyes closed. Coding
this through the Bodymarking process was difficult. From a practical perspective, these students were
not gazing at afl their eyes were closed. But they were engaging in a visualizasknn which we

all intended to see the same thing. We argue that this is indeed a gaze of a kind, one in which the
Nnseer does not di sappear in the visible or
communication with ito (Moran, 2015, p. 230).

Concluding remarks

Kearney (2015) wrote that the task of carnal
bet ween sensation and interpretationo (p. 17
opening that link to question. It also helped to understtergotential of reimagining of how we

view the body in the mathematics classroom. The importance of gesture in learning has been
established (Novack & GoldiMeadow, 2015), and we see students in the lessons described above
using gesture in a variety pfactical ways. However, we take a wider view of physical movement in

the classroom to foreground the ways in which our senses, through the movements of our bodies,
enlist each other in bringing forth worlds of meaning. Moreover, we see through oursanatysily

the ways in which a bodyds senses are ent wine
as in the papeiolding episode described above. This leads us to suggest the importance of
recognizing the role of sensation and orientatiowags of knowing and doing mathematics in the
classroom, and Bodymarking as a potential means of doing so.
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Some mathematical models in individual and team ball games

Bienvenu Rajaonsén

This paper sheds light on the transition from practice to theory regarding ball games. To do so, it
reviews some patterns experienced in the practice of volleyball. Then, to move from practice to
theory, the use of simple firdegree equations related two parameters has been carried out. The

first one is the number of players and the second one is the number of available balls. These equations
demonstrate the potential of the algorithms created for their application in the learning and
improvement of plyerdskills. Moreover, these equations open opportunities for their application in
other individual as well as collective sports with ball. It then discusses how this applies to the
interdisciplinary field of mathematics and physical education. Finally, théetimg performed by

this article is yet another way of raising awareness and advancing research on sports and their
integration into society.

Keywords: Ball game, equation, models, mathematics education, continuous and discontinuous
circuits.

Introduction
According tothe Visual Dictionary A ball sports are individual,
hitting a solid or af i | | ed sphere, 0 QA International (2

competition between two individuals or collective opponents. They consist in scoring poiwis.
this, there is a repeated alternation of offensive and defensive actions until the scoring phase is
reached or not.

Such ball sports may include games such as basketball, volleyball, tennis, pickle ball, soccer, rugby,
and hockey, to mention just a few. Each of these sports involves and requires basic technical
movements, which normally conform to the principles anelsrof the disciplinéTeodorescu, 2013).

As a result, the level of competition is and will be more and more complex and challenging. In this
regard, apart from the physical and psychological qualities, it is essential to strengthen the players'
technical ad tactical skills towards less predictable actions. Indeed, it is a game of possession of the
ball. On one hand, possessing the ball corresponds to an offensive action with the possibility of
scoring a point. On the other hand, the defensive action sedispossess the ball from the opponent
(Teodorescu, 2013).

The purpose of this article is to show that training schemes in volleyball have mathematical
explanations. They are no exception to the rule. Then, once modelled, the latter can be extended to
other individual and team ball games. On the one hand, theidpra better understanding of each

of these games. On the other hand, their use facilitates the technical and tactical training and practice
of both individual and collective team players. In this sense, they off@p@ortunity to learn more

about ballsports and mathematics at school as part of an interdisciplinary physical education and
sports program.

tUniversité de Moncton, New Brunswick, Canada
Bienvenu Rajaonsoffrienvenu.rajaonson@umoncton.ca
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As the level of competition continues to evolve, many technical, tactical, and strategic requirements
pose a constant challenge, because they are increasingly complex. As a result, there is greater
emphasis on "scientific expertise” to support a "racgéformance” Delalandre (2010). In other
words, ball games are confronted with a systemic problem to which it is important to provide both
theoretical and practical answers.

In this perspective, Teodorescu (2013) thinks that it is necessary to approach the problem in a comprehensive
way. Because, according to him, Atechnique 1is
(p. 2). So, there is no separation betwiedividual techniques and collective tactics. In other terms, the first
could not exist without the other and vice versa. In this sense, Teodorescu adds that, as their main objective,
the tactical schemes and technical exercises developed for leamhimgpaovement must tend towards
their modeling. Thus, Teodorescu thinks that fl
of organization of individual and collective actions are necessary, e.g., tactics for all phases of attack and
deferse, as well as exercises for learning and perfecting specific tactics not only for these phases, but also

for the correlation between phaseso (p. 57). Gt
that the spatiotemporal parameters are thesnt i mportant factors 1in tee
measurement can be transformed iIinto time meas

understood as an interval relationship between players, either with teammates or with opporieets. In o
words, Gréhaigne and Godbout (2014) interpret that as the translation of an unfolding of an offensive or
defensive action according to the variation of direction and distance between the players at a given moment.
For them, therefore, modelingisbdse on t he fAanal ysis of the dynan

(2005) argues that dit is possible and i mport at
that summarize the operating systems of the game under consideration. eseadptirating systems
uni versalso (p. 15). In fact, once formalized,

with balls. Among other things, Parlebas (1985) has highlighted in his research work the modeling of
changes in the rolef players based on interactions parameters (offensive and defensive) using the theory
of graphs and that of the Ascoring system e.g.

The theoretical statements cited above are therefore the main references for understanding the interest
and complexity of ball sports. Each of them showed the importance of the modeling process in the
organization and practices of these sports. They htswedd whether the work proposed was different

and whether it could advance research in the field of ball sports. For these reasons, they helped
considerably in validating and orienting our methodological approach.

Methodology

This work is based on several years' experience of playing, competing, and studying volleyball. The
author was a national team player at university and at national level. He also coached the men's and
women's teams at the University of Antananarivo in Madaar. These teams both won national
championships and gold medals at the 1978 African University Continental Championship. This
enabled them to take part in the 1979 Universiade in Mexico City, representing the continent. The
merds team placed 12th out &4 participants.

The study was conducted in three distinct parts. Section A was devoted to the identification of systemic
problems in the context of volleyball training. Then, section B focused on the repertoire of measures
taken to both overcome the constraints encouthtenel seek the achievement of the learning and the
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development of predetermined objectives. Finally, section C was a direct consequence of the second
phase and was dedicated to the mathematical modeling of the measures taken. This last part would
allow the generalization of the models for an applicatiasthier sports with ball

A. The context of the practice

The conditions of practice of volleyball training, in which the team concerned was confronted, were
considered systemic and were presented as follows:

1 The number of players present at the training varied in each session because it depended on
the availability of the players.

1 The number of balls also varied, due to various causes such as punctured, badly inflated, worn
out, or the cost of new equipment.

1 The use of the gymnasium was shared with other sports disciplines. Also, we often were
obliged toplay in the outside fields without fences, which caused considerable time spent on
the recollection of the ball§he training duration was limited.

Il n short, to remain competitive, the player si
problems and look for appropriate solutidagach session.

Thus, the first aspect for our approach was to solve the time lost to collect back the balls. In other words,
we had to optimize the use of the available training time. To this end, it was necessary to integrate into
the learning and improvement exerciaasrculit for recovering and putting the balls back into play

The second aspect was to solve the variation in the number of balls available. This was done to ensure
that during each session, a player can learn or improve the game through a high number of ball touches
and experiences in terms of game situations.

The third aspect was to resolve the variation in the number of players present. In fact, based on the
technical and tactical deficiencies or strengths of each player and/or of the whole team, it was
mandatory to proceed with various exercises includingefmersonalized and others that tackled
collective tactical approaches.

B. The context from practice to theory

The transition from this observation of practice constraints to a conceptual generalization of their
solution was the cornerstone of the work. While solving the specific case in volleyball game, the idea
was to develop simple mathematical formulations toatd also be extended to other ball sports.

Practice

Considering the observation seen before, the few schemes given as examples below were developed
to support the process. At the same time, they mainstreamed the reduction of the time spent for the
recovery of the balls.

1 When theravas a limited number of balls, the training could be done by dividing the number
of players present into two or more groups.

1 When there was enough number of balls for the players present, there were possibilities to do
individual, two and threéine groups.

1 The practices were planned to take place either by workshop rotation or by separate exercises.
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The transition from practice to theory took into consideration the two key parameters mentioned
above, namely, the number of players and the number of balls.

Theory

The two parameters that come with the process are therefore numbers. The idea was then to see the
possibility of putting them into an equation. Depending on the case, the plan was to organize the
session with practical exercises diversified according ¢ogtme strategy by making simulations

either from the number of balls available or with the number of players present.

Moreover, a discontinuous ball circuit associated with continuous ball circuit models had been
introduced in the selected models used in a volleyball practice training system. They were supposed
to diversify the form of seskilsreffidiescg 1 ardigipdtingi ncr
unexpected scenarios in attack as well as in defense positions.

C. Modeling towards a generalization of the concept

Mathematical modeling was the final phase of our approach. It served to optimize practices whatever
the number of balls available and the number of players present at the session. This consisted in
putting the key parametershe number of balls and thember of players into an equation form.

So,x was named as the number of balls gra$s the number of players. They should be put in the
form of a firstdegree equation and would take the shape of a mathematical model applied to the
training of volleyball. As many of the volleyball training schemes are the same as those encountered
in other sports with balls, their applicability should follow a chgecase observation process.

Results

Hereafter are the modeling results obtained from the methodological approach. They are presented in
two sections as follows. Section A is dedicated to presenting the three mathematical models which
were developed. Then, section B is devoted to the inttmfuof the continuous and discontinuous
concept circuits of the ball.

Section A The three equations developeldre are few schemes used to train players in volleyball.

Hereafter are few model examples used to manage the two parameters
number of balls and that of players:

P

O ()
\ Ly O
One ball, two players One ball, one player O gl&p,}one ball ;
R (s N Az i N (5
il /./ >\/ (B : | ‘ One ball, three
P players
\\\ ﬂ One player, one ball with a wall for ball
One ball, Iining’ ;:;Iayers rebound or a throwing ball equipment
with one ball at a time =
@ S
( ¥ D _ Dead end
O Player Z | balls

One ball hitted at
a time

k:' Ball flows

Legend:
Lining players

a Player flows

Two sub groups with one ball each Soiirce: Author

Figure 1: Some selected models used in volleyball practice

The examples shown in Figure 1 include both individual and collective practices. The correlation
between the two key parametersumber of balls and number of playeis well highlighted. Thus,

145



for example, there is the case of one ball for one player. Then, there are cases of one ball for two
players or three players. There is also the case of a ball for one or two groups of players. The
arrangements also vary, as they are either in line beifeceto-face players scheme or in the shape

of a triangle. Finally, there is the case of one ball hit at a time, which needs to be picked up back to
the practice session. In principle, these examples may or may not be used directly in the game space,
depending on the specific content of the training session.

The theoretical conception of mathematical modeling

The two parameters, nameiynumber of balls angl number of players, are put into three equations
according to usual volleyball practices seen above. Then, each of the three identified equations has
been shown as follows.

1. First case: x=y
This equation means, one ball per player. So, this might be extended infinitely as xyNh, n

In practice, in this equation, the limiting factor is the number of available balls. So, the number of
ball (s) should be | ess than or equal to y, s

The equation x=y can also be applied if the team is split up into subgroups where the number of
subgroups should be less than or equal to y.

This is used to perform individual skills with specific training. The operative scheme should be a
continual practice without interruption, also, to be executed in movement, running form, etc., while
keeping the ball during the entire allocated time faicpce.

2. Second case: x =¥

This equation corresponds to the model set for one ball per two players. When the number of players
is increased from one to two, and thmber ball remains 1, the equation becomes as fallwitts
x=1thenx=y 1.

So, if y = 2, then the equation becomes xi=12= 1.

The ball is circulating back and forth from player 1 to player 2 as shown below.

Ball flow

O- 0

Player 1 Player 2

Figure 2: The lining scheme with two players

The equationx=y1 i s verified with any ball gameds ru
players are competing to score. Based on the above, the total of x balls can be calculated as x = y/2
or 2x =y where x = n, b N*.
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In other words, if there is only 1 ball available, the only way to perform is to divide the players into
two subgroups.

3. The triangle models: x =y 1

When a triangle scheme is used, normally, each summit should represent one player. The equation
remains as x = y1 except the number of players becomes y = 3. So, from the equationl the

required number of balls is x =131 = 2. In fact, it varie from 1 to 2. So, the number of balls is
formulated as 1 O x O 2.

The triangle scheme
with three players

Legend:
¥ // \

Ball flow // X,
D Player ) = € )

Source: Author

Figure 3: The triangle model with the use of one ball for three players

The article will focus more on the model of 3 players with 2 balls in order to highlight the potential
offered in ball sports by the introduction of the concept of continuous and discontinuous ball flows,
which is developed in the following section.

Section B The mathematical models enhanced by the introduction of the concept of corftammus
discontinuou¥circuits.

This section shows to what extent the concept of continuous and discontinuous circuits is introduced
in each of the three equations presented above.

The first model where x=y.

In the case of a oAeall player, the player touches or hits the ball continuously for himself. And then,
intermittently, once the ball has left the player's hand(s) or foot(s), he makediaonal side to side
gesture.

The second equation where x =¥

With the case of one ball for two players, where x =1y the ball is supposed to be in continuous
circuit framework. This means that the ball is circulating back and forth from one player to another
one. Then, if a second ball is introduced in the difper intermittent time, it is called a discontinuous
situation. So, we shall have x =2 and y = 2 + 1 = 3, although, the equation should remain the same
as stated earlier: x =-y1.

In this case, to determine the moment to go into discontinuous mode, the principles of the interval by
introducing the temporal notion have been set.
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The lining scheme: x =y — 1. The ball is circulating back and forth between players 1

and 2.
The time taken by the ball from player 2 to
reach player 1 is called T2

— T2 .
1 (- (D 2
T1
The time taken by the ball from player 1 to

The time taken b T3
Y reach player 2 is called T1

the ball from player
3 to reach player 1 is i3
called T3 ( )

If a third player is added to the work out in a lining scheme of 2
players to set a discontinuous flow, the equation remains as x =y —
1.So,y=3and x=3—1= 2 balls

Source: Author

Figure 4: The lining scheme with 2 players in continuous circuit and a third player added in the work
out?

From the above scheme the following interval development has been set.

Figure 5: The interval development of a discontinuous scheme whexesy = 1

3. The third equation: x = 1. The triangle scheme with three players is shown below when a fourth
player is added as one discontinuous circuit T4 in the work out. So, the equation remaing &s x =y

wherey =4. So, x =41 = 3 balls.

2 A ball flow is said to be continuous if the exchange between two or more players stops only when
one or the other player loses the ball. It is also valid foipdager practices with either a ball launcher
whose cessation depends on the choice of theptthe stock of balls, or wall bounces for which

the interruption will be caused by the loss of the ball.

3A ball flow is said to be discontinuous if the exchange between two or more players does not follow

aregular rhythm.
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