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INTRODUCTION 

 

The symposium series MACAS (Mathematics and its Connections to the Arts and Sciences) was 

founded in 2005 by an international group of researchers and held for the first time at the University 

of Education Schwäbsich Gmünd, Germany. Subsequent MACAS meetings were held in Odense, 

Denmark (2007), Moncton, Canada (2009), Schwäbisch Gmünd, Germany (2015), Copenhagen, 

Denmark (2017) and Montréal, Canada (2019). In 2022, we broke the tradition of in-person meetings, 

and organized a fully online symposium, virtually situated at Université de Moncton, Canada.  

The vision behind the MACAS initiative is to achieve a humanistic mode of education, that is, to 

combine various disciplines into a single curriculum, an approach that was suggested by Renaissance 

philosophers. According to this philosophical view, the goal is to allow students to pursue various 

fields of study while being introduced to a more holistic perspective, such as connections between 

mathematics, the arts, and sciences. Given the challenges of the 21st century, interdisciplinary, 

transdisciplinary, and multidisciplinary education are of increasing importance. In this context, 

mathematics plays a key role because it is linked to all other disciplines and can serve as a bridge 

between them.  

To achieve their goals, MACAS symposia bring together educators and researchers from diverse 

fields of study (mathematics, sciences, arts, humanities, philosophy, education, and other disciplines 

that are intrinsically connected to mathematics), as well as those who are well-established at the 

forefront of international research and practice, and emerging scholars. The symposia provide a 

breeding ground for scientific exchange, new partnerships and reflection on commonalities and 

differences between different contexts, viewpoints, and approaches. 

The previous MACAS symposia have shown that there is more than one way to approach these 

connections in research and in practice. Therefore, this time, we proposed to take a closer look at 

future challenges and the role of trans-, cross-, and interdisciplinary mathematics education in the 

Anthropocene era. We invited a wide range of contributions, for example, around the following 

themes: 

½ Theoretical study of the relationship between mathematics, arts, and sciences 

½ Instructional approaches to integrating mathematics, arts, and sciences 

½ Importance of mathematical modeling and interdisciplinarity for learning mathematics 

½ Connections between arts and humanities with mathematics in everyday life situations 

½ Historical and intercultural dimensions of mathematics learning 

½ Critical analysis of STEM education from a holistic perspective 

½ Mathematical creativity from an interdisciplinary perspective 

 

The call attracted international participants from around the world including England, Sweden, 

Denmark, Israel, Russia, Iran, Taiwan, Mexico, Chile, and Canada. Despite their geographic distance, 

all participants shared an interest in the intersection between mathematics, sciences, and the arts. For 

these Proceedings, we invited all presenters to submit their full papers. Those submitted were grouped 

into five broader themes. 

 

Keynotes  

In her keynote: Inspired by Miôkmaw Knowledge: Creating Space for Mathematics to Emerge, Lisa 

Lunney-Borden shares her decolonizing work that she has been developing alongside Miôkmaw 

communities. In this work, she creates space for mathematical ideas to emerge in the context, thus 
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creating greater cultural consistency, rather than cultural collisions. Lisaôs work examines stories of 

mathematics learning that have been influenced by Miôkmaw knowledge learned from Elders and 

knowledge keepers in Miôkmaôki or what we now call Nova Scotia. Through exploration of concrete 

examples, she shares ideas of how mathematics can live alongside community knowledge systems in 

ways that support rather than take away from cultural identity, language, and culture. 

The next keynote by Mario Sánchez Aguilar titled: Social Media, School Mathematics, and 

Epistemology, explores the impact of the Internet and social media on the ways young people interact 

with and approach school mathematics. This paper highlights how the internet has transformed how 

students validate mathematical knowledge and seek out mathematical help and support from a range 

of sources, including online forums and educational websites. The article also explores how social 

media has provided a platform for students to express their emotions and perceptions about school 

mathematics in new and innovative ways. The findings challenge traditional notions of being a 

mathematics student and how mathematical knowledge is acquired and validated.  

Two other keynotes were also presented at the Symposium: Camillia Matuk  keynote titled: 

Supporting Youthôs Socially Engaged Inquiry Through the Arts and Margarida Romero keynote 

titled: Letôs Steam! Creative Problem Solving in interdisciplinary Projects. Please refer to the 

program for more details: Keynote Speakers. 

The section CONTEXTS AND PERSPECTIVES: COMPETENCIES, IDENTITY, AND 

INTERDISCIPLINARITY features four papers.  

Oliver Kauffmann and Uffe Thomas Jankvist invite the readers to reflect about the body in 

discussions of mathematical competencies based on a KOM framework on mathematical 

competencies. In their turn, Morten Misfeldt, Uffe Thomas Jankvist, Raimundo Elicer, Andreas 

Lindenskov Tamborg, Thomas Brahe, Eirini Geraniou and Kajsa Bråting explore what the 

interplay between mathematics and computational thinking in K-9 schools in Denmark, Sweden and 

England looks like through the lens of interdisciplinarity. 

By introducing the Lifestyles Project consisted in three consecutive assignments (Hobbies, Careers, 

and Bedroom Design Drawing), Midhat Noor Kiyani, Limin Jao, Cinzia Di Placido and Sun Jung 

Choi examine the ways to develop interdisciplinary mathematics education initiatives thus 

transforming mathematics instruction to make it engaging, meaningful, and relevant for the students. 

In its turn, based on a framework of figured worlds, a case from Rebecca Pearceôs study discusses 

exploratory findings from interviews with a secondary school student who was born extremely 

preterm, his parents and teacher to highlight a complexity of negotiating mathematical identities.  

The section INNOVATIVE APPROACHES TO MATHEMATICS LEARNING: MODELLING, 

EXPERIMENTS, DESIGN THINKING contains six papers.  

It opens with Amenda Chowôs paper addresses the lack of experiments in the teaching and learning 

of mathematics, especially at the undergraduate level by suggesting further insights, helpful 

suggestions, and examples on incorporating experiments into a university-level mathematics 

curriculum. At the other end of K-20 education, a case study on rapturousness in makerspaces 

presented by Olga Fellus and Viktor Freiman features an engineering challenge that kindergarten 

students from one elementary (K-5) school were trying to solve when designing a shelter for their 

stuffed animals. Very young children were showing an amazingly complex mathematical thinking 

https://www.umoncton.ca/umcs-macas2022/en/node/4
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while taking a path of development of creativity, perseverance, and more generally, of becoming a 

well-rounded, inspired, and interest-driven person.  

A virtual lesson study cycle with high school teachers analyzed by Gloriana González and 

Saadeddine Shehab shows a potential of the Human-Centered Design (HCD) approach to engage 

teachers in identifying authentic contexts for students to experience geometry problem-solving. In 

their turn, Olivia Lu, Sreedevi Rajasekharan, and Steven Khan revisit and resituate kolam drawing 

in mathematics education through a perspective of being for multispeciesô flourishing. The authors 

seek to create opportunities for passionate immersion and meaningful engagement with other cultures 

in ways that privilege a mindset of partnership and kinship.  

A paper by Josh Markle and Jo Towers describes and interprets studentsô embodied experiences of 

spatial reasoning in a grade 12 mathematics classroom using a novel methodology the authors call 

Bodymarking to create graphic profiles of everyday classroom actions, such as gaze and gesture. In 

his turn, Bienvenu Rajaonson demonstrates the potential of the algorithms created for their 

application in the learning and improvement of volleyball playersô skills. The examples of 

mathematical modeling discussed in this article present yet another way of raising awareness and 

advancing research on sports and their integration into society. 

The section STEM AND TEACHER EDUCATION includes four papers.  

Amel Kaouche shares examples of her teaching a modeling course to third-year university students 

to show the important role of mathematics in solving problems in daily life. In their paper, Dragana 

Martinovic and Mariana Milner -Bolotin propose a novel curricular approach of the Educational 

Framework for Modelling (EF4M) for integrating mathematics and sciences and highlight the 

importance of mathematical modelling and interdisciplinarity for teaching and learning STEM. 

Heather McPherson describes how novice teachers assume the role of expert in a dynamic 

intermingling of roles that can generate pedagogical innovation. Judith Zamir,  Heftsi Zohar and 

Mark Applebaum  walk us through the first trial for scaling up the Kanga-Kids Training for Math 

Teachers in early grades. Through the use of a case study, they showcase what works best and what 

needs to be improved in the scaling up process.  

A collection of six texts explores connections between MATHEMATICS, ARTS, AND 

LANGUAGE.  

Sergei Abramovich and Viktor Freiman consider mathematics as ñcreative artò and doing 

mathematics as ñcollateral creativity,ò where visual representation and manipulatives help students 

to create unexpected and thus exciting solutions. In those cases, the teacher has to react appropriately 

with encouragement and openness for different approaches. 

Richard Barwell and Yasmine Abtahi  study poetry as a critical thinking tool for mathematics and 

education. Using the example of modeling and the relational nature of mathematical knowledge and 

a poem by Ted Hughes and Rumi, the authors seek to demonstrate that the interpretation of particular 

events through poetry and mathematics reveals mathematical knowledge limitations. 

Viktor Freiman and Alexei Volkov give us a history lesson on how Leonardo da Vinci and his 

predecessors calculated the area of a circle. The authorsô intent was to introduce us to the historical 

roots of modern didactical methods. 
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More beautiful images are provided by Mohammad Hossein Eslampanah and Payam Seraji. 

These were inspired by Persian tiling patterns, thus providing both the cultural and historical 

perspective on relations between arts and mathematics. 

Revolt Pimenov takes us into the realm of circle symmetry and uses technology to create beautiful 

visual representations of geometric problems that extend beyond the boundaries of Euclidian 

geometry. He provides examples of studentsô work and inspires us to look for biological forms in 

mathematical visualizations. 

In connection with dance, Jorge Soto-Andrade, Ami Shulman and May Garcés-Ocares explore 

the mathematical processes involved in stochastic dance, a dance created by randomness which 

generates shapes, forms, movements, and choreography. The authors reveal a reconstruction of a 

group of dancersô relationship to mathematics triggered by their lived experience of stochastic dance 

workshop. 

There are six texts in the section MATHEMATICS AND SCIENCE AND TECHNOLOGY AND 

COMPUTATIONAL THINKING. 

Takam Djambong presents results of a qualitative study with grade 7 and 8 students who participated 

in tasks addressing Archimedesô Principle, buoyancy, and density using a virtual manipulative 

environment. Conceptually, the author presents the interdisciplinarity of the tasks through their 

learning, epistemological, and cognitive components. 

Placed in a Danish environment, Raimundo Elicer and Andreas Lindenskov Tamborgôs study 

sought to characterize problem handling in the programming and computational thinking-driven 

mathematics education. Their analysis highlighted three aspects of mathematical problem handling 

competency in connection to computational thinking, the findings of interest to educators who intend 

to integrate the two approaches. 

Jacques Kamba and Viktor Freiman looked into the role of mathematics when elementary school 

students for the first time used computer coding to program a moving part of a toy. The researchers 

were particularly interested in understanding the studentsô engagemenent in debugging during this 

engineering design project.  

Manon LeBlanc, Nicole Lirette-Pitre and Micaël Richard address the deficiency of pre-service 

education as a barrier to providing STEM education in schools. They present results of a two-year 

long teaching experiment conducted by two teacher educators, who co-taught future teachers by 

integrating science and mathematics content. 

Dominic Manuel and Marc de Montigny studied the effects of two novel approaches to teaching 

physics to undergraduate students, some of whom were future secondary school teachers. Inquiry-

based learning is widely considered adequate for teaching science, while flipped classroom was 

appropriate for blended learning used during the pandemic. 

Yimei Zhang, Tanya Chichekian and Annie Savard demonstrate how to use four aspects of 

computational thinking, namely decomposition, abstraction, debugging, and generalization, to 

empower elementary school studentsô mathematical problem-solving skills. The authors drew 

inspiration from problems they found in an ancient Chinese mathematics book ñSun Ziôs 

Mathematical Manual.ò  
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Conclusions and Thanks 

With the steadily growing awareness to the necessity and timeliness to surface and showcase the 

relationship between and among the teaching and learning of mathematics and that of the arts and 

sciences, we also recognize that education is a science of uncertainty and an art of possibility. In a 

world that is increasingly typified by volatility, complexity, and ambiguity, the richness of 

mathematics provides a calming space for exercising hope and developing agency. Mathematics also 

opens possibilities for understanding multifaceted phenomena through artistic and scientific 

methodologies. Considering the rich perspectives taken up in the MACAS conference, we also 

recognize the spaces that are left empty by the duality between mathematics and other school subjects 

that create a misrepresentation of mathematical content knowledge as siloed, disjointed, and 

compartmentalized. Such misrepresentations are still prevalent in the public discourse.  

We are thankful to all involved in the organization of MACAS 2022, to the Université de Moncton 

Campus de Shippagan and to our presenters. We want to extend our deepest appreciation for the 

invaluable assistance of the International Programme Committee: Astrid Beckmann, Viktor Freiman, 

Uffe Thomas Jankvist, Dragana Martinovic, Claus Michelsen (president) and Annie Savard, the Local 

Committee: Pierre-Paul Cyr, Lisa Savoie-Ferron, Viktor Freiman, Caitlin Furlong, Patrick Kenny, 

Manon LeBlanc, Toni Maresu, Hans Peter Nutzinger, Alexandre Pepin, and Xavier Robichaud 

(president), and Irena Lander for her editing work. Their expertise and dedication in meticulously 

reviewing and refining the materials have been instrumental in ensuring the quality and accuracy of 

the symposium and the proceedings. 

We are looking forward to meeting again in a location for this time in-person symposium. 

 

Editors          February 2024 
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Inspired by Miôkmaw knowledge: Creating space for mathematics to 

emerge 

Lisa Lunney Borden1 

 

In 2006, Edward Doolittle suggested that rather than imposing mathematics on cultural practices 

and artifacts, it might make sense to begin in community and pull in mathematics as a need arises. 

This approach is something that has been a key idea in the decolonizing work I have done alongside 

Miôkmaw communities. When we begin with interesting contexts or problems that honour and respect 

Miôkmaw knowledge systems, we create space for mathematical ideas to emerge in the context, thus 

creating greater cultural consistency, rather than cultural collisions. This paper examines stories of 

mathematics learning that have been influenced by Miôkmaw knowledge learned from Elders and 

knowledge keepers in Miôkmaôki or what we now call Nova Scotia. Through exploration of these 

examples, I will share ideas of how mathematics can live alongside community knowledge systems in 

ways that support rather than take away from cultural identity, language, and culture. 

Keywords: Indigenous mathematics, Miôkmaw knowledge, decolonizing mathematics, equity.  

 

Introduction  

This paper highlights some stories that were told as part of a keynote presented at MACAS 2022. In 

keeping with the inter-disciplinary spirit of MACAS, I have chosen to draw examples from two 

programs I have been involved with in Miôkmaw communities: Show Me your Math and Connecting 

Math to Our Lives and Communities. These two initiatives have grown out of a long-standing 

relationship I have with Miôkmaw communities as an educator, researcher, and learner. I begin first 

by positioning myself in the work to demonstrate how it is that I have come to the understandings I 

share here. I also do this as a way to honour the Miôkmaw people who have embraced me and shared 

knowledge with me. I know that my career today is because of that kindness.  

I then share examples from the two programs that highlight the ways in which Miôkmaw knowledge 

can be the starting point for learning mathematics and inviting students to engage in mathematical 

tasks that honour who they are as people. Such an approach creates cultural consistency for Mi'kmaw 

learners rather than the usual cultural collisions that occur in most classrooms where their knowledge 

and history is not valued and often ignored completely. It is my hope that these examples might 

provide the reader with the opportunity to reflect upon their own relationships within Indigenous 

communities and to consider what possibilities might open up if they begin in community first. 

Positioning myself in the work 

As a non-Indigenous scholar who has had the privilege of living and learning alongside Miôkmaw 

peoples for over thirty years, I believe it is important for me to acknowledge how I have come to the 

work and honour those who have helped me come to the understandings I share in this paper. It may 

seem unusual to begin a paper in this way for many, but in Miôkmaw traditions it is customary to 

 
1St. Francis Xavier University, Canada 

Lisa Lunney Borden: lborden@stfx.ca 
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explain where I come from, where I am rooted, and how I am connected within the community. So 

to that end, I share that I was born and raised (until my teen years) in Saint John, New Brunswick, 

Canada. I grew up in a part of the city known as the Old North End, a working class and lower socio-

economic community where I learned to ride my bike in concrete parking lots and, along with my 

brothers and the other kids in our neighbourhood, built the best sledding track in the alley behind our 

home every winter. In the summers, my family would head to a camp on the Kennebecasis river that 

my grandparents had built in the 1940s following the Second World War. There, I spent days climbing 

trees, swimming in the river, playing baseball in the field, and running through the woods. Even after 

we moved from Saint John to a nearby city of Moncton when I was in 7th grade, we still continued to 

spend our summers at the camp in Chapel Grove. It is the place where I feel most rooted. I can close 

my eyes and walk the grounds in my mindôs eye. I know every tree, every rock, the sound of the birds 

in the morning, the smell and feel of the river and the lands that surround it. It is home. 

Decades later, as a teacher in Weôkoqmaôq First Nation, I would have the opportunity to read part of 

a Miôkmaw creation story describing how Kluskap, being annoyed with Beaver, went to find him in 

the Kenebecasis River where he lived in his home on Long Island, and chased him up the Wulastuk 

River, now known as the St. John River. Long Island is located directly across the water from our 

familyôs beach. Every year, we would take a boat trip with a family friend to spend the day on the 

largely uninhabited island, swimming on the sandy side of the river and climbing through the trees 

and up the rock faces. How is it that I was learning something completely new about a place I knew 

so well? This moment reminded me that as a settler on these lands, even one whose family has been 

here since settlers first came to live on these lands, there are so many stories I do not know. There 

were tens of thousands of years of stories happening long before our arrival. As we consider the 

ubiquity of often empty land acknowledgements that are commonplace at conferences and in 

institutions, I am always aware of my treaty obligations to continue to learn about this place I now 

call home and to be ever mindful of the relatively brief history my ancestors have had in this place.  

A teacher and a learner 

As a university student in both my undergraduate degree and my education degree, I volunteered with 

X-Project, a student society at St. Francis Xavier University (STFX) that supports Miôkmaw and 

African Nova Scotian youth with education, recreation, and leadership programs. During that time, I 

had many opportunities to build meaningful relationships with community members and learn about 

how the education system failed to serve Miôkmaw and Black youth. I still recall a community Elder 

telling me that she wished that the youth in her community had their own school. She stated 

emphatically, ñIôm not prepared to sacrifice another generation of children waiting for the school 

system to change.ò When I became a teacher in a Miôkmaw community school, I carried those words 

with me. What would it mean to teach in a way that honoured her wish? How could I disrupt the 

status quo to ensure Miôkmaw children were being well-served by their community school? This 

became a guiding philosophy for my teaching career. 

In 1995, I began working in Weôkoqmaôq First Nation, a Miôkmaw community along the shores of 

the Bras DôOrs Lakes in Unamaôki (Cape Breton). I taught grades 7 to 12 mathematics, and other 

subjects as assigned, for 10 years. I was consciously a learner in that role, knowing that while I knew 

some things about mathematics teaching, I also had a lot to learn about the community, the people, 

the history, the language, the culture. I havenôt the time or space in this paper to talk about all the 
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ways in which the community supported and embraced me and helped me to do that learning ðand 

continues to do so this dayðbut I am forever grateful for the opportunities I have had and know that 

whatever success I have in this career is in large part due to that generosity (see Lunney Borden, 

2016). Learning to speak Miôkmaq was an integral part of my learning journey that has shaped how 

I teach mathematics (see Lunney Borden, 2011, 2013) and learning from Elders and knowledge keepers 

has helped me to see that mathematical thinking is so much more than what is depicted in textbooks. 

During my time in Weôkqomaôq, it would become part of a collective of Miôkmaw communities 

working together for the education of Miôkmaw youth. This collective, known as Miôkmaw 

Kinaômatnewey (MK), would support the capacity building of communities to ensure local people 

were trained as teachers and administrators so that there could be true community control of education 

(Paul et al., 2019). MK advocates for Miôkmaw education rooted in language and culture and serves 

as the collective voice for all partner communities. Since the MK agreement was signed with the 

federal government in 1998, graduation rates have increased to approximately 90% annually and 

post-secondary enrollments are ever increasing. My ongoing relationship with MK, now as an 

academic, allows me to regularly work with teachers and their students in classrooms constantly 

seeking ways to improve the educational experiences for Miôkmaw youth in mathematics. 

Indigenous knowledge matters 

I am not alone in my desire to transform mathematics for Indigenous youth; decades of government 

reports and mandates have called upon educators to better serve Indigenous youth in all areas of 

education. The first wave of calls to ensure Indigenous control of Indigenous education came in 

response to the 1969 Trudeau government White Paper on Indian Policy (Government of Canada, 

1969), with the subsequent Indigenous resistance to assimilation that was described in Indian Control 

of Indian Education (National Indian Brotherhood, 1972). Following this call, scholars began to 

advocate for education systems to attend to Indigenous knowledge systems and value the ways of 

knowing inherent in languages (Battiste, 1987). Later, scholars would bring this lens to STEM 

teaching and learning in Indigenous contexts (Cajete, 1994; McIvor, 1995; Mount Pleasant-Jetté, 

1998), and point to the importance of attending to tensions between Indigenous and non-Indigenous 

ways of knowing, being, and doing (Aikenhead, 1996; Lipka, 1994). This eventually led to 

provincial/territorial mandates to integrate Indigenous perspectives in K-12 curricula (Aikenhead & 

Elliott, 2010) that began to appear around 2000 (Wiseman, 2016). This often resulted in mathematics 

being applied to Indigenous contexts in textbooks.  

Students are asked to create a linear system to write equations to describe the perimeter of a Métis 

flag, to write an equation to determine how many of the 545 cones Talise has on her jingle dress if 

she has 185 more than her sister, and to create a linear system to determine how many 6-stone or 7-

stone Inuksuits were sold (presumably to tourists) by a store (Pearson Canada, 2010). All of these 

examples came from one unit in the textbook currently being used for Grade 10 in Nova Scotia. 

Measuring a flag does not recognize the mathematical thinking of the community represented by that 

flag, it is simply a measurement task. Counting cones on a jingle dress does not help students to learn 

about the dress or the role it plays in ceremony. A jingle dress is a prayer dress that is worn by a 

dancer to dance for healing, and many teachings of the jingle dress is that it always has 365 cones, 

one for each day of the year. Taliseôs sister has an unfinished dress. Inuksuits are integral to Inuit to 

navigate the Arctic, but I cannot help but wonder if Inuit were consulted of the question advocating 
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selling them to tourists. These types of questions demonstrate how textbook companies tend to take 

a surface level approach to the mandates to teach Indigenous perspectives in all subjects. None of 

these questions recognize the wealth of mathematical thinking in Indigenous knowledge systems, 

they simply apply typical school-based mathematics to images from Indigenous communities, and 

seemingly do so without any consideration of the sacredness of those artifacts. 

In 2006, in a plenary address to the Canadian Mathematics Education Study Group, Edward Doolittle, 

a Mohawk mathematician, argued that rather than imposing mathematics on cultural practices and 

artifacts, it might make sense to begin in community and pull in mathematics as a need arises. This 

begins by taking seriously Indigenous ways of knowing, being, and doing, and the knowledge systems 

that are inherent in these communities. Such approaches have led to promising practices that involve 

beginning in place (Zinga & Styres, 2011), and allowing mathematics to emerge from interesting 

contexts rooted in community knowledge systems (Lunney Borden & Wiseman, 2016). Following 

the Truth and Reconciliation Commissionôs 2015 release of the report, even more attention is being 

paid to addressing the need for Indigenous knowledge to have a rightful place in education across all 

subjects and grades.  

As a mathematics educator, I recognize there is a need to question mathematics itself, what counts as 

mathematics, and who gets to decide. Joseph (2010) has argued that ideological beliefs about 

European superiority meant that ñThe contributions of the colonized peoples were ignored or 

devalued as part of the rationale for subjugation and dominanceò (p. 4) in mathematics as they were 

in other subjects. This provokes me to question whose mathematics are we teaching and why? I align 

my thinking with Gutiérrez (2017) who claimed that ñSchool mathematics curricula 

emphasizing terms like Pythagorean theorem and pi perpetuate a perception that mathematics was 

largely developed by the Greeks and other Europeansò (p. 17). Should we continue to perpetuate the 

myth that Pythagoras discovered the theorem often attributed to him when there is considerable 

evidence to show that this theorem was known by Babylonians thousands of years before his birth? 

Were the Greeks the only people to be interested in the relationship between the circumference and 

diameter of a circle? I will share that similar knowledge was passed down through generations of 

Miôkmaw people in a later section of this paper. The choices we make in mathematics teaching and 

learning can either disrupt these myths of white superiority or reinforce them. For me and my work, 

I have regularly chosen the disruptive path and I believe it has made all the difference. 

In this paper, I share two key ideas that have emerged for me in reflecting upon the work I have done 

over my career as an academic. While these do not represent an exhaustive list of how to better 

address the learning needs of Indigenous students in mathematics, they are two ideas that I believe 

best reflect the goals of MACAS in that they align with ideas of connections across mathematics, 

science and the arts. First, I will discuss the ways in which I have come to understand the importance 

of Elder knowledge and then I will describe the role of ethics in considering mathematics teaching 

and learning experiences. In both instances I will share some examples from work I have done in 

schools and with pre-service and in-service teachers in various programs. 

The significance of elder knowledge 

As a teacher, I would often say to my students that there was mathematical thinking within the 

community, it just didnôt get written down in the textbooks we use in school. Many members of the 

community were known for their ability to make baskets woven from wood, typically black or white 
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ash, often dyed to add colour and occasionally embellished with strands of sweetgrass. Their creations 

were beautifully elaborate, with finely woven strips and curled decorative points (see Figure 1) that 

clearly involved knowledge that would align with what we might describe as mathematical thinking.  

 

Figure 1: Miôkmaw woven tea cup and basket 

Other community members were known to make beautiful beadwork for regalia, earrings, medallions, 

and other beautiful works of art. Miôkmaw people were also known for making snowshoes, canoes, 

axe handles, and hockey sticks, all work that involved processes we might describe as mathematical. 

Our textbooks never recognized this sort of mathematical knowledge or, if it did, what was presented 

was often trivializing merely applying Western mathematics to these artifacts rather than considering 

the Miôkmaw knowledge systems that were apparent in the creation of these objects. Consider for 

example, that Miôkmaw people had canoes that could travel from Cape Breton to Newfoundland. 

Many Nova Scotians and Newfoundlanders will tell you that a decently gusty wind will prevent the 

ferry from making its way across the Cabot Strait on any given day, so one must wonder about the 

technology involved in creating a canoe that can accomplish this task. Yet our education system 

repeatedly fails to acknowledge the ingenuity and innovation in Indigenous knowledge systems, nor 

does it recognize these knowledges are powerful opportunities for learning what we might today refer 

to as STEM education. As an educator I wanted my students to know that STEM, and mathematics 

in particular, has always been a part of their heritage. 

Early in my academic career, as a young doctoral student, I was excited to have the time and space 

to talk with Elders I had known for years, to have conversations about how we could make more 

explicit the mathematical thinking that was such a part of Miôkmaw ways of knowing, being, and 

doing. I was very fortunate that my doctoral advisor, Dave Wagner, had recently received funds to 

support these sorts of conversations. He was interested in ethnomathematics and how mathematics 

was being used in out of school contexts. I was interested in talking with Miôkmaw Elders. This was 

a perfect match. We began our conversations online with a group of Elders and language teachers 

who have gathered at a community school to join us online as poor weather had prevented us from 

going in person (See Wagner & Lunney Borden, 2015, for a more detailed discussion). One Elder 

who joined us that day was the now late Dianne Toney. Dianne was a quill box maker. She made 

boxes from birch bark, wood strips, and porcupine quills (Figure 2). She explained how she always 

began her box with a circular top made from birch bark. She would use a wood strip, similar to those 

used for basket making, to make the side of her box. She would then use an awl to poke holes in the 

bark and weave her porcupine quills through the bark to create her patterns. She told us that to make 

the ring go around the circular top, she would measure three times across the top and add a thumb 

width and it would make a perfect ring every time. I recall anxiously exclaiming that this was ñPi!ò 

to which she replied that it was common sense. She explained how she had learned this from 
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generations of quill box makers who had taught her (Wagner & Lunney Borden, 2015). She stated 

that it was important to have a strip that was long enough but not too long to have waste; three and a 

thumb width gave her just this right amount.  

 

Figure 2: Porcupine quill box made by Dianne Toney 

Being able to determine the right amount without waste is an important part of Miôkmaw ways of 

knowing, being, and doing. This value is reflected in the concept of netukulimk which loosely 

translates to sustainability but captures a deeper sense of responsibility to all oneôs relations to ensure 

that one takes only what is needed for survival and, in so doing, ensures the survival of others as well 

including non-human relatives. The mathematics Dianne used emerged from this value of netukulimk 

and in response to the need to figure out how much was enough. Much of what we teach in school 

mathematics has also come from a need to answer questions, but those questions have often been 

rooted in very different value systems.  

Show me your math 

The conversation with Dianne was so inspiring that Dave and I knew we could not be the only people 

engaging in these conversations. We wanted youth to be able to have these sorts of conversations 

with Elders and knowledge keepers. After a few conversations together and then with teachers, 

administrators, and Elders in Miôkmaw schools, the Show Me Your Math (SMYM) program was 

born (Lunney Borden et al., 2019). SMYM invited Miôkmaw youth to have conversations with Elders 

in their own community context to learn about the mathematical thinking that has always been a part 

of Miôkmaw ways of knowing, being, and doing. The program ran from 2007 until 2017 and hundreds 

of projects, including numerous classroom-based inquiry projects, emerged as a part of SMYM. Each 

year one of the MK community schools hosted the annual SMYM Math Fair where hundreds of 

children would share their learning with their peers. The projects themselves took the learning far 

beyond mathematics and allowed children to see how a question about mathematics can lead to 

learning about culture, community, and the impacts of colonialism. Dianne did not live long enough 

to see the legacy that her idea inspired. In May of 2006, as I was preparing to go have a follow up 

conversation with her, I received a phone call from a former colleague and friend telling me that she 

had passed away through the night of a heart attack. I like to think of SMYM as her living legacy of 

teaching children about the vast knowledge within their own cultural communities. 

Waltes  

Waltes is a Miôkmaw game of chance in which players score points by banging a bowl filled with 

two-sided dice made from bone. When 5 or 6 of the 6 dice turn up on the same side, the player scores 
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points and can collect sticks. If the player scores multiple points in a row, they can earn the notched 

sticks known as the old lady or old man. The aim of the game is to collect all the sticks by continuing 

to play through a series of rounds during which the counting rules change. The counting system is 

quite complex and often Elders are used to support the counting as younger people play the game. 

Waltes became a popular topic to explore in SMYM. Some participants focused on the probability of 

scoring a point or multiple points in a row, others focused more on the general rules of the game and 

the role of counting in the game.  

In Gallagher-MacKay and Steinhauer (2017), former participant, Aaron Prosper, described his 

experiences with SMYM and talked about learning waltes from his grandparents. In addition to learning 

about the game, he also became curious about why there was a hole drilled into the bottom of the waltes 

bowl. This was when he learned about how Indian Agents, representing the Government of Canada, 

would come to Miôkmaw communities aiming to enforce colonial policies outlined in the Indian Act 

(1876). The Indian Act ñsought to place First Nations individuals and communities, their lands, 

and their finances under federal government controlò (TRC, 2015, p.110). A part of the Indian act that 

was in place between 1884-1951, commonly called the potlatch ban, prohibited cultural 

ceremonies (Joseph, 2018), which prevented Indigenous people from passing on culture and traditions. 

Waltes became a target for Indian agents who feared the Miôkmaw would use the bowls for ceremony 

and drilled holes in them to prevent them from holding water. In many families today, there are waltes 

bowls that still carry that scar of colonialism. Aaron talked about how he was learning so much more 

than the mathematics involved in waltes, participating in SMYM allowed him to explore this game in 

a much more holistic way making connections to his family history and the history of his community. 

Birch bark biting  

Birch bark biting became an important part of SMYM as well. Although this was not an early project 

it became a widely celebrated project later in the years of SMYM. The idea for working on birchbark 

biting actually came from a conversation with an elder. We were discussing ideas that we could use 

in mathematics for young children. In a research discussion, she told me, ñWhen I was a young girl, 

my mother used to peel thin strips of bark off the logs and ask us to fold them and bite shapes into 

them.ò Naturally, my curiosity was peaked. I asked her more about this as I knew of birch bark biting 

that happened elsewhere in other Indigenous nations in what we now call Canada, but I had not known 

it was something commonly done in Miôkmaôki. She explained that it had in fact been a common past 

time in her childhood, but she was not sure if anyone still was able to do it. 

I took out some paper, as we had no bark available at the time, and asked her to show me how to fold 

the paper to do the birch bark biting. She instructed me to fold it in half, and then rotate it and fold it 

in half along that first fold. As I worked to line up the paper, I asked her if there was a Miôkmaw 

word to describe this process. She replied, ñYes! Tetpaikatu!ò I asked, ñWhat does that mean?ò to 

which she told me ñFold it the right way!ò and we both laughed. She suggested that I learn more 

about it by doing some research and maybe students would want to learn it too. I did just that. 

In my searching for information about birch bark biting, I came across an article written by 

Oberholtzer and Smith (1995), two anthropologists, who had travelled the country interviewing 

people who were known to be birch bark biters, each of whom believed they were one of the last 

people in their communities who could still do these bitings. As I read the article and came to a 

paragraph on the second page, I was stopped in my tracks. There was a passage about Margaret 
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Johnson of Eskasoni, a basket maker and birch bark biter. I knew Margaret Johnson, or Dr. Granny, 

as she was commonly called throughout Miôkmaôki. I knew her family, had taught some of her 

grandchildren at the university, and knew her sister, Caroline Gould, very well as she was an Elder 

and basket maker in Weôkqomaôq First Nation where I had lived and worked. As I reached the bottom 

of the paragraph, I saw the line that stated her sister, in another community, was also a birch bark 

biter. I knew that must have been referring to Caroline. Unfortunately, by the time I found this article 

both women had passed on to the spirit world, but knowing their history with birch bark biting, we 

knew it was something students should learn about.  

I set up a plan with a teacher in one of our Miôkmaw schools and we decided to go work with grades 

5 through 8 to teach them about birch bark biting and to try it for ourselves. We had collected some 

bark but knew we would need more. One of the teachers at the school contacted someone in the 

community who could bring us more bark. When he arrived with a great big barrel of birch bark, I 

asked about it. He told me he had collected it up the mountain when people were logging up there. 

He would go and harvest the bark. He told me that he had collected this bark years ago for Dianne, 

but she never got to use it. I took this as a sign we were on the right path. 

We figured out how to do birch bark biting by watching videos online of other birch bark biters and 

working together to figure it out. The students took to it instantly and found it enjoyable and engaging. 

We were impressed with the work that they were able to create (see figure 3). 

 

Figure 3: Student birch bark bitings 

While it might be tempting to impose mathematics on the artifacts as they are depicted, where the 

real mathematics happens is in the creation of these images. One must really understand that a circle 

is a collection of points that are all equidistant from a centre to create a circle when only biting one 

small part of it and then unfolding the bark to create a full design. The 8-point star was also something 

that required significant understanding of angles to create. The student who created the 8-point star 

in figure 3 had worked for some time on getting it to be just right. He had to think about the angles 

he was employing and how the paper was folded. There is a significant focus on the role of 

visualization in creating birch bark bitings. We also noted that through folding the paper, students 

became very aware of the fractions involved and were able to easily explain halves, quarters, eighths, 

and sixteenths that came from folding the bark. 

In addition to the mathematical thinking that was emerging from the work done with birch bark biting, 

students were also learning stories about the people in their communities who had done it as a 

practice. Stories were being told by teachers who were remembering seeing it happen as a child or 
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hearing stories about it from Elders. Students were also learning more about birch trees and the uses 

of birch bark and the proper way to collect bark. Again, the learning extended far beyond the math. 

Ethics and social justice: Connecting math to our lives and communities 

After years of show me your math, we had many communities wondering about offering it to their 

students who were not attending MK schools. Working with colleagues, we began an outreach program 

called connecting math to our lives and communities. In this program we decided to focus on social 

justice mathematics activities or activities that allowed students to see the power of mathematics to read 

and write the world (Gutstein, 2006). We wanted youth to see that they could tell their own stories using 

mathematics as a tool. This program was expanded to also include local African Nova Scotian 

communities. We drew inspiration from issues impacting the communities we were serving such as 

climate change, soil erosion, environmental racism (Waldron, 2021), and water insecurity to name but 

a few. Water security became one of our first modules following a conversation with a teacher in one 

Miôkmaw community who shared that they were once again on a boil water order in the community 

and that she thought it might make for a good SMYM project to raise awareness about this issue.  

Drawing from data obtained from the Halifax Regional Municipalityôs water authority, we developed 

a series of activities that would allow students to determine how much water their household uses in a 

year. The data was provided in cubic metres and gave the average water use for a 3-montn period based 

on the number of people living in a home. This created numerous opportunities to solve problems that 

would require some multiplicative thinking and proportional reasoning. We had students physically 

construct a cubic metre and then determine how many litres that represented (Figure 4). This provided 

students with a good visual to imagine how much water would be needed for a whole community. It 

also allowed us to model how contaminants, often measured in parts per million (ppm), can be relatively 

small and still impact an entire water system. Using base-ten materials or Dienes blocks, we recognized 

that the cubic metre is the size of the million cube if the small cube represents 1 unit. Therefore, the unit 

cube would be one-millionth of the cubic metre or one ppm. 

 

Figure 4: Students building a cubic metre 

This was one of many examples that show how mathematics can help youth to understand and talk 

about important issues that affect their community. We have engaged in numerous other projects that 

look at the impacts of hurricane force winds, the disruption to an ecosystem when an invasive species 

is introduced, and the role of mathematics in understanding matters of wealth inequality or land back. 

All of these moments allow students to see that mathematics is a useful tool for understanding 

important issues in our society. They allow students to consider the ways in which we use 

mathematics and to discuss if we are being ethical in that use. 
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Concluding thoughts 

For far too long, many children have endured mathematics learning experiences that were not 

designed for them and were not reflective of their lived experiences. The examples I have described 

in this paper are part of my attempts to address this disconnect. Papachese Cree scholar Dwayne 

Donald has argued that ñcolonial logicsò (Donald, 2009, p. 7) divide people and peoples from their 

relations instead of opening a space where they might co-exist (Donald, 2012). Colonial logics have 

been pervasive in mathematics and the projects of SMYM and CMTOLC have been designed in a 

way that aims to open up the kinds of space Donald hopes for. The work I have done alongside 

communities comes from long-standing relationships of listening and learning together to bring the 

communityôs knowledge into the classroomôs learning experiences. 

The stories I have shared are but a few examples of how a commitment to respect, reciprocity, 

relationship, and relevance (Kirkness & Barnhardt, 1991) allow for interesting mathematics to emerge 

in ways that allow learners to learn mathematics while also learning about their own cultural identity. 

Such an approach allows students to learn in a culturally consistent way. I end with the following quote 

from an article I wrote with my research partner Dawn Wiseman, inviting reflection from the readers: 

Our intent in teaching and learning is not to begin with STEM expectations or outcomes but rather 

to begin in a place we knew had the potential to teach. Though we cannot guarantee that STEM 

will emerge, we know the potential is in place. In each of our stories, the activities opened 

up spaces from which explorations, questions, and conversations could emerge and live for a 

while. When these spaces open up, what we find is important is taking the time to be with 

what they teach, to pay keen attention to the possibilities for teaching and learning. In this way, 

we see STEM as an artifact of teaching and learning, not a framework imposed upon 

it. (Lunney Borden & Wiseman, 2016, p. 150) 
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Social media, school mathematics, and epistemology 

Mario Sánchez Aguilar1 

 

This article explores the impact of the Internet and social media on the ways young people interact 

with and approach school mathematics. Drawing on empirical research, the article highlights how 

the internet has transformed how students validate mathematical knowledge and seek out 

mathematical help and support from a range of sources, including online forums and educational 

websites. The article also explores how social media has provided a platform for students to express 

their emotions and perceptions about school mathematics in new and innovative ways. Through 

analysis of online activity, the article reveals that students use the internet to seek clarification on 

mathematical doubts and solve mathematical tasks. The findings challenge traditional notions of 

being a mathematics student and how mathematical knowledge is acquired and validated. 

Keywords: Social media, epistemology, school mathematics, emotions, mathematical help-seeking.  

 

Introduction  

For some years, I have been researching how young people use the internet and social media in 

connection to school mathematics. This research has focused on using the internet as a source of 

mathematical help and a platform for sharing opinions and feelings about the subject. 

This research suggests that the internet and social media have significantly impacted how students 

interact with and approach school mathematics. Through their online activity, students can now share 

their perceptions about the nature of school mathematics in new and innovative ways. They are also 

able to seek out mathematical help and support from a range of sources, including online forums and 

educational websites. 

Indeed, the internet has transformed how students validate mathematical knowledge. Rather than relying 

solely on traditional sources of authority, such as textbooks or teachers, students increasingly turn to 

online communities to confirm and verify the accuracy of mathematical information (e.g., van de Sande, 

2011). This trend is a significant development in mathematics education. It challenges traditional notions 

of being a mathematics student and how mathematical knowledge is acquired and validated. 

In this article, I report on some of these findings, focusing on two issues: 

¶ How people use a social network to express their emotions and perceptions about school 

mathematics. 

¶ How students use the internet as a source of mathematical help to clarify their doubts and 

solve mathematical tasks. 

 
1Instituto Politécnico Nacional, Mexico 

Mario Sánchez Aguilar: mosanchez@ipn.mx 

mailto:mosanchez@ipn.mx
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Using a social network to express emotions and perceptions about school 

mathematics 

School mathematics is a subject that is commonly accompanied by an array of emotions, be they 

positive or negative, as observed by scholars such as Pepin and Roesken-Winter (2005). These 

emotions are of particular significance, as they form the cornerstone upon which individuals establish 

their relationship with and self-identify in school mathematics. Furthermore, attitudes and beliefs 

towards the subject play a pivotal role in shaping such emotions and are thus integral to understanding 

the complex nature of human interactions with school mathematics. 

On the other hand, social media platforms allow individuals to share and express their emotions 

towards various aspects of their lives, such as work, personal relationships, food, exercise, pets, and 

school (Stieglitz & Dang-Xuan, 2013). Mathematics is not exempt from this phenomenon as a subject 

that often elicits strong emotions of love or hate. Twitter is one of those social media platforms where 

individuals express their emotions related to school mathematics. However, the potential role of this 

platform as a window into the emotions that people associate with this subject is not commonly 

recognized in the specialized literature. 

Twitter has been proposed as a means to engage mathematics students in and out of the classroom 

(Soto & Hargis, 2017), and studies have shown that it positively impacts studentsô learning of 

mathematics (Vohra, 2016). Furthermore, Twitter has been used as an organizational tool to manage 

classroom issues, such as reminding students about assignments and upcoming tests (Danesi, 2016). 

Additionally, Twitter has been suggested as a space for exchanging ideas, dialogue, discussion, and 

interaction within the community of mathematics education research (Chernoff, 2014). Nevertheless, 

this article aims to support the assertion that Twitter can serve as a ñmood indicatorò in relation to 

school mathematics (Danesi, 2016). Specifically, Twitter can be employed to monitor and examine 

the moods and attitudes of individuals toward various subjects, including school mathematics. By 

scrutinizing tweets related to school mathematics, researchers can acquire valuable insights into the 

general publicôs perception of this subject. 

In order to advance this argument, a brief analysis of how mathematics is represented in this social 

network is introduced; in particular, a categorization of usersô tweets about school mathematics is 

presented. Such categorization provides insight into the emotions and perceptions that people 

associate with school mathematics nowadays. 

Choosing and categorizing tweets 

Twitter is awash with tweets relating to mathematics, such as popular articles, images, and videos 

about mathematical curiosities, announcements of conferences and academic events by organizations 

and their members, and publicity by scientific companies for new articles and journal issues. Simply 

searching for ñmathematicsò in Twitterôs search engine confirms this. However, the following 

categorization focuses on tweets where authors express their positive or negative opinions or some 

form of sentiment towards mathematics or its related subjects. This categorization includes emotions 

such as sympathy, dislike, and confusion.  

Over the past years, I have collected a group of tweets by locating them in various ways (see Aguilar, 

2021). These tweets were either in my timeline, retweeted by colleagues and friends, or found through 

monthly keyword searches using terms like ñmath,ò ñmathematics,ò and ñmatem§ticas.ò As a result, 
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I created a collection of 88 tweets, mainly in English but some in Spanish. Most of these tweets focus 

on school mathematics because the authors are likely to encounter mathematics in that setting. 

Additionally, many tweets are written in a humorous or satirical style. Notably, some of these tweets 

have received significant support, as evidenced by hundreds or thousands of ñlikes.ò This appraisal 

could indicate that many users identify with or appreciate the content of these tweets. 

To categorize the 88 tweets, the technique of constant comparison, as described by Teppo (2015), was 

implemented. This process involved creating codes for each tweet, such as ñtweets about struggling 

with mathematicsò or ñtweets regarding difficulties with mathematics homework.ò These codes were 

subsequently merged into five overarching categories. The resulting categories are as follows: 

¶ Mathematics is difficult 

¶ Mathematics is useless 

¶ Mathematics tests 

¶ I like mathematics 

¶ Love and mathematics 

In the next section, a brief description of each category is provided, along with an accompanying 

image corresponding to a tweet. 

Emotions about mathematics 

The tweets showcased in this section include the publication date, the username of the author, the 

number of likes and retweets they have received, and a link for accessing them. An English translation 

is provided if a tweet was originally posted in Spanish. 

Mathematics is difficult 

This category comprises tweets where users express the challenges of comprehending mathematics 

and the emotions, such as frustration, associated with such difficulties. Additionally, it includes 

tweets that depict mathematics as a complex and mentally demanding topic (Figure 1). 

Publication date: July 10, 2016 

Statistics: 11 retweets; 20 likes 

Translation: When everyone understands the definition of continuity except you 

 

 

Figure 1: Tweet by @Infinito307 retrieved from 

https://twitter.com/Infinito307/status/752341078523596804 

https://twitter.com/Infinito307/status/752341078523596804
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Mathematics is useless 

This category includes tweets claiming mathematics is useless in everyday life or work (Figure 2). 

For instance, some tweets devalue mathematical knowledge compared to skills such as writing a CV 

or understanding how to pay taxes. One example is a tweet that states, ñAnother damned day without 

using algebra.ò 

Publication date: March 5, 2014 

Statistics: 2,172 retweets; 1,540 likes 

 

Figure 2: Tweet by @9GAG retrieved from https://twitter.com/9GAG/status/441090800676777984 

Mathematics tests 

Assessment is a critical element in the academic success of mathematics students. Numerous tweets 

express studentsô perceptions and experiences related to mathematics tests, such as difficulty level, unfair 

assessments, or unrealistic contexts in which problems are posed (Figure 3). For example, mathematical 

problems may refer to semi-reality, which some students find problematic (Skovsmose, 2001). 

Publication date: February 13, 2014 

Statistics: 502 retweets; 349 likes 

 

Figure 3: Tweet by @funnyorfact retrieved from 

https://twitter.com/funnyorfact/status/434160175592009729 

https://twitter.com/9GAG/status/441090800676777984
https://twitter.com/funnyorfact/status/434160175592009729
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I like mathematics 

Although individuals share tweets expressing positive emotions towards mathematics, these tweets 

are not retweeted or favorited as frequently as those belonging to the abovementioned categories. 

While some people explicitly state the positive emotions that mathematics evokes in them, others 

express their affection for mathematics without providing any additional context (Figure 4). Some 

employ more imaginative means to convey their admiration for mathematics. 

Publication date: October 10, 2018 

Statistics: 1 retweet; 1 like 

 

 

Figure 4: Tweet by @lonesomegargoyl retrieved from 

https://twitter.com/lonesomegargoyl/status/1050072549185466369 

Love and mathematics 

Indeed, some individuals tweet about both love and mathematics; however, their tweets do not pertain 

to a love for mathematics. Instead, these people tweet about romantic love, which may include 

sentiments of heartbreak, and attempt to draw connections to mathematics. An instance of such a 

tweet is: ñI understand multivariable calculus, but I do not understand life without youò (Figure 5). 

Publication date: December 24, 2014 

Statistics: 8 retweets; 45 likes 

Translation: I understand multivariable calculus, but I do not understand life without you 

 

 

Figure 5: Tweet by @Mairefest retrieved from 

https://twitter.com/Mairefest/status/547663369923473408 

https://twitter.com/lonesomegargoyl/status/1050072549185466369
https://twitter.com/Mairefest/status/547663369923473408
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This article section aimed to illustrate how social networks can serve as a medium to gain insight into 

studentsô emotional experiences while studying mathematics in school. This kind of data source can 

enhance our comprehension of how students perceive and engage with mathematics in an educational 

setting.  

Using the internet as a source of mathematical help 

School mathematics is an educational experience where students commonly encounter doubts. It is 

also common for students to seek sources of help to clarify these doubts. The sources of mathematical 

help that students resort to can be varied: their classmates, the mathematics teacher, a family member, 

or a book, among others. Thus, help-seeking is an intrinsic part of studying and learning school 

mathematics. The help-seeking behaviors that enable students to clarify their doubts independently 

can be interpreted as manifestations of self-regulated learning. 

Along with Danelly Susana Esparza Puga from the Universidad Autónoma de Ciudad Juárez in 

Mexico, we have studied how digital resources such as the internet, mobile devices, and social 

networks shape the help-seeking behaviors of mathematics students. Our initial explorations focused 

on internet-based mathematical help-seeking practices among Mexican engineering students (Aguilar 

& Esparza Puga, 2015; Esparza Puga & Aguilar, 2015). Specifically, we sought to answer the 

following questions: 

¶ What websites do students consult when they need help in mathematics? 

¶ What do students use those websites for? Ο 

¶ Why do students trust the mathematical information provided by such websites? 

The research method to address these questions primarily focused on self-reports from participating 

students provided through focus groups and individual interviews. The findings showed that the most 

frequently used sites for mathematical help-seeking were the Google search engine, Facebook, and 

YouTube. The latter was identified as the most popular source of help among the participating 

students. Regarding the uses that students give to these sites, the following were identified: 

¶ Finding different ways to solve a mathematical problem 

¶ Clarifying doubts and reinforce knowledge  

¶ Getting ready-made results or mathematical problems solved 

¶ Comparing their results or answers to problems with other answers to similar problems found 

on the internet 

¶ Catching up with a class they skipped  

Regarding the issue of trust in mathematical information provided by these websites, we began to 

notice that students do not seem to pay attention to the intrinsic mathematical properties (Lithner, 

2003) of the obtained information but rather base their assessment on features not related to 

mathematics, such as the academic prestige of the person or institution that publishes information. 

These two student statements illustrate this situation: 

Student: YouTube seems reliable to me because university teachers upload the videos. 

Student: SlideShare...I think is more reliable because there the doctors [PhDs] send [slides 

presentations]. 
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Delving into the use of YouTube as a source of mathematical help 

The outcomes of initial exploratory studies prompted us to delve deeper into the type of mathematical 

assistance students search for on sites like YouTube and the reliability criteria they use to validate 

the mathematical information they discover there. We pursued this research by making 

methodological improvements to complement the self-reports and interviews used in the exploratory 

studies. In particular, we employed surveillance software to record studentsô activity when seeking 

mathematical help online (see methodological details in Aguilar & Esparza Puga, 2020). Direct 

observation of studentsô online activity when attempting to solve a mathematical problem allowed us 

to identify two types of help-seeking behaviors among students.  

The first type is executive help-seeking, which refers to situations where students aim to find 

something or someone to assist them in solving a problem or achieving a goal on their behalf. For 

example, when students turned to community-driven question-and-answer websites like ñYahoo! 

Answers,ò where they could effortlessly obtain answers to specific mathematical tasks. This type of 

behavior, in which students seek mathematical help in community forumsðsome of them without 

getting too involved in the construction of the answer or solutionðhas been previously reported by 

van de Sande (2011). 

The second type of help-seeking behavior identified was instrumental help-seeking, where studentsô 

searches are more focused on promoting a self-understanding of an idea or a problem-solving process. 

For example, we found evidence of a student who identified a YouTube video through a Google 

search based on keywords such as ñdefinite integral exercises solved,ò ñcalculate area under a curve,ò 

and ñarea under the quadratic equation curve.ò The student could extrapolate the integration technique 

they learned by repeatedly watching the YouTube video to solve a mathematical task involving 

solving the integral ᷿ ὼ τὼ Ὠὼ (see Aguilar & Esparza Puga, 2020). 

In the study by Esparza Puga and Aguilar (2023), the general characteristics of the mathematical help 

students obtain through YouTube videos are explored, particularly regarding the qualities of the 

sources they prefer and trust. Using a popular channel of videos on school mathematics called 

ñjulioprofeò as a reference (see http://youtube.com/julioprofe), we interviewed first-year engineering 

students who used these videos. The interviews aimed to identify (1) the characteristics of the 

mathematical help that students obtain through these videos, and (2) the criteria for reliability that 

students use to trustðor not trustðthe mathematical information obtained from these sources. 

The results reveal general characteristics of the mathematical help students obtain through this type 

of video: 

¶ It is multifunctional. Through these videos, students get multipurpose mathematical help. 

They can use it when they have attended class but have doubts and want to clarify them, or 

they can use it to introduce themselves to a new mathematical topic. They can use it when 

they cannot attend class and want to catch up on lessons. In addition, the mathematical help 

they get from these videos could cover different school mathematical topics, from the most 

basic to the most advanced.  

¶ It is always available. Another prominent feature of this mathematical help is that it is 

available anytime, anywhereðas long as the student has internet access. Students can turn to 
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this source of mathematical help in and out of school and, as one student put it, ñif you are 

doing the assignment at 3 in the morning, it [the help] is always there.ò 

¶ It is private. Students can refer to this source of help privately, without revealing their doubts 

to their classmates or the lecturer. Some studies suggest that students may feel ódumbô in front 

of their peers when asking for help or expressing doubts in mathematics class (Newman & 

Schwager, 1993). The mathematical help obtained on YouTube eliminates these 

inconveniences because it can be consumed privately. 

¶ It is easy to use and self-paced. Some of the interviewed students highlighted the brevity and 

simplicity of the videos by julioprofe, as well as the presenterôs step-by-step explanations. In 

addition, the students have personal control over the pace since the video can be stopped, 

skipped, or repeated as many times as needed. 

As for the criteria students use to trust the mathematical information contained in these videos, the 

findings suggest that trustworthiness is based on three elements: 

¶ People close to them recommend it. Several students describe how their lecturers, parents, or 

classmates recommended that they look for mathematical help on YouTube or the julioprofe 

channel. We think that the fact that authority figures such as their lecturers or their parents 

recommend itðin addition to their classmatesðpromotes studentsô trust in this source.   

¶ It works. Another element that we believe increases studentsô confidence in this source of 

mathematical help is that it has helped them to solve assignments and even pass examsðas 

some of the students interviewed report. We think that when students receive positive notes 

and evaluations after using julioprofeôs videos to study, they interpret it as tangible proof of 

the effectiveness of those videos as study support. 

¶ It gets ólikesô and positive comments. Students pay close attention to the ólikesô and comments 

that the videos receive from other YouTube users. Some interviewed students analyze the 

number of ólikesô and the kinds of comments a video receives to weigh its quality. In the case 

of julioprofe, the videos receive thousands of ólikesô and positive comments. 

Concluding discussion 

In this paper, two points have been illustrated. Firstly, social media serves as a space where 

individuals express their emotions related to school mathematics. These online social spaces can be 

used as a window into peopleôs attitudes and feelings about school mathematics. Researchers and 

educators can better understand how individuals feel about school mathematics and how they engage 

with it by analyzing public sentiment on social media. This approach can lead to developing effective 

strategies and interventions to improve attitudes towards mathematics and enhance learning 

outcomes. The use of Twitter as a tool for monitoring and analyzing public sentiment toward school 

mathematics has the potential to advance our understanding of this important subject area. 

Secondly, this paper has highlighted how the internet and social media have changed how students 

search for mathematical help and validate mathematical knowledge. We are witnessing a shared 

epistemology among new generations of students, in which mathematical knowledge is independently 

obtained beyond the walls of the mathematics classroom. Its certainty or truth is validated not based on 

its intrinsic mathematical qualities but through indicators of the authority of the sources and other social 

indicators such as recommendations, comments, or the number of likes obtained by the source of 
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mathematical information. This transformation in acquiring mathematical knowledge and validating its 

certainty has significant implications for mathematics education and calls for new approaches to 

teaching and learning mathematics that consider the role of social media and internet resources. 

The emergence of a new epistemology in which mathematical knowledge is validated through 

indicators of authority on social media, such as likes, comments, and recommendations, is a significant 

shift in how students perceive the value and reliability of mathematical information. This new way of 

validating knowledge transforms the traditional notion of mathematical authority and expertise. 

Students increasingly look beyond traditional sources of authority, such as teachers and textbooks, to 

validate their understanding of mathematical concepts. In this new epistemology, the trustworthiness 

of mathematical knowledge is based on the collective judgment of a community of users on social 

media platforms, who provide feedback on the quality and relevance of the information shared. This 

has implications for how we understand the nature of mathematical knowledge and the role of authority 

and expertise in the field of mathematics. Furthermore, it highlights the importance of digital literacies 

in mathematics education. Students must learn how to evaluate and critically assess the credibility of 

mathematical information found on social media platforms. 

While this new epistemology challenges traditional approaches to teaching and learning mathematics, 

it also offers opportunities for innovation and collaboration in the field. By embracing the power of 

social media and digital technologies, educators can engage students in new and exciting ways, 

facilitating meaningful and authentic learning experiences that align with the changing nature of 

mathematical knowledge in the digital age. Therefore, mathematics educators need to recognize and 

address the emergence of this new epistemology, developing pedagogies that encourage critical 

reflection and evaluation of mathematical information found on social media platforms while also 

promoting a deeper understanding of the nature of mathematical knowledge and the role of authority 

and expertise in the field. 
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The relation between skills and competencies in the KOM framework 

of mathematical competencies: A discussion 

Oliver Kauffmann1 and Uffe Thomas Jankvist1 

 

In this paper, we explore an influential conceptualisation of mathematical competencies, the KOM-

framework (Niss & Jensen, 2002; Niss & Højgaard, 2011, 2019). In particular, we take a critical 

look at the relation between competency and skills. This specific discussion reflects a more general 

concern: Why and how should we care about the body in discussions of mathematical competencies?  

Keywords: Competencies, skills, supervenience, embodiment. 

 

Introduction  

One way to address the questions about the bodyôs role for mathematical competencies is to adopt a 

metaphysical perspective. Competencies of a mathematical kind in human beings, whatever a proper 

analysis will reveal about their nature, are allðat a minimumðcontingently related to the body. Let 

us cautiously begin our discussion by taking a look at this idea. 

Assume for the sake of argument that the mathematician and philosopher Ren® Descartes was right, 

when he found about our epistemic capabilities of mathematics and geometry that knowledge of 

simple entities like numbers and figures is possible by intuition and deduction only (Descartes, 1966). 

Since intuition and deduction, according to Descartes, take place in the soul, which, according to his 

argumentation, is a substance (i.e., an entity the existence of which does not depend on anything else) 

different from the substance of extended bodies, the body is not, apparently, important for these 

capabilities at all. However, even if Descartes was right in his epistemic assumption about the soulôs 

prominent role for mathematical and geometrical insights, these activities of the soul would still be 

related to the body, although in a contingent, causal way. We indulge for instance in thinking about 

the possible solution to a mathematical problem. We try out different solutions; we act, reach out for 

paper and pencil, jot down numbers and equations by tapping our keyboard, scratch our scalps while 

we ponder, move our eyes, move in the chair and so on and so forth. Causal interactions take place 

between our thoughts and our body. Thus, even when a Cartesian view on metaphysics is assumed, 

i.e., a conception according to which two substances existðthe material one extended in space, and 

the thinking substance not extended in spaceðthe body and the thinking soul stand in a causal relation 

to each other. The explanatory details of this assumed interaction are highly debatable, as it has been 

since Descartesô days. When we are doing a mathematical calculation, applying our relevant skills, 

knowledge, and competencies, this is only the instantiation of one out of many possible subsets of 

this causal story. Substance dualism has been extensively criticized and is, if not fallen completely 

out of favor, at least considered as a last resort in philosophy of mind (for a good introductory account 

pro et con substance dualism, see Kim, 2010; for a recent defense of substance dualism, see Foster, 

1989). On the other hand, a number of materialist positions of a reductive sort advanced through the 
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second half of the 20th century, have also met critique. They have been found wanting to the extent 

that they do not explain a number of peculiar characteristics of the mind, in particular the qualitative 

aspects of conscious awareness and the feature of some or all mental states, that they exhibit 

intentionality (i.e., have representational content). Instead, many philosophers and scientists have 

turned to so-called ónon-reductive accountsô of the relation between the body and the mind. In our 

discussion of the role of the body in relation to mathematical competencies, we also have a non-

reductive account of the mind as our background assumption. To be a bit more precise, we endorse a 

version of óthe supervenience thesis,ô about the relation between body and mind. This condition is 

also in line with some thoughts behind the KOM-framework of mathematical competencies and 

serves as a thinking tool in this domain. 

The supervenience thesis 

The psychophysical supervenience thesis is an instance of nonreductive materialism. In more general 

terms, a set of M properties (óMô for ómentalô) is said to supervene on a set of P properties (ôPô for 

óphysicalô) with respect to a domain D just when two entities in D, which happen to be indiscernible 

with respect to P, are necessarily indistinguishable with respect to M. That is to say, two entities in D 

that differ with respect to M necessarily differ with respect to P, but not conversely. Thus, the 

possibility of the existence of entities, which differ with respect to P but not with respect to M, is not 

excluded. In other words, this is an instance of an asymmetrical dependency relation between a set of 

(so-called) supervening properties M and the(ir) ósupervenience base,ô the set of relevant properties 

P. If D is the domain of psychophysical relations, the thesis of psychophysical supervenience says 

that all psychological or mental properties M (states, event, processes) supervene on the physical 

properties P (we use the terms ópsychologicalô and ómentalô interchangeably.) All mental properties 

are dependent on the bodily properties, and not the other way around (cf. e.g., Kim, 1982). The 

rationale for psychophysical supervenience is threefold. Firstly, this assumption accommodates that 

the psychological sphere has properties, which are not properly accountable for in a reductive 

explanatory framework. Thus, psychophysical supervenience leaves room for mental properties óover 

and aboveô the physical domain per se; these properties are different from the physical (including 

bodily) properties, although they depend on the physical properties. In particular, interest has been 

shown in dealing with two specific mental features within a supervenience framework: intentionality 

and consciousness. óIntentionalityô refers to the specific, relational feature of all (or most) mental 

phenomena. To be in a mental state involves an object of that state: what the state is about. Mental 

states are directed at something. They represent something. We cannot think, desire, know or entertain 

a belief without thinking of, desiring, knowing or believing something. For short: mental states 

represent. óConsciousnessô refers to the particular way some living organisms are capable of 

representing. When an organism is conscious of something, there is a particular way for the organism 

to be in that mental state. To be consciously aware of something means that óthere is something it is 

like for the organism to be in that stateô (Nagel 1974, p.436). For a zombie, in contrast, there is not 

something it is like for it to be in its representational state. A supervenience account is a nonreductive 

account of the mental to the extent that it acknowledges the peculiarities of intentionality and 

consciousness. Here it differs from blunt reductive theories like behaviorism and materialism. On the 

other hand, the asymmetric dependency-relation between the mental and the physical in 

psychophysical supervenience still gives the physical domain priority. This feature is what makes the 

position palatable for many with a naturalistic leaning. Secondly, psychophysical supervenience 
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apparently leaves room for the existence of mental-to-mental causation and mental-to-physical 

causation: My desire to find the solution to a mathematical problem makes me think, and makes me 

grab for a pencil, etc. As Kim has pointed out, however, the psychophysical supervenience thesis 

might run into severe troubles with both mental-to-mental and mental-to-physical causation (Kim, 

1998, 2005). Yet, we cannot go into these delicate matters here. Thirdly, and most important, 

psychophysical supervenience catches the intuition, that the mental, despite being something óover-

and aboveô the physical, is still dependent on the physical, not only by not being a substance of its 

own, but also by being dependent on the physical.  

What this ódependencyô precisely comes to is the crux of the matter in the domains where the 

interrelations of knowledge, skills, and competencies are discussedðand, as we shall see, in the 

discussions of embodiment. In accordance with psychophysical supervenience, the physical is 

primary, and the mental is secondary to the physical. We do have empirical evidence for the mental 

properties being (somehow) causally dependent on the physical (in particular from the neurological 

and the neuropsychological domains), and do not have evidence for the physical as supervening on 

the mental. Out of the vast quantity of óphysical particularsô (particles and fields in spacetime) we are 

acquainted with, only a very small subset exhibits mental properties, whereas (apparently) all known 

mental properties are connected with particulars of a physical kind. 

Competencies depend on skills and knowledge 

The background condition about supervenience in the psychophysical domain is relevant for dealing 

with the connections between competencies, skills, and knowledge in education. The idea is simple. 

Competencies (somehow) depend on skills (and knowledge), without being reducible to such. And just 

as mental properties from the perspective of psychophysical supervenience are not conceived as free 

floating, but instead depend on the existence of embodied organisms, neither do competencies exist as 

free floating ópropertiesô, but are described as features or actions of embodied human beings with 

certain skills and knowledge. Since achievement of skills depend on the body, and the competencies 

depend on the achieved skills and knowledge, the competencies somehow depend, at least partially, on 

the body. The competencies partly rely on our bodies to the extent that competencies (partly) rely on 

skills, and skills only come into the world through our learning bodies. This being said, various points 

of view can be adopted, for instance for taxonomical or evaluative purposes, from which competencies 

per se can be described and explored. This is similar to the possibility of exploring structural features 

of the mind per se, such as intentionality and conscious awareness, as mentioned.  

Mathematical competencies 

The notion of mathematical competencies, as opposed to mathematical skills and knowledge, has 

gained momentum within the past decades in mathematics programmes, not only in Scandinavia and 

Northern Europe, but also for example in Columbia and not least in the international assessments 

PISA (OECD, 2019). Kilpatrick states that school mathematics sometimes ñis portrayed as a simple 

contest between knowledge and skillò while ñCompetency frameworks are designed to demonstrate 

to the user that learning mathematics is more than acquiring an array of facts and that doing 

mathematics is more than carrying out well-rehearsed proceduresò (2014, p. 87). And certainly, 

competency has become a key construct today in the educational paradigm within various areas (cf. 

Sadler, 2013; Stacey, 2010; Stacey & Turner, 2014), overshadowing and replacing former, dominant 

constructs such as knowledge and skill. As examples of competency frameworks, Kilpatrick (2014) 
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mentions three: (1) the five strands of mathematical proficiency as identified by the Mathematics 

Learning Study of the US National Research Council; (2) the five components of mathematical 

problem-solving ability identified in the Singapore mathematics framework, and (3) the eight 

competencies of the Danish KOM framework. The Danish KOM framework (Niss & Jensen, 2002; 

Niss & Højgaard, 2011) was also implemented as the basis of the PISA framework of mathematical 

competencies (e.g., Stacey & Turner, 2014). More precisely, seven of KOMôs eight mathematical 

competencies were part of PISA until approximately 2018. In addition, there is now also the Chinese 

Core Mathematics Competencies framework (MOE, 2018, 2022). 

Either explicitly or implicitly, all these competency frameworks will have to come around an 

explanation of the relations between competencies, skills and knowledge. The authors behind the 

KOM framework deal explicitly with these relations, and by applying the supervenience thesis into 

this discussion along the lines indicated, we are able to pinpoint and discuss the essential óhinge 

conceptionsô of the relation between procedural skills, knowledge, and competencies and suggest how 

to potentially develop the KOM framework further along this line of thought. 

The KOM framework and supervenience  

The basic, original idea of KOM was to formulate the concepts of mathematical competence and 

competencies ñwith particular regard to their possible roles in the teaching and learning of 

mathematicsò (Niss & Hßjgaard, 2019, p. 10). Hence, the main thought behind the KOM-framework 

was that the teaching of mathematics would be able to promote the studentsô development of these 

competencies and the related kinds of óoverview and judgment.ô The overall characterization of 

ómathematical competenceô in accordance with KOM is described as ñhaving knowledge of, 

understanding, doing, using and having an opinion about mathematics and mathematical activity in a 

variety of contexts where mathematics plays or can play a roleò (Niss & Hßjgaard, 2011, p. 49). This 

overarching conception of competence spans eight distinct, yet mutually related, separate competencies, 

often illustrated by an 8-leafed flower, the so-called KOM-flower as shown in Figure 1. 

 

Figure 1: The óKOM-flowerô (From Niss & Hßjgaard, 2011, p. 1) 

The competencies are divided into two groups, the first referring to ñthe ability to ask and answer 

questions in mathematics and with mathematicsò (Niss & Hßjgaard, 2011, p. 50); the second to ñthe 
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ability to deal with mathematical language and toolsò (p. 50). The first group covers the four 

competencies of mathematical thinking, problem handling, modelling and reasoning. The second 

group covers the competencies of mathematical representation, symbols and formalism, 

communication and aids and tools. Both of these groups have (almost exclusively) explicitness 

(through language) as characteristics, and generally the competencies are conceived as cognitive of 

nature (cf. e.g., Niss & Højgaard, 2019, p. 12). It is important to notice that none of the eight 

competencies can be possessed and developed in complete isolation from other competencies; hence, 

the non-empty intersection at the centre of the KOM-flower (Figure 1). 

Recently the authors of the original KOM-report found reasons to revisit the conceptualization of the 

basic notions ñin order to provide an updated version of the original conceptual framework and 

terminologyò (Niss & Hßjgaard, 2019, p. 9). In this paper, they give a concise, but instructive 

exposition of the specific relation between knowledge, procedural skills, and mathematical 

competencies. But why procedural skills? In the very detailed 2011-report (Niss & Højgaard, 2011), 

procedural skills are not addressed at all. In contrast with the generic term óskills,ô the term 

óproceduralô only appears once (in the expression ñprocedural knowledgeò (p. 49)). In the 2019-paper, 

however, óprocedural skillsô are in focus. This probably reflects the upsurge of interest in, and 

acknowledgment of, the importance of action for understanding mathematical competencies. 

Competence is now considered as ñsomeoneôs insightful readiness to act appropriately in response to 

challenges of given situationsò (Niss & Hßjgaard, 2019, p. 12). With reference to what was already 

recognized by George P·lya (1957/1945), they see enactment of mathematics ñas the essential 

constituent in the mastery of mathematicsò (2019, pp.12ï13). Let us therefore take a look at 

procedural skills versus competencies.  

By óprocedural skill in mathematics,ô the authors mean a personôs ability to perform, with accuracy 

and certainty, a particular, methodologically well-definedðoftentimes algorithmicðgoal-oriented 

type of undertaking (Niss & Højgaard, 2019). What they suggest is that the relation between 

procedural skills and competencies can be conceived as a specific type of compositional relation. The 

existence of competencies relies on the existence of procedural skills, but without the competencies 

being reducible to these skills (Niss & Højgaard, 2019). They also claim that skills can be seen as 

necessary, but not sufficient for the competencies. `The explanations for competencies not being 

reducible to skills, and for the claim that skills are not sufficient for competencies, must probably, at 

least partially, be found in the following condition: ñexercising a given competency typically requires 

the activation of a multitude, probably hundreds, of different, very specific procedural skills, each of 

which draws upon a reservoir of factual knowledge. For example, the symbols and formalism 

competency involve the procedural skill of performing rule-based transformations of algebraic 

expressions in different mathematical domains or determining the derivatives of combinations of 

standard functionsò (p. 20). Let us dub this condition, óthe many-one constraint.ô Regarding the 

authorsô idea about a specific kind of compositional relation, they elaborate with a metaphor from 

chemistry. Huge molecules (e.g., polymers), composed out of atoms, result in the existence of new 

properties, and competencies are comparable with the properties of such molecules, the atoms of 

which (with their lower-level properties) are the procedural skills (Niss & Højgaard, 2019). Although 

this conception in the domain of chemistry and biology is perhaps better known as óemergentism,ô it 

is not different from the supervenience thesis (the authors do not use these theoretical labels), and 

psychophysical supervenience can consequently be seen as a special case of emergentism (cf. e.g., 
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Kim, 2010). With a definition of emergentism from Kim: ñWhen aggregates of material particles 

attain an appropriate level of structural complexity (órelatednessô), genuinely novel properties emerge 

to characterize these systemsò (Kim, 2006, p. 292).  

How does this particular ópictureô of the relation between skills and competencies advanced by Niss 

and Højgaard fare? Clearly, the higher-order properties themselves, differentiated as they are in the 

eight different leaves of the KOM-flower, are applicable in the preparation of specific curricula, for 

the evaluation of performances, and in other ópraxis directions.ô The authors end up their 2019 paper 

by listing a number of óeducational uses,ô and certainly the KOM-framework has a strong track-record 

of applicability. The theoretical underpinnings of KOM are also helpful for developing a deeper 

understanding of skills and competencies. Clearly, the competencies rely on the skills, in the sense 

that the competencies do not come into existence without the skills, and the picture of emergence is 

perhaps truly helpful here. It gives us a hand in uncovering a bit more about what this órelianceô would 

amount to. Part of the idea with emergentism is that the bottom layer of the particles necessitates the 

existence of the aggregated, more complex layer of the system with its new properties. The bottom 

layer plays an aggregating role for bringing the aggregated level of (new) properties into existence. 

This means, that an instantiation of a particular set of aggregating properties necessarily leads to the 

set of aggregated properties. Mentioned en passant with respect to this specific point, emergentism 

and supervenience may come apart. Thus, it is debated whether supervenience (as defined above in 

this paper) also entails this stronger ónecessitating featureô between the base level and the supervening 

level of properties. (cf. e.g., Kim, 2010, p. 9). Yet, with respect to Niss and Højgaard (2019), this 

necessitation from the base level is a stronger claim than merely saying, as they do, that the base with 

properties P is necessary, but not sufficient for M, or, in terms of skills and competencies, that skills 

are necessary, but not sufficient for the competencies coming into existence. In accordance with 

emergentism, the aggregating properties, i.e., the supervenience base, is sufficient for bringing about 

the emerging properties. Transferred to the domain of skills and competencies, the skills would then 

after all be sufficient for bringing competencies into existence. This is obviously not what Niss and 

Højgaard claim, but if the metaphor with emerging properties is taken at face value, this is what their 

view implies, and it therefore appears to harbour an inconsistency.  

Instead of giving in on Niss and Hßjgaardôs assumption that procedural skills are necessary, but not 

sufficient for competencies, we should likely give in with respect to the usefulness of the model of 

emergentism instead. The problematic part of emergentism applied to skills and competencies is the 

condition about ónecessitation.ô Competencies are certainly related to various procedural skills, 

through the subjectôs acquisition of themðbut the competencies do not come fully into existence 

from the mere acquisition of these skills. Remember that they are not reducible to the skills 

themselves, according to Niss and Højgaard. As mentioned above, part of the explanation for this 

probably lies in óthe many-one constraint.ô If we give in with respect to emergentism because of a too 

close bond between skills and competencies (via ónecessitationô), how should we then understand the 

relation between skills and competencies? 

Perhaps we could sayðslightly vaguelyðthat competencies only óbloomô through a personôs 

applying the acquired skills and knowledge in various contexts. This would be in line with the last 

part of Niss and Hßjgaardôs definition: ñCompetence is someoneôs insightful readiness to act 

appropriately in response to the challenges of given situations.ò (Niss & Hßjgaard, 2019, p. 12). 

Would it be clearer to seek a Solomonic middle ground by preserving that competencies, on the one 
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hand, (really) are acquired through learned skills (and knowledge) and are attributable as properties 

of persons (p. 11), but, on the other hand, only (really) come into (mature?) existence through 

application in shifting (new?) contexts? This would be a way to accommodate our willingness to 

speak of types of levels in mastery of a specific competency, e.g., in dealing with symbols and 

formalism or with mathematical modelling (cf., Niss & Højgaard, 2019, pp. 21ï22). Still, it can be 

asked, are competencies as properties of persons attributable to subjects apart from their being 

applied? Put differently, can persons possess them independently of their attribution? The 

acknowledgement of the importance of this aspect of competencies is clearly indicated by the first 

part of Niss and Hßjgaardôs definition: the óreadiness to act.ô This line of argumentation would make 

competencies look more like so called ódispositional propertiesô (like solubility, flammability, etc.). 

Perhaps then a óreadiness to actô account of mathematical competencies, where these are not reducible 

to learned skills (+knowledge), fares better?  

If we ignore the attribution-aspect, and instead seek an account of the skill-competency relation in terms 

of óreadiness to act,ô how would such an account look, then, if we remind ourselves, that ócompetencies 

cannot be reduced to skills (+knowledge)ô? Well, why are competencies considered not to be reducible 

to (relevant) skills? The central elements of the supervenience thesis plus what we dubbed óthe many-

one constraintô is helpful with an answer to this. Remember that supervenience is an asymmetrical 

dependency relation. Competencies need skills (+knowledge) in order to existðnot the other way 

round. On the other hand, competencies are different from the skills they rely on. In the scholarly 

discussions of the nature of mind and body, it is obvious what the specific candidates for ónonreductiveô 

properties are, motivating for theories accommodative for mental properties being different from 

physical propertiesðdespite the former being dependent on the latter for their existence. Consciousness 

and intentionality are such ótop candidates,ô as we have seen in the motivation for psychophysical 

supervenience. How do competencies in any comparable way óstand outô from skills from the 

perspective of Niss and Hßjgaard? What we called óthe many-one constraintô describes how a given 

competency typically requires the activation of a multitude, probably hundreds, of different, very 

specific procedural skills, each of which draws upon a reservoir of factual knowledgeò (Niss & 

Højgaard, 2019, p. 20). How does the quantitative difference between óthe many skillsô and óthe one 

competenceô add up to a qualitative difference of a nonreductive sort? Why canôt we just say that a 

specific competency is nothing more than the sum of the individual elements (skills) it relies on, and 

therefore reducible to those skills (+the individual sets of knowledge related to each skill)? 

If (and only if) competencies are considered in abstraction from the contexts of application, uses, 

exercises, and challenges, they will be reducible to the constituent skills. Each competency would 

arguendo then just be the mere instantiation of the arithmetic sum of its constituent parts, the relevant 

skills. The competencies thus considered are mere resultant, additive properties of their parts. So, in 

abstraction, we might after all be able to consider a competency as a dispositional property of a 

person. Yet, in the concrete, things look differently. ñThe core of mathematical competency,ò Niss 

and Hßjgaard declare, ñis the enactment of mathematics in contexts and situations that present a 

certain kind of challengeò (2019, p. 20). No such challenges arise from the abstract perspective of 

competencies as óreadiness to actô on oneôs acquired knowledge and skills. The potential irreducible 

character of a competency comes from the transfer of an individualôs acquired knowledge and skills 

into a new situation. Competencies from this óconjunctive perspectiveô are from an abstract 

perspective reducible to sets of skills, the learning of which leads to óreadiness to actô in a 
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dispositional sense. Yet, they are irreducible precisely when they are challenged through being put to 

use in new contexts. Still, the question of the precise role of the body within a framework like this 

calls for further reflections. A number of mental features such as our capabilities for abstract thinking, 

modelling, and representing equations and numbers, continue to challenge truly embodied accounts 

of mathematical competencies. 

Embodiment and mathematical competencies 

In the last three-four decades, we have been witnessing a turn in cognitive sciences, social sciences, 

and the humanities: the turn toward understanding learning, feeling, and cognizing as situational 

enacted, embedded, extended, and embodied activities, standardly referred to as ó4Eô (Lakoff & 

Johnson, 1999; Shapiro, 2019; Varela et al., 1991). An additional number of Es such as óEmotionô 

have been added over the years, but only very recently, óEducationô has arrived. These 

conceptualizations of embodied cognition have also had an impact on the understanding and 

exploration of learning and skills within mathematics (see e.g., Lakoff & Nuñez, 2000). A number of 

óalternative,ô óimplicitô skilled ways to learn various mathematical concepts, such as  óproportional 

equivalenceô (e.g., Abrahamson et al., 2021; Hutto et al., 2015), have challenged cognitivism by 

claiming that these skills are not requiring any appeal to explicit, content-full representations, but 

instead appear to be based on ñcontent-free enactive explorations that unfold within learning 

contextsò (Hutto et al., p. 385). The literature on embodied mathematical cognition gives suggestions 

to the effect that mathematical skills from a learning perspective ultimately rely on bodily skills 

(Lakoff & Nuñez, 2000; Nuñez et al., 1999). In (Hutto et al., 2015), for example, proportional 

equivalence (e.g., instantiated by ó6:10 = 9:xô) was learned by students through developing a 

bimanual motor-action scheme, where the manipulation of handles dynamically correlated with visual 

feedback from cursors on a screen enabled the students to learn óproportional equivalenceô without 

the involvement of any mathematical symbolism. Ideas like these invite for pursuing 

reconceptualizations of procedural knowledge in mathematics (e.g., Star, 2005), and give evidence 

to the effect that certain mathematical tasks can be accomplished by alternative, embodied, enacted 

procedures (e.g., Abrahamson et al., 2021; Donovan & Alibali, 2021). Still, one central set of issues, 

that continues to tease and frustrate researchers who address skill-based perceptual or cognitive task 

in attempts to find non-cognitive óalternativeô ways to accomplish them, is the plethora of high-level 

tasks of cognition, such as thinking and having reflective conscious awareness. These issues certainly 

appear pertinent and relevant to address for educational purposes, where the emphasis on formal ways 

of teaching and didactical thinking has been the tradition. 

Clearly, the KOM framework is conceived from a cognitive perspective. So much the more surprising 

it is that Niss and Højgaard (2011) at the same time are very much aware of a number of elements 

(potentially) closely connected to an embodied perspective, which they leave out or behind: ñwe have 

maintained mathematical competence and competencies as basically cognitive constructs. In so 

doing, the significance of affective, dispositional and volitional factors of mathematical mastery and 

learning has in no way been disregarded, but these factors are of a different nature to the ones taken 

into account in this frameworkò (Niss & Hßjgaard, 2019, p. 26). Also, their very definition of 

competence as ñsomeoneôs insightful readiness to act appropriately in response to the challenges of 

given situationsò (2019, p. 12) should be discussed in the context of so called óenacted theory,ô a 

theory complex in cognitive science of a 4E kind, which emphasizes the importance of cognitive 
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agentsô implicitly knowing the interrelations between their sensory inputs and motor capabilities (see 

e.g., Hutto (2005) for some varieties of enacted theory). 

Even if we do not have evidence for the strong claim that all types of mental states supervene directly 

on the skilled habitual behaviour of agents, the existence of alternative, embodied routes to obtaining 

mathematical tasks of various sorts indicates the bandwidth and plasticity of our learning repertoire 

and demonstrates that importance of this research for educational purposes. 
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Computational thinking and mathematics viewed as 

interdisciplinarity  

Morten Misfeldt1, Uffe Thomas Jankvist2, Raimundo Elicer1, Andreas Lindenskov Tamborg1, 

Thomas Brahe1, Eirini Geraniou3 and Kajsa Bråting4 

 

The international trend towards young people learning programming and computational thinking in 

compulsory school has led to different developments in mathematics teaching. In this paper, we view 

this as a case of interdisciplinarity and explore what the interplay between mathematics and 

computational thinking in K-9 schools in Denmark, Sweden and England looks like through this lens. 

Based on national curriculum standards, resources and knowledge about educational practices, we 

compare intentions and realities in these three countries. The analysis suggests that the school 

systems in the three countries all look at the interplay between mathematics and programming as 

interdisciplinarityðbut as different types of interdisciplinarity. In England, we see a weak integration 

of disciplines driven by a pragmatic need, in Sweden a deeper integration of disciplines, and in 

Denmark there is a focus on understanding and overview across disciplines.  

Keywords: Programming and computational thinking, technology, mathematics, interdisciplinarity.  

 

Introduction  

Across the globe, there is a general push in the direction that young people should be taught 

programming and computational thinking in compulsory school (Bocconi et al., 2022). In some 

countries, this ambition is addressed through mathematics teaching (Tamborg et al., 2023). This 

makes it interesting to view the interplay between technology education and mathematics education 

as a case of interdisciplinarity in itself, where, in the best of all cases, there can be a mutual 

fertilization between disciplinary and pedagogical traditions. From a historical perspective, we 

observe a movement from an early (beginning around 1980) interest in children programming to 

improve their mathematical capabilities and provide new ways of working with mathematics, to a 

period with a lesser focus on the interplay between programming and mathematics (roughly 1990-

2010) (Clements & Sarama, 1997). We now find ourselves in the middle of what can be characterized 

as a ñsecond waveò of the interplay between programming and mathematics education (Lodi & 
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Martini 2021). A little before 2010, people from computer science and industry stated that children 

need to learn about computingðor ñcomputational thinkingò (Wing, 2006). In the years to follow, 

some countries began to take up this challenge and implemented computer science and programming 

in compulsory school.  

This paper explores the questions: To what extent may the interplay between mathematics and 

computational thinking in K-9 schools in Denmark, Sweden and England, be viewed as examples of 

interdisciplinarity? And, how does this unfold on the level of national curriculum standards, in 

resources and in educational practices? 

The main purpose of addressing these questions is to create an ñorienting frameworkò for the 

navigation of resources to support the teaching of programming and computational thinking and 

mathematics. The questions are addressed by a theoretical discussion viewing examples of practices, 

resources and political documents from the three countries Denmark, Sweden and England. These 

three countries all work with implementing programming, computational thinking, digital 

competencies, and technology as part of their curricula. Hence, by juxtaposing the approaches we 

might be able to see more clearly the nature of the interdisciplinary relations between computational 

thinking and mathematics. In the paper, we first describe the research project ñProgramming and 

Computational Thinking and Mathematical Digital Competencies,ò and the theoretical and 

methodological constructs that we apply.  

The project ñProgramming and Computational Thinking and Mathematical 

Digital Competenciesò  

In the project, ñProgramming and Computational Thinking and Mathematical Digital Competencies,ò 

we take as outset that we are in the middle of an international wave that pushes implementation and 

Programming and Computational Thinking (PCT). With that outset, we look at the policies and 

practices in the three different countries of Denmark, Sweden and England. We apply the Danish 

competencies framework (Niss & Højgaard, 2011; 2019) augmented with the notion of 

ñMathematical Digital Competenciesò (MDC) (Geraniou & Jankvist, 2019) in order to study and 

compare the way PCT is implemented. MDC involves awareness of which tools to apply for what 

mathematical purposes, using digital technology reflectively for problem-solving and learning, and 

engaging in a techno-mathematical discourse.  

Within the project, we have combined a comparative study of how PCT is integrated with 

mathematics teaching at the compulsory level in the three countries with design experiments. To 

develop synergies between mathematics teaching and PCT in the Danish school system, we have 

compared approaches and resources from the three countries (this work is described in Elicer & 

Tamborg, 2022; 2023). Based on these findings, we have conducted design-based interventions to 

verify and refine our understanding of potential synergies between PCT and mathematics, and we are 

currently in a process of developing easy-to-use teaching sequences as an educational resource for all 

teachers (Misfeldt et al., 2022).  

Theory and method: Comparing interdisciplinarity  

We view the way that computational thinking is incorporated in the mathematics curriculum through 

the lens of interdisciplinary configurations. The idea is that this lens will allow us to look at the way 

that mathematics meets PCT in teaching and in curricular documents.  
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Jensen and Jankvist (2018) distinguish three kinds of interdisciplinarity addressing different types of needs.  

(1) Interdisciplinarity as integration of disciplines on the border of two existing disciplines. 

Examples are mathematical economics, bioinformatics and geophysics as examples. This 

kind of interdisciplinarity is driven by a demand for specialization.  

(2) Interdisciplinarity as the integration of disciplines. Examples are business studies, which 

integrates economics, sociology, law, etc.; medical science, which integrates chemistry, 

physiology, psychology, etc.; engineering, which integrates mathematics, physics, geology, 

etc. This type of interdisciplinarity is driven by a demand to integrate elements from basic 

disciplines to create an applied discipline.  

(3) Interdisciplinarity as understanding and overview across disciplines, or as a kind of 

ñAllgemeinbildung,ò a type of interdisciplinarity that is a response to negative and 

unfortunate consequences of disciplinary specialization. This involves creating the need for 

bridge-building and the ability to see problems through different disciplinary lenses. 

We will use these three types of interdisciplinarity to look at the Danish, the Swedish and the English 

responses to increased focus on programming and technology education, more specifically how 

mathematics and PCT are related in school discourse and practice in the three countries.  

Using a combination of an inductive and a deductive comparative strategy, we show the differences 

and similarities in the configurations of interplay between PCT and mathematics (Bereday, 1967). 

More precisely, we shall use the three kinds of interdisciplinarity developed by Jensen and Jankvist 

(2018) to develop a decontextualized comparison of the relationship between the teaching of PCT 

and that of mathematics in the three countries. We view the implementation stories from the three 

countries as critical cases, where the everyday mathematics teaching acts to support the comparison. 

In the comparison, we build on the short implementation stories described below. These descriptions 

are reconstructions based on previous research that we refer to in the individual sections describing 

the approaches of the three countries. 

Implementing programming and computational thinking in the three countries 

In England, one main reason for focusing on computational thinking is to support the industry 

(Tamborg, 2022). The structure resembles the scientific discipline. In a sense, it is a kidsô version of 

computer science, which has been implemented in the educational system since 2013 as the school 

subject ñcomputingò (Misfeldt et al., 2020). In Sweden, the work with programming and computational 

thinking has been much closer related to the subject of mathematics. In 2018, it was decided that all 

Swedish students should work with programming in relation to their mathematics classes, from grade 

1 through grade 12 (Bråting & Kilhamn, 2021). At compulsory school level, programming was 

integrated in close connection to algebra and at upper secondary level mainly in relation to problem 

solving. Furthermore, this initiative was motivated by equity, and especially by an aim to avoid a new 

type of digital divide between people who can create value with technology and people who 

increasingly become consumers and spectators to life through technology (Heintz et al., 2017). 

Denmark, on the other hand, has been experimenting with a new topic of ñtechnology comprehensionò 

in a number of schools for the past four years. Technology comprehension has been tested as both a 

subject in its own right, and as a part of other existing school subjects, e.g., first language (L1), 

mathematics, science, and social science. In both cases, the motivation has mainly been citizenship and 
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democratic empowerment (Smith et al., 2020). The focus for technology comprehension encompasses 

design competencies, computational thinking, citizenship, and technical skills.  

We now provide a more detailed account for each of the three countries, beginning with Sweden. 

Details about the Swedish approach 

In 2017, the Swedish K-9 curriculum was revised with more focus on studentsô digital competence.  

This led to the revision of all major school-subjects, and in this process, programming became part 

of mathematics throughout grade levels 1 to 9 (Heintz et al., 2017; Swedish National Agency of 

Education, 2018). The Swedish mathematics curriculum is organized in six areas: Understanding and 

use of numbers; Algebra; Geometry; Probability and statistics; Relationship and change; and Problem 

solving. Programming was added to algebra at all grade levels and described in the following way 

(Swedish National Agency of Education, 2018, pp. 56ï59): 

ǒ  Grades 1ï3: How unambiguous, step-by-step instructions can be constructed, described, 

and followed as a basis for programming. The use of symbols in step-by-step instructions. 

ǒ  Grades 4ï6: How algorithms can be created and used in programming. Programming in 

visual programming environments. 

ǒ  Grades 7ï9: How algorithms can be created and used in programming. Programming in a 

visual and text-based programming environment. 

For grades 7ï9, algorithms are also mentioned in relation to problem solving, and computer 

simulations are mentioned in relation to statistics: 

ǒ  How algorithms can be created, tested, and improved in programming for mathematical 

problem solving. 

ǒ  Assessment of risk and chance based on computer simulations and statistical material. 

Computational thinking is not mentioned in the Swedish national curriculum document. Instead, the 

focus is mainly on algorithms and programming. The Swedish curriculum displays a clear progression. 

In the early years, programming is approached by focusing on step-by-step instruction and symbols, 

often in so-called unplugged activities. In middle school, focus is on algorithms in visual environments, 

and from grade 7 using text-based programming (Bråting & Kilhamn, 2021). Helenius and Misfeldt 

(2021) analyze the Swedish and Danish situation and noticed that programming itself is the main focus 

in Sweden, whereas there is less focus on how programming can be used as mathematical tools. Another 

characteristic of programming in the Swedish mathematics curriculum is its focus on practices and 

problems, whereas programming concepts and data structures, are more or less absent. 

Details about the Danish approach  

Denmark has not yet made a final decision on revising the curriculum to include informatics-related 

topics (as of 2023). Nevertheless, in 2018, the Ministry of Education initiated a pilot project where 

46 schools began teaching a new subject called technology comprehension with the ambition to teach 

K-9 students the ability to critically relate to and shape technology (Børne- og 

Undervisningsministeriet (BUVM), 2018). The project began with developing a curriculum for 
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technology comprehension as a subject in its own right. This curriculum included four competence 

areas, namely: Digital empowerment; Digital design and design processes; Computational thinking; 

and Technological agency. Each competence area was defined by three to five subject matter areas 

presented as pairs of skill set and knowledge. In the case of computational thinking, the subordinated 

subject matter areas are: Data; Algorithms; Structures; and Modeling.  

As previously mentioned, the project experimented with two different implementation strategies; (1) 

as an independent subject as described above and (2) as integrated into other subjects, among those, 

mathematics. Six technology comprehension components were integrated in mathematics: (a) digital 

design and design processes; (b) modeling; (c) programming; (d) data, algorithms and structures; (e) 

user studies and redesign; (f) computer systems. (BUVM, 2019). Even though these elements are 

added to the curriculum, they are not explicitly related to existing mathematical competencies and 

subject matter areas. This results in a curriculum consisting of juxtaposed components from 

technology comprehension and mathematics, thereby placing the responsibility of developing 

meaningful integrations in concrete teaching on the shoulders of teachers.  

Details about the English approach   

England was among the very first countries to focus on PCT in relation to compulsory school. This 

happened in 2014 with a new computing curriculum (Department for Education, 2014a). The 

computing curriculum replaced a prior mandatory Information and Communication Technology 

(ICT) curriculum. This topic mostly covered basic usage of technology and information search and 

the ability to assess quality of information (Department for Education and Employment, 1999). A 

central reason for this change was that the ICT curriculum fell short in preparing students to contribute 

to the ICT industry, which was important for economic growth in England. Furthermore, there was a 

decline in recruitment in ICT and computing courses (Council of Professors and Heads of Computing, 

2009; the Royal Society, 2012; Microsoft, 2007). 

The argument that schooling should promote PCT since industry needs ICT professionals is not 

unique to England, but the English case is very clear in how this motivation leads to policy and 

implementation. The English computing curriculum can be seen as a simplified version of computer 

science as taught in tertiary education. In headlines, this curriculum aims at:  

1. understanding and applying fundamental principles of computer science,  

2. the ability to analyze problems in computational terms, 

3. evaluating new and familiar technologies, and  

4. to educate students to become responsible, competent, confident and creative users of 

technology. (Department for Education, 2013)  

The content consists of: (a) algorithms and programming; (b) logic; (c) computational thinking; (d) 

digital content and potential uses for digital technology; (e) safety and citizenship; and (f) systems, 

search and software (Department of Education, 2013). The teachers of the previous ICT subject were 

assigned the responsibility of teaching computing (Larke, 2019). This, despite the fact that ñICTò and 

ñcomputingò were highly different. Formally, there is no relation to mathematics, but both teachers 

of mathematics and mathematics education researchers have taken up the focus on programming and 
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computational thinking (e.g., Benton et al., 2017; 2018). Hence, on the level of pedagogical practice 

the relation between mathematics and PCT does exist.  

PCT and mathematics teaching in the borderland between school subjects and 

political intentions with schooling 

We view the problem of understanding the interdisciplinary configuration between programming and 

computational thinking, on the one side, and mathematics, on the other, on a continuum from policy 

intentions and documents, over resources to actual teaching practice.  

We have previously argued (Tamborg et al., 2022) that the politically decided curricular structures 

that specify the interplay between programming and mathematics can be described as displayed in 

figure 1. Sweden has implemented deep integration. This is visionary, but it also naturalizes the 

relation between programming and mathematics. In Sweden, programming is focused on algorithms 

and it is closely related to algebra. 

                     Integrated (SE)     Juxtaposed (DK)  Separated (ENG) 

 

Figure 1: Three types of curricular integration between mathematics and computation thinking. From 

Tamborg et al. (2023) 

In Denmark, the details of the relation between programming and mathematics were not specified in 

the curriculum, but the intention of relating mathematics and technology is clear. In the English case 

there is no relation between mathematics and programming, but both feed into a pragmatic concern 

about raising studentsô abilities in relation to technical and mathematical situations.  

In order to compare the policy level intentions and official curricula in more detail, we can distinguish 

scholarly knowledge and practical knowledge (Helenius & Misfeldt 2021). On the level of scholarly 

knowledge, the Danish approach is broad, since it combines computer science, sociology of 

technology and experiments with integration into several of the school subjects (mathematics, 

science, first language and craftsmanship). England has a focus on the academic discipline of 

computer science and on educating for becoming part of the technology industry. In Sweden, the 

strong relation to mathematics, and especially to algebra, means that the scholarly knowledge 

addressed is focused on the intersection of computer science and algebra, in particular algorithms and 

variables. Regarding the practical knowledge addressed in the curricular documents, the Danish 

technology comprehension has an affinity to design thinking and the ability to prototype and develop 

technology. Furthermore, the Danish approach puts emphasis on analyzing the influence of 

technology on society. The practical knowledge, which is the focus of the English and Swedish 

documents, is much more related to programming and algorithms. The differences between the 

scholarly and practical knowledge in focus are shown in Table 1.  
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Table 1: The way that the curriculum documents focus on scholarly knowledge and practical 

knowledge 

Country  Scholarly knowledge Practical knowledge 

Denmark Broad knowledge of technology, and 

technology as part of topic/in topic 

Design of technology and analysis of 

technological situations 

England Computer science for kids in a sense 

monodisciplinary 

Programming and technology development 

Sweden Mathematics, algebra and algorithms, 

viewed as an integrated topic 

Algorithms and programing addressing 

mathematical problems 

 

If we look at the teaching resources that are provided for working with PCT, we can also see a clear 

difference in the focus and way that the interplay between technology and computing is addressed. 

Based on examples, we have previously shown that the materials in the three countries differ (Elicer 

& Tamborg 2022; Misfeldt et al., 2020). We have analyzed teaching resources from Denmark and 

Sweden to discuss the difference in how they address this interdisciplinarity (Elicer & Tamborg, 

2022; Misfeldt et al., 2020). Because of the status of the curricula, there are published textbooks in 

Sweden with programming integrated into mathematics. In Denmark, these resources are online 

teaching units for the pilot project on technology comprehension. Some resources focus mostly on 

programming and algorithms while others take a broader view, one including the handling of data 

and computer modeling. Danish tasks cover a wide range of mathematical topicsðarithmetical, 

geometrical, and statisticalðconcepts, while Swedish tasks mainly focus on patterns and sequences.  

As for the English case, there is no such intent of making PCT and mathematics an interdisciplinary 

field. However, there are resources produced and made available by, for example, the ScratchMaths 

project (Benton et al., 2017). Their core contribution is a collection of teaching resources that express 

what they can do for studentsô mathematical learning. This is the so-called 5Eôs pedagogical 

framework for action: Explore; Envisage; Explain; Exchange; and bridgE. The latter attempts to have 

students connect computational and mathematical ideas. 

Our comparable data about the teaching practice in the three countries consist of expert interviews 

(further elaborated in Tamborg et al., 2022). Based on this, we see that in Denmark there is a broad 

covering of all aspects of PCT in comparison with England and Sweden. However, while we in the 

public discourse see a relatively clear orientation in Denmark towards democratic education, this is 

less clear when looking at the combination of interviews and curriculum (Tamborg et al., 2022).  

In England, it was a surprise that socioeconomic inequality was so present in the analysis. Previous 

research (Tamborg et al., 2022) unanimously found a clear orientation in English policy toward 

building a strong competitive workforce.  

Discussion: Interdisciplinarity as a window to national differences when 

implementing PCT 

The notion of interdisciplinarity helps us understand some of the differences between how PCT is 

implemented in Denmark, Sweden and England.  

In England, we see what Jensen and Jankvist (2018) describe as interdisciplinarity as integration of 

disciplines on the border of two existing disciplines, driven by a demand for specialization. On the 
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policy level, we see more or less no integration between mathematics and PCT, as the computing 

topic is formally not attached to the mathematics curriculum. Still, the purpose of adding computing 

to the curriculum is not completely disjoint from the larger purpose. Even though the computing 

curriculum as such is unrelated to the mathematics curriculum, the English case shows that this does 

not imply that no integration is pursued. Firstly, integration can be left to teachers and material 

developers as in the ScratchMaths project. Furthermore, the basic incentive of the curriculum has 

been to develop a strong workforce that can specialize in technology development. In a sense, the 

interdisciplinary interplay between mathematics and PCT in the English school system is not driven 

by overt political intentions. The unfolding of the interdisciplinary relation between mathematics and 

PCT is rather driven by non-policy agents, such as teachers, scholars and NGOs. Nevertheless, there 

is a rich environment oriented towards experimenting with making use of PCT as a part of 

mathematics education. In addition, mathematics and computing are aligned on the level of values, 

since the overall political intention of implementing PCT is to enhance studentsô inclination towards 

careers in technology development. This leads us to suggest that the English situation is framed by a 

demand for specialization and the need to develop strong skills at the intersection between 

mathematics and PCT. That is, it is interdisciplinarity of the first type since the tech entrepreneur 

integrates elements from both mathematics and computer science to develop new solutions in a 

specialized borderland between the two disciplines. Even though the goal of integrating mathematics 

and PCT is relevant and to some extent articulated in relation to the English implementation of PCT, 

there is no such thing as an attempt to develop a new topic or integrated scholastic discipline. The 

need for integration is pragmatic rather than epistemic. 

In Sweden, we rather see what Jensen and Jankvist (2018) refer to as interdisciplinarity as the 

integration of disciplines. Jensen and Jankvist provide examples of business studies that integrate 

economics, sociology, law, etc.; medical science, integrating chemistry, physiology, psychology, etc.; 

and engineering, which integrate mathematics, physics, geology, etc. This type of interdisciplinarity 

is driven by a demand to integrate elements from basic disciplines to create an applied discipline, in 

Swedish case one of algebra and algorithms with an independent object and an epistemic approach. 

On the curriculum level, we have entitled this as an integrated approach to PCT and mathematics. 

PCT components are integrated into specific mathematical areas (e.g., programming in algebra). 

While this on the one hand offers little autonomy for teachers, it does on the other hand attempt to 

create a meaningful and more complete disciplinary package of objects and methods that allows 

students and teachers to move beyond a pragmatic need for specialized skills and towards a more 

fully integrated disciplinary identity. This is seen in the ambitions and structure of the national 

curriculum standards as well as in the tendency to address genuine mathematical problems with PCT 

in the Swedish materials and resources (Elicer & Tamborg, 2022). Nevertheless, there are also 

indications that the integration is not complete. Bråting and Kilhamn (2021) show that there is still a 

way to go before the programming tasks that are being promoted always serves a mathematical goal, 

and Helenius and Misfeldt (2021) show that the integration between mathematics and PCT is still 

mainly on the practical level and less developed on the theoretical level. 

In the Danish case, there is a strong resemblance to what Jensen and Jankvist (2018) describe as 

understanding and overview across disciplines. This is a form of general education or 

ñAllgemeinbildungò (Bildung). As previously mentioned, this type of interdisciplinarity is a response 

to negative and unfortunate consequences of disciplinary specialization and involves creating the 
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need for bridge-building and the ability to see problems through different disciplinary lenses. The 

ambition of looking at technology as digital empowerment, digital design and PCT, and from various 

disciplinary perspectives, includingðbut not limited toðmathematics, does reflect an ambition on a 

very high level of abstraction. The specific description on how mathematics and technology can be 

related in the Danish curriculum are, nonetheless, more juxtaposed than integrated, since the details 

in the relation between PCT and mathematics are largely left to the teachers. Nevertheless, there is a 

number of indications that the scaffolding is in fact too weak for the current state of implementation. 

Hence, there is a risk that this autonomy does not really lead to a realization of interdisciplinarity as 

understanding and overview. Helenius and Misfeldt (2021) contrasted the Swedishðñpractice 

without theoryòðintegration between mathematics and PCT, to a Danish situation of ñtheory without 

practice.ò Research on Danish teachersô usage of teaching materials based in relation to the 

experimental program in technology comprehension shows that the materials are followed with high 

fidelity, which could indicate that teachers do not feel skilled to adapt the material on their own 

(Børne- og Undervisningsministeriet, 2021). In that sense, Denmark clearly aims at a Bildung style 

of interdisciplinarity, i.e., that of type three. Still, the currently weak teacher capacity and slow 

approach to implementation challenges this ambition, since the teachers tend to only follow 

predetermined materials. We present an overview of the various approaches and levels in Table 2.  

Table 2: Interdisciplinary configuration at various levels 

Country  Policy level Resource level Teaching practice 

and expert level 

Configuration  

England Separated, but shares 

values of driving 

recruitment for 

technology 

development 

Programming and 

technology 

development is 

addressed by 

numerous resources 

Structured by 

schools/colleagues. 

Heavy use of 

resources. 

Interdisciplinarity 

type 1- focusing on 

specialization into 

technology 

professions 

Sweden Integrated Algorithms and 

mathematical 

problem solving 

Structured by the 

national level. 

Tendency to practical 

integration without 

theoretical 

integration 

Interdisciplinarity 

type 2 ï developing 

an applied discipline 

of algebra-algorithms 

and computing 

Denmark Juxtaposed Mission, design and 

empowerment driven 

Autonomy in 

principle - but strong 

dependence on 

materials in practice. 

Interdisciplinarity 

type 3: understanding 

and overview across 

the many aspects of 

digitalization 

 

Conclusion: PCT and mathematics as two of many things 

In this paper, we have shown that the integration of PCT into school can relate in a number of different 

ways to mathematics teaching. One way of looking at these different approaches is through the lens of 

interdisciplinarity. This lens has allowed us to untangle some of the differences in ambitions and reality 

of Englandôs, Swedenôs and Denmarkôs ways of relating PCT and mathematics teaching as different 

ways of doing interdisciplinarity. The question of if the interplay between mathematics and 

computational thinking in K-9 schools in Denmark, Sweden and England, may be viewed as examples 
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of interdisciplinarity can be answered with a óyesô. Still, we can also see that there are ways in which 

the ambitions of the curricular documents are not completely fulfilled in the developed resources and 

in educational practices. Especially Sweden seems to attempt to develop a sort of applied discipline 

between algorithm and algebra, but in the current practice there are little theoretical concerns of why 

this makes sense and what it can offer. Similarly, Denmark seems to be attempting at developing an 

approach to teaching technology that highlights understanding and overview across various fields, but 

lacks practical foundations in technology development, programming and computational thinking.  

The fact that we can view the interplay between PCT, on the one hand, and mathematics, on the other, 

as very different cases of interdisciplinarity in the different countries calls for further research. We 

have previously tried to understand the necessity and nature of mathematical digital competences 

(MDC) (Geraniou & Jankvist, 2019) as an attempt to update the normative aspect of mathematics 

instruction to meet digitalization. Nevertheless, the division of labor between mathematics and PCT 

is of a different nature in the three countries under scrutiny, meaning that there is a further need to 

understand what parts of MDC that reside ñnaturallyò in mathematics teaching and what parts that 

may potentially be outsourced to a computing curriculum.    
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The Lifestyles Project: An interdisciplinary integration of 

mathematics with science, arts and English in the Québec context 

Midhat Noor Kiyani1, Limin Jao1, Cinzia Di Placido1 and Sun Jung Choi1 

 

Learning mathematics in a silo presents it as a complex discipline that is detached from the real 

world. As such, there is a growing interest in interdisciplinary mathematics education (IdME) in 

Qu®becôs secondary education. However, novice secondary teachers in Québec find it challenging to 

adopt IdME due to a dearth of literature providing concrete examples of this approach. Thus, this 

narrative practice-based paper discusses a descriptive example from a Québec school where IdME 

took place in a Secondary 2 (Grade 8) classroom through the ñLifestyles Project.ò The Lifestyles 

Project was sub-divided into three consecutive assignments (Hobbies, Careers, and Bedroom 

Design), interspersed in the mathematics course throughout the year. In each of these assignments, 

students were graded using rubrics designed by the two collaborating teachers of the integrated 

subjects. Learning from the example of the Lifestyles Project, we encourage researchers and 

educators alike to further examine the ways to develop IdME initiatives and transform mathematics 

instruction to make it engaging, meaningful, and relevant for the students.  

Keywords: Interdisciplinary mathematics education, Québec secondary education, project-based 

learning   

 

Introduction  

Mathematics knowledge and processes are used in multiple aspects of everyday life. Engaging in 

mathematics fosters critical thinking and problem-solving skills, which are also crucial to addressing 

complex global issues. Although mathematics plays an important role in society, most students still 

find it vague, abstract, and detached from reality (Mosvold, 2008). As a result, interdisciplinary 

mathematics education (IdME) has received considerable attention in recent years (Chao-Fernández 

et al., 2019; Chi, 2021; Kokko et al., 2015). In line with this trend, Qu®becôs Education Program 

(QEP) emphasizes the importance of interdisciplinarity and cross-curricular competencies for 

meaningful and engaging mathematics learning (Québec Ministry of Education, 2007a, 2007c, 

2007d). As underscored in the QEP, ñteachers should encourage students to discover the connections 

that may be made with other subjectséthrough interdisciplinary activities in the classroom or the 

schoolò (Qu®bec Ministry of Education, 2007c, p. 14). Students can improve their mathematical 

understanding if they are able to connect it with other fields of knowledge/disciplines (Québec 

Ministry of Education, 2007c). 

Despite the QEPôs emphasis on connecting mathematics with other disciplines, interdisciplinarity 

remains an ongoing concern in Québec secondary education. Novice secondary teachers face multiple 
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challenges in adopting interdisciplinary teaching and learning into their practices (Hasni et al., 2015; 

Lenoir & Hasni, 2010). Particularly, there is a dearth of literature that provides concrete examples 

and evidence of IdME to learn from (Lindvig & Ulriksen, 2019). In an attempt to address the 

highlighted issue, our narrative practice-based paper discusses an example from a Québec school 

where IdME took place in a Secondary 2 (Grade 8) classroom. In this paper, we aim to provide a 

detailed description of the implementation of an interdisciplinary project-based learning approach in 

a real-life setting. This interdisciplinary mathematics project will serve as an example of 

interdisciplinary learning and teaching within secondary mathematics education. 

Curriculum integration models and IdME  

The notion of integrated curriculum implies that different forms of knowledge and disciplines will 

work together to impart meaningful learning (Pring, 1971). In an integrated approach to teaching and 

learning, multiple disciplines are fused and combined together instead of teaching them separately 

(Costley, 2015). There are a variety of models of curriculum integration that exist to help practitioners 

understand and implement curriculum integration in their classrooms.  

Models of curriculum integration 

One model for curriculum integration (Vars, 1991) offers teachers three options for combining 

different disciplines, namely, correlation, fusion, and core curriculum. óCorrelationô is the simplest, 

most basic form of integration, where different subject teachers combine two or more disciplines in 

one topic simultaneously. Correlation is used to reveal connections between disciplines within a 

single subject area. For example, the mathematical concept of geometric figures might require 

discussions about strength of structures and symmetry, drawn from the subject of science. Taking 

correlation a step further, Vars (1991) describes ófusionô as an approach that involves merging the 

content of two or more disciplines to create an entirely new discipline. For example, a unit of study 

about water may be designed by fusing concepts from mathematics, science, and geography. The 

most advanced and complex approach in Varsô model is the ócore curriculum,ô which takes on a 

student-centered approach to curriculum integration. In this approach, the integrated curriculumôs 

nature and criteria are determined based on the needs and problems of the students. Teachers group 

studentsô needs and problems into clusters and then design integrated study/content units that 

integrate skills and subject matter content from any pertinent subject, suited to the original 

problem/need. As a result of this approach, the criteria for integration are to determine what subjects 

and forms of knowledge are essential to explore and solve the problem at hand.  

In contrast to Varsô model, Fogartyôs (1991) model proposes five approaches to integrate curriculum 

across disciplines: sequenced, shared, webbed, threaded, and integrated. Somewhat similar to Varsô 

ócorrelationô, the ósequencedô approach involves teaching relevant topics from different disciplines 

independently. These topics are sequenced to provide a framework for broad concepts and to facilitate 

the transfer of learning across content areas. The ósharedô approach focuses on the shared concepts, 

ideas, and skills as knowledge of two disciplines connected through a common topic. These common 

topics promote shared instructional experiences among learners, allowing them to make connections 

across the two integrated disciplines. Moving beyond two disciplines, the ówebbedô approach 

employs a thematic approach where three or more independently taught disciplines are combined 

such that they lean toward a common theme as a base for instruction. This approach helps learners to 

make sense of the topic under study by drawing knowledge from multiple disciplines. As the name 
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suggests, the óthreadedô approach involves integrating the disciplines together through the common 

thread of a chosen skill. In this approach, the content of the integrated disciplines is only a tool for 

learnersô skill development, such as social, thinking, technology, and study skills. Like the ócore 

curriculumô approach by Vars, Fogartyôs threaded approach is student-centered. However, in contrast 

to studentsô needs and problems, the nature and criteria of curriculum integration in the threaded 

approach depends on the selected studentsô skills. In this approach, the combination of disciplines is 

established by what skills the students need to develop. Lastly, in the óintegratedô approach, a 

common goal or theme, which requires knowledge of more than two disciplines, is proposed. In this 

approach, the overlapping aspects of the included disciplines encourage learners to see the 

interconnectedness and interrelationships between the disciplines. Graphical representations of each 

approach in Fogartyôs model are given in Table 1.  

Table 1: Fogartyôs model of curriculum integration across disciplines, adapted from Fogarty (1991) 

Approach Sequenced Shared Webbed Threaded Integrated 

Representation      

Another model of curriculum integration was later presented by Drake & Burns (2004), which greatly 

overlaps with some approaches of Fogarty (1991) and Vars (1991), see Figure 1. According to this 

model, teachers can integrate curriculum in three ways, starting from a ómultidisciplinaryô approach, 

which is at the lowest level of integration, to óinterdisciplinaryô and finally a ótransdisciplinaryô 

approach, which is at the highest level of integration. Similar to the correlation and webbed approaches 

of Vars and Fogarty respectively, the approach of multidisciplinary integration involves organizing the 

standards from multiple disciplines. These disciplines are combined such that there exist 

interconnections between the disciplines despite teaching them separately. In contrast to the 

multidisciplinary approach, in the óinterdisciplinaryô approach, teachers emphasize such concepts and 

skills that are common to two or more disciplines. Thus, the interdisciplinary approach resembles the 

óintegratedô approach of Fogartyôs model as both involve combining disciplines based on their common 

characteristics. Irrespective of the disciplinary and/or interdisciplinary skills and concepts, the 

ótransdisciplinaryô approach focuses on the development of innovative solutions to real life problems 

by using concepts and skills of all the disciplines. This approach greatly resembles Varsô core 

curriculum approach as both take the óproblem-centeredô approach as a basis of combining disciplines. 

Interdisciplinary mathematics education 

IdME occurs when an óinterdisciplinaryô approach to curriculum integration is used to teach 

mathematics (Chao-Fernández et al., 2019). In IdME, mathematics is often combined with science, 

arts, and/or languages (Lovemore et al., 2021; Serrano Corkin et al., 2020). The interdisciplinary 

integration of mathematics presents mathematics in a wider context (Chi, 2021); combined with real-

world knowledge to foster problem solving skills and inquiry among students (Williams et al., 2016).  
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Figure 1: Venn diagram showing relations and interconnections between Fogarty (1991), Vars (1991) 

and Drake & Burns (2004) models of curriculum integration 

IdME also develops studentsô understanding and sense of how mathematics relates to, and builds on 

the other subjects (Kokko et al., 2015). When students discover these interconnections between 

mathematics and other subjects, their beliefs and attitudes towards mathematics are positively 

transformed (An et al., 2008). As many students find mathematics vague, abstract, and detached from 

reality and real-life situations (Mosvold, 2008), IdME underscores mathematics as an engaging 

discipline, which is inherently present in other disciplines as well as everyday knowledge (Chi, 2021). 

Given the many benefits of IdME, most teachers have positive perceptions towards using 

interdisciplinary approach of curriculum integration in their classrooms (Ozturk & Erden, 2011; Saleh 

& Shaker, 2021).   

Project-based learning within IdME 

There are multiple approaches that can be used by teachers to implement IdME in the classroom. A 

common and widely used approach for IdME is project-based learning (PBL) (Chi, 2021). PBL is an 

instructional method that allows students to engage meaningfully with interdisciplinary content at a 

deeper level (Condliffe, 2017). In PBL, students investigate challenging questions or issues of 

personal interest in authentic and real-life settings (Aydēn-Günbatar, 2020; Bell, 2010; Laur, 2013; 

Lin et al., 2015; Virtue et al., 2019). When students apply mathematics knowledge to real-life 

situations, their mathematical understanding is greatly improved (Boaler, 1997; Holmes & Hwang, 

2016). PBL helps students in ñestablishing conceptual associations between the learnt knowledgeò 

(Demē→Rel & Coskun, 2010, p. 48) and hence, improves their academic achievement in mathematics 

(Gürgē→l & Çetē→n, 2018). Indeed, a study by Holmes and Hwang (2016) found that students who 

initially had little belief in their mathematics skills ñexpressed mastery or learning goalsò as a result 

of engaging with PBL (p. 459). Students ñshow stronger motivation than in relation to more 

traditional didactic modelsò (Ghisla et al., 2010, p. 10) when learning mathematics in an 

interdisciplinary, project-based format. 

The Lifestyles Project: Conception and design 

In this section, we present an example of an IdME project, which took place in a Secondary 2 

mathematics classroom at a Québec school.  
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Project background 

The IdME project was developed within a context of a research-practice partnership with a small, 

independent girlsô school in Qu®bec, Canada. The Grade 8 mathematics teacher in the school, 

Stephanie (all names are pseudonyms), was keen to implement the interdisciplinary approach (Drake 

& Burns, 2004), particularly IdME, into her mathematics course using PBL as a means to achieving 

this goal. As such, she developed the ñLifestyles Project,ò which was designed in collaboration with 

teachers from other subject areas (science, English language arts (ELA), and visual arts).  

The overarching objective of this project was to implement IdME as a curriculum integration 

approach such that it would:  

a) engage students in mathematics education by discovering its connections with other 

disciplines and everyday knowledge (An et al., 2016; Chi, 2021); 

b) align with the Qu®becôs Secondary 2 mathematics curriculum (Qu®bec Ministry of Education, 

2007d); and 

c) help students develop the skills aligned in Qu®becôs Broad Areas of Learning (Qu®bec 

Ministry of Education, 2007c) and Cross-Curricular Competencies (Québec Ministry of 

Education, 2007b). 

Project schedule & set-up 

To achieve the project objectives, the Lifestyles Project was sub-divided into three consecutive 

assignments: the Hobbies, Careers and, Bedroom Design assignments, see Table 2. The project 

schedule was set up such that all assignments were purposefully interdisciplinary and interspersed in 

the mathematics course throughout the year, each spanning 2ï3 weeks in length. 

Hobby assignment 

The first assignment of the Lifestyles Project was the Hobby assignment, which was comprised of 

four classroom sessions and involved the integration of the mathematics and science courses. 

Stephanie (the mathematics teacher and project lead) and Melinda (the science teacher) collaborated 

to design the Hobby assignment. The goal of the Hobby assignment was for students to explore at 

least one science and one mathematics concept from their chosen hobby and then share their work.  

Session 1: In the first session, with the support of Melinda, Stephanie introduced the Hobby 

assignment description and grading rubric to the students for their review. Then, they facilitated a 

whole-class discussion where students collectively defined and explained what constitutes a óhobbyô 

while discussing various examples of hobbies based on their real-life experiences and interactions. 

After establishing a base knowledge of what constitutes a hobby, each student selected a hobby of 

personal interest to explore and research the mathematics and science inherent in the activity. 

Students chose a wide range of hobbies, such as sewing, swimming, horseback riding and cooking.  
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Table 2: Summary of Lifestyles Project assignments 

 Hobby Assignment Careers Assignment 
Bedroom Design 

Assignment 

# Classroom 

Sessions 
4 8 5 

Integrated 

Subjects 
Mathematics & Science 

Mathematics & English 

Language Arts (ELA) 
Mathematics & Arts 

Collaborating 

Teachers 
Stephanie and Melinda Stephanie and Melissa Stephanie and Penny 

Goal 

Explore at least 1 

science and 1 

mathematics concepts in 

the chosen hobby and 

share the final work 

Choose a potential career 

and calculate the net and 

gross annual salary 

considering the tax 

deductions 

Design a scaled, 3D model 

of the bedroom of your 

dream apartment while 

taking into consideration 

certain constraints 

Key Topics 

- Definition and 

description of hobby 

- Process of conducting 

and referencing an 

authentic and credible 

online research 

- Discovering science 

and mathematics in a 

hobby 

- Mining potential of 

aptitude tests for careers 

choice 

- To search and interpret 

online information related 

to job, salary and tax 

deductions of the careers 

- Analysis of a pay 

statement based on given 

salary scale 

- Calculating the pay 

deductions and bi-weekly, 

monthly, and annual gross 

and net salary 

- Designing a blueprint or 

floor plan of any room 

- Graphing scaled top-view 

drawings 

- Calculation of a total 

surface area of any 3D 

design 

- Use of low-relief 

cardboard technique and 

decoration using patterned 

paper 

- Designing based on 

elements and principles of 

art 

Session 2: In the next session, Melinda discussed the topic of conducting an online authentic and 

credible research as students had limited exposure of, and experience with the online research. In this 

discussion, Melinda facilitated the dialogue on óauthenticity and credibilityô of online information 

and citation of online sources, see Figure 2a. This discussion provided students an opportunity to both 

develop their research skills as well as prepare for the research component of the Hobby assignment. 

Then, students started working on their individual assignments in the last half of this session (Figure 

2b) as Stephanie and Melinda facilitated them through their individual work of online research and 

responded to their queries. 
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Figure 2: a) Melinda leading a discussion on credibility of online sources in the first half of session; b) 

students doing their individual work on the Hobby assignment with support from Melinda and 

Stephanie 

Session 3: In the third session of the Hobby assignment, students continued to work on their 

individual assignments. Stephanie and Melinda reviewed and restated assignment expectations and 

rubrics to support studentsô success. 

Session 4: In the last session, students submitted their work in multi-modal formats including write-

ups, video essays, and presentations, see Figure 3. The students were required to share: 1) at least one 

science and one mathematics concept from their hobby; 2) the rationale behind why they chose a 

hobby; and 3) the list of references they used to carry out the assignment. Some students also opted 

to share their final product with the whole class.  

 

Figure 3: a) Screenshot from the video submitted by Secondary 2 student Raza presenting the 

scientific aspects of cooking; b) Cymbi presenting the science and mathematics concepts in ballet 

Careers assignment 

The second assignment of the Lifestyles Project was the Careers assignment. For this assignment, 

Stephanie collaborated with Melissa (the ELA teacher). This assignment was specifically designed 

so that the students can go beyond their hobby and start thinking about translating their interests into 

potential careers. The scope of this assignment was much broader and involved eight classroom 

sessions, i.e., twice as many classroom sessions as the Hobby assignment. 

Session 1: In the first session, students took aptitude tests, shared their top results on a digital 

interactive whiteboard (Jamboard) and selected their careers. Students could either pick a career from 

the results of their aptitude test or choose a different career that matched their interests and hobbies.  
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Session 2: During the second session, students were required to find three jobs within Canada based 

on their career choice. Using a template designed collaboratively by Stephanie and Melissa, students 

added the job details to a ójob notesheetô. These details included the job description and qualifications, 

reasons the students were interested in these three jobs and APA citations for the job sources. To 

promote peer collaboration among students, students were asked to post helpful websites on a 

Jamboard, see Figure 4.   

 

Figure 4: Screenshot of the websites shared by students to find jobs in Canada 

Session 3: During the third session of the Careers assignment, students continued to research jobs 

and complete the job notesheet. The focus of this session was to help students correctly complete the 

notesheet while adding APA citation properly using BibMe, an online bibliography generator.  

Session 4: While working on their individual job notesheet, see Figure 5, students engaged in multiple 

reflection discussions in this session of the Careers assignment. In these discussions, students talked about 

the process of looking for a job, their personal job preferences, interests, and lifestyles. The students 

continued to work on their individual assignments while engaging in these whole-class discussions. 

 

Figure 5: Screenshot from Lassaôs job notesheet 

Session 5: The fifth session of Careers assignment started with a óMr. Needy salary activityô. In this 

activity, students had to analyze a pay statement by using a real-life context of a Québec teacher, 

referred to as Mr. Needy. To complete this activity, students used Classkick, an online software, 

which allowed students to get help from their peers and teachers as they needed, see Figure 6. Students 

were given the salary scale of a general Québec teacher as well as the pay statement of Mr. Needy 

and asked to interpret this information. Next, students answered questions regarding pay deductions 
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and bi-weekly, monthly, and annual salary calculations. Lastly, students researched different terms 

associated with salary and tax deductions, such as ñQPIPò (Qu®bec parental insurance plan) and 

ñQSTò (Qu®bec sales tax) and identify if these deductions are common to jobs in Québec, Canada 

and particularly Mr. Needyôs salary statement. First, students did mathematics calculations, followed 

by research and writing (using templates developed in collaboration with ELA) in the second half. 

Besides individual work, students participated in whole-class discussions about gross versus net 

salaries, different pay deductions, and how they differ from province to province in Canada. 

 

Figure 6: a) Stephanie facilitating the students while they are completing Mr. Needy assignment on 

Classkick; b) group of Secondary 2 students working individually on the same task 

Session 6: In the sixth session, students completed notesheets about salary and tax related to their 

chosen jobs. These notesheets required students to apply concepts they learned in the Mr. Needy salary 

activity. As in a previous session, a Jamboard was created for students to share helpful websites.  

Session 7: In this session, students worked on the final task of this assignment, which required them 

to write a report to share their learning. In this report, students explained why they chose their careers, 

what jobs they chose and why, as well as calculations of their gross and net annual salaries.  

Session 8: Students continued working on the report, Figure 7, in the last session of Career 

assignment. In this session, Stephanie reminded students to demonstrate and explain all the necessary 

calculations, and also explain the ómathematicsô behind them. Furthermore, students were asked to 

add APA citations of at least five websites they used in their report. 

 

Figure 7: Screenshot from the final report where Cymbi is explaining the working behind the salary 

calculations of her beauty chemist job 
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Bedroom design assignment 

The final component of the Lifestyles Project was the Bedroom Design assignment. In collaboration 

with Penny (the arts teacher), the Bedroom Design assignment consisted of five classroom sessions. 

For this assignment, students had to design a scaled 3D model of the bedroom of their dream 

apartment while taking into consideration certain constraints, see Table 3.  

Session 1: Like the Hobby and Careers assignments, Stephanie and Penny started the first session of 

the Bedroom Design assignment with a brief overview of the assignment description and rubric. Next, 

Stephanie guided the students through the process of designing a top-view drawing of a 2D blueprint 

or floor plan. Students had to draw a scaled drawing of their proposed bedroom design on graph paper 

once they learned the basics of top-view drawing. 

Session 2: In this session, Penny taught the students how to glue and peel cardboard to make a 3D 

model of their bedroom using the previously designed blueprint. By the end of this session, students 

started designing their 3D bedrooms, see Figure 8. 

Table 3: Constraints of the bedroom design assignment based on mathematics and arts 

Mathematics Constraints Arts Constraints 

Use at least three (or more) pieces of furniture in 

the shapes of regular solids or regular 

decomposable solids. 

Create bedroom sculptures using low relief cardboard 

techniques (inspired by Louise Nevelson's work) 

Calculate the total surface area of the bedroom by 

adding the surface area of each furniture piece as 

well as the surface area of the bedroom floor base. 

Make patterned paper for decorating the floor, walls, 

and surfaces of furniture pieces, use multiple non-

brush tools to create a painted wallpaper inspired by 

Dominique Petrin's artwork 

 Ensure that elements and principles of art such as 

balance, variety, shape, pattern and composition are 

considered when designing and decorating the 

bedroom. 

  

 

Figure 8: Secondary 2 students designing 3D, scaled models of their bedroom designs with Penny's 

assistance 
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Session 3: Students continued working on their bedroom designs in the third session. For the surface 

area calculations, Stephanie provided a notesheet for students to use.  

Session 4: In this session, students continued to work on the assignment. Stephanie and Penny responded 

to studentsô questions and provided feedback to students as they made progress on their designs. 

Session 5: After making the final adjustments and modifications in their designs, students presented 

their work in this last session, see Figure 9. Students were asked to adjust their 2D top-view drawings 

based on their final 3D products.  

 

Figure 9: Examples of studentsô work from the Bedroom Design assignment 

Student assessment in the lifestyles project 

Each assignment in the Lifestyles Project was graded using rubrics, see Figure 10. The rubrics were 

designed by the two collaborating teachers of the integrated subjects. For example, the rubric for the 

Bedroom Design assignment (integration of mathematics and arts) was designed and graded by both 

Stephanie (the mathematics teacher) and Penny (the arts teacher). Generally, teachers introduced each 

assignment by discussing and explaining the rubric criteria. Whenever possible, at the end of each 

assignment, collaborating teachers met to review the rubrics and discuss studentsô performance.  

Rubrics included both ósharedô and óindependentô criteria related to the two subjects that were 

combined (e.g., for the Hobbies assignment, mathematics, and science). Shared criteria included the 

general aspects of the assignment, such as the product, quality of work, and research. For each subject 

that was integrated within the respective assignment, the independent criteria included separate 

sections. As an example, the rubric for the Bedroom Design assignment included mathematics criteria 

such as surface area calculation and top view drawing, as well as arts criteria such as evidence of 

using low relief technique and elements.  

 

Figure 10: Graded rubric where students' Bedroom Design assignment is assessed on shared criteria 
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Conclusion 

In this descriptive paper, we presented the Lifestyles Project, an example IdME project from a Secondary 

2 mathematics classroom at a Québec school. This project was designed using interdisciplinary approach 

by Drake and Burns (2004) and implemented using a PBL approach (Chi, 2021).  

The disciplines of science, ELA, and the arts were combined with mathematics in an interdisciplinary, 

project-based format. Students first participated in the Hobby assignment where they chose a hobby 

of personal interest and identified and explored science and mathematics concepts associated with 

the hobby. In the Career assignment, students selected a future career, found a job in this career, and 

calculated the salary that they would receive (given required tax deductions). Finally, in the Bedroom 

assignment, students designed a 3D, scaled model of the bedroom of their dream apartment 

considering arts and mathematics constraints. Each assignment involved collaboration between the 

mathematics teacher and a colleague from another discipline (science, ELA, the arts). Rubrics were 

used for studentsô performance assessment, that aligned well with the interdisciplinary, project-based 

nature of these assignments. 

We believe that the comprehensive example of the Lifestyles Project serves as valuable addition to 

the IdME literature and will help novice secondary teachers of Québec to adopt IdME in their 

classrooms. As the Lifestyles Project was particularly aligned with Qu®becôs Secondary 2 

mathematics curriculum, teachers in other contexts may need to make adjustments to make it suit 

their needs. Despite this, we still hope that the Lifestyles Project serves as an inspiration for those 

hoping to implement IdME in their classrooms. Learning from the examples in our paper, we 

encourage researchers and educators alike to further examine the ways to develop IdME projects and 

transform mathematics instruction to make it engaging, meaningful, and relevant for students.  
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Preterm childrenôs negotiation of mathematical identity in the figured 

worlds of home and the mathematics classroom 

Rebecca Pearce1 

 

Identity research in mathematics education has increasingly been used to examine individualsô 

mathematics learning and experiences with mathematics in a holistic and agential way. My study 

answers the research question ñhow do children born extremely preterm negotiate their 

mathematical identities, and what insights may this identity negotiation provide about their 

mathematical learning and doing?" This paper will discuss exploratory findings from interviews with 

a secondary school student who was born extremely preterm, his parents and teacher, as part of my 

ongoing doctoral research. Within a case study methodology, I draw on a framework of figured 

worlds to examine student identity work and demonstrate that this identifying is complex and 

informed by the figured worlds of home, school, and prematurity.   

Keywords: Mathematics, prematurity, identity, figured worlds.  

 

Introduction and background 

Preterm or preterm children, as a group, experience more difficulties with mathematics than term-

born peers. For example, up to 50% of extremely preterm children, born at less than 28 weeks 

gestational age, show serious impairments in mathematics (Johnson et al., 2009) likely due to changes 

in brain circuitry impacted by lower gestational age (Klein et al., 2018). This is significant for many 

reasons. For example, there is a link between mathematics scores in early childhood and post-

secondary school attendance and adult wealth in preterm children (Basten et al., 2015). 

Current research studies into mathematical outcomes of preterm children employ the statistical 

analyses of standardized tests, checklists, and report scales, or the comparison of achievement levels 

of preterm children with term-born peers. While mathematics is important in both education and 

society, mathematics learning and achievement are complex and related to more than just cognitive 

ability. Current large-scale quantitative research obscures the individual mathematics experiences of 

preterm children and does not consider childrenôs or parentsô perspectives about learning and 

achievement. This research is decontextualized, in that it fails to consider childrenôs family or school 

situations. Finally, the research is deficit-based in that it focuses on what preterm children canôt do 

or how they are different from term-born peers, rather than examining their strengths or what they 

can do and be. 

To examine mathematics learning and doing in preterm children in a different way, I have chosen to 

use identity as a lens to examine participantsô experiences with mathematics. Research in 

mathematics education has increasingly looked at the concept of identity to understand the 

relationships that students have with mathematics (Darragh, 2013). This research ñseeks to 

understand how individuals experience, perceive, and position themselves as learners and doers of 
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mathematicsò (Goldstein, 2018, p. 146) and how other people position and impose identities upon the 

individual. Examining ways in which students think about themselves in relation to mathematics can 

provide a more holistic measurement that goes beyond the analysis of studentsô mathematical 

reasoning and what they can and cannot do (Cobb et al., 2009) and focuses on the whole person rather 

than reducing learning to factors such as cognition or achievement (Darragh, 2013; Fellus, 2019). 

Since identity is related to persistence, proficiency, and learning in the field of mathematics (Bishop, 

2012; Cobb & Hodge, 2010), it can help researchers theorize about mathematical learning and 

examine and understand peopleôs relationships with mathematics (Darragh, 2016; Fellus, 2019). The 

concept of identity has been linked to learning through the adoption of socio-cultural theories, with 

the understanding that learning happens through social participation and the process of identity 

development (Esmonde, 2009). Mathematics identity as a construct can allow for self-authoring and 

agency, incorporates positioning and the impact of significant others, can provide insights about 

learning without using discourses of cognitive deficit, and can be used to examine participant 

experiences in relation to their social contexts (Fellus, 2019). In summary, the study of studentsô 

mathematics identities can allow us to access ways in which students see themselves and how they 

are viewed by others as members of a mathematics community (Anderson, 2007). 

Mathematics identity research has been conducted with populations such as deaf and hard-of-hearing 

students (Goldstein, 2018), students with learning disabilities (Ben-Yehuda et al., 2005; Lambert, 

2017), and those who are struggling in mathematics (Horn, 2008). Preterm children and the complicated 

ways in which their mathematics identities may be defined by existing, deficit-based research, by others, 

and by themselves make them a unique and unexplored group of learners. Preterm children represent a 

heterogeneous group whose differences may distinguish them from other mathematics learners. They 

have extensive and complex medical histories, which may lead to individual and family stress and 

trauma. They may also experience cognitive, attention, social, and emotional difficulties as a result of 

their preterm birth (Johnson et al., 2018) that may impact upon how they are identified by parents, 

educational professionals, and themselves as mathematics learners and doers.  

Research question and objectives 

My overarching research question is how do children born extremely preterm negotiate their 

mathematical identities, and what insights may this identity negotiation provide about their 

mathematical learning and doing? There are four objectives to this research: To explore how 

secondary school students who were born extremely preterm negotiate their mathematics identities; 

to describe the contexts of home and the mathematics classroom in which these students engage in 

identity work; to analyze how positioning by others within the worlds of home and school 

influences/mediates mathematics identity work; and to examine how participantsô mathematics 

identity negotiation and learning may be related.  

Theoretical framing 

I have chosen to use the cultural model of figured worlds (Holland et al., 1998) as a framework to 

examine participantsô identifying as mathematics learners. This framework takes up the view of 

learning as social, situated and involving a dialogic process of identity formation, what Holland and 

her colleagues refer to as ñidentity in practiceò (p. 271). In this framing, identity is defined as how 

participants view themselves and their relationship to mathematics and how they are seen by others 
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through their position and encounters in the social world. Identity is a process rather than a thing; it 

is something that is done or negotiated rather than what someone is.  

Figured worlds, positionality, and space of authoring are different contexts of activity in which 

identities in practice are negotiated. Figured worlds are ñsocially and culturally constructed realm(s) 

of interpretation in which particular characteristics and actors are recognized, significance is assigned 

to certain acts, and particular outcomes are valued over othersò (Holland et al., 1998, p. 52). They are 

ñframes of meaningò (Holland et al., 1992, p. 271) or frames of understanding. In the context of my 

study, figured worlds contain agents that shape social meanings and structures (e.g., parents, teachers, 

students), acts, which include mathematics teaching and learning, and forces, which are social 

categories based on conventions such as intelligence and motivation (Horn, 2008).  

Positionality refers to the way in which people, in the case of my research, extremely preterm 

mathematics learners, fit within their figured worlds. Positions are shaped by social and cultural 

norms, expectations, and dynamics within figured worlds, so positionality carries dimensions of rank, 

power, and status (Holland et al., 1998). There are two ways that I conceptualize positionality in my 

research, how certain students position themselves as mathematics learners and doers and how they 

are positioned by others, so how students describe themselves within the contexts of the figured 

worlds in which they live and how they are described by different actors (e.g., parents, teachers, 

classmates) in those worlds. There is a link between figured worlds, positionality, and identity in that 

positions are shaped by figured worlds, and in turn this positionality contributes to identity work and 

helps shaped identity. 

Individuals must negotiate their identities in a ñspace of authoringò (Holland et al., 1998, p. 63) which 

refers to the ways in which individuals take up or reject positions within their figured worlds. The 

space of authoring is a Bakhtinian concept in that it is ñorganized around the conflictual, continuing 

dialogic of an inner speech where active identities are ever-formingò (Holland et al., 1998, p. 169). 

Because individuals can adopt, reframe, or resist the different positions, values, and narratives that 

are offered to them within a figured world through this space of authoring, identity construction is a 

continuous, active and agential process (Sabbah & Heyd-Metzuyanim, 2021). Hull and Greeno 

(2006) liken the space of authoring to ñvoiceò or ñthe ways in which individuals present and represent 

themselves to others and to themselves, thereby authoring and co-authoring their identities in the 

social worlds in which they participateò (p. 78). The key is that individuals can only answer to the 

positions and resources that are available to them, for example being smart (Hatt, 2012) or a low-

level student (Luttrell & Parker, 2001). Therefore, an individualôs identity in practice is developed 

through negotiation between available positions and how these positions are taken up or not. 

Mathematics classrooms have been researched as figured worlds with specific learning environments 

and cultures (Darragh, 2013), practices, activities, and available ways of interacting (Boaler & 

Greeno, 2000) roles, identities, and socially constructed images of mathematics (Takeuchi & Liu, 

2021), and curricula organized and represented in different ways (Horn, 2008). Classrooms are 

shaped and regulated by ñvisible and tangible things like course objectives, classroom rules, and 

grades, as well as factors that remain beneath the surfaceò (Caraballo, 2012, p. 53) and the way that 

the mathematics classroom is figured influences studentsô relationships with mathematics (Takeuchi 

& Ling, 2013). Individual families can also represent figured worlds (Cogan, 2016) with different 

agents, values and experiences with mathematics and prematurity. Families have different social and 
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cultural expectations and definitions of success in school mathematics that can influence student 

behaviours, attitudes, and educational mobility (Zuckerman & Lo, 2021). In the context of my 

research, figured worlds contain agents who carry out tasks that shape social meanings and structures 

(e.g., parents, teachers, students). Figured worlds contain acts or actions, which include mathematics 

teaching and learning, and forces, which are social categories or expectations based on conventions 

such as intelligence and motivation. 

Figured worlds has been used in different contexts as a framework to examine identity formation or 

identity work, for example with teachers (Avraamidou, 2019), Swedish construction engineering 

students (Gonsalves et al., 2019), high school mathematics students (Jones & Seilhamer, 2020), and 

science students (Wade-Jaimes & Schwartz, 2019), and as an aspect in a theory-driven literature 

review on identity in mathematics education (Fellus, 2019). Fellus (2019) used the ADAS model to 

classify research on identity in mathematics education in four different but interrelated dimensions 

including mathematics-related autobiographical identity, discoursal identity, authorial identity, and 

socioculturally available mathematics identities. While Holland et al. (1998) focus attention on 

contexts of learning through acts of apprenticeship, for example, Fellus (2019) turns attention to a 

way to understanding mathematical identity in a broader sense, which includes one's personal 

experiences with mathematics, opportunities one receives to develop an authorial voice in 

mathematics, how one is talked to and about as a learner of mathematics, and what available identities 

one can identify with vicariously.  

Methodology and methods 

I used a multiple, comparative case study methodology (Stake, 1995) for my research. I chose this 

methodology to support a deep exploration of each individual participant, through detailed 

descriptions of case settings and situations and the use of multiple forms of data. It has also allowed 

me to examine similarities, differences, or patterns across cases. Participants were recruited through 

the pediatric follow-up clinic at a local hospital as well as through a posting on the Préma-Québec 

website. Inclusion criteria included children who were in secondary school during the 2021-2022 

school year, who were born extremely preterm at a gestational age of less than 28 weeks, and whose 

parents had identified their children as having difficulties with mathematics in school. Four 

participants of different ages and educational backgrounds, five parents (four mothers and one father), 

and three teachers took part in this study. Ethics approval was obtained from McGill University, the 

hospital where participants were recruited, as well as the schools and/or school boards attended by 

student participants.  

My main method of data collection is a series of semi-structured interviews, lasting between 30ï90 

minutes and conducted remotely over Zoom. Data collection started in the fall of 2021 and finished 

in July 2022. I have three interviews for all participants, parents, and teachers, except for one teacher 

who I interviewed only once, for a total of approximately 36 hours of interview time. I also have 

report cards or report card results from each student, IEPs for two students, and one 

psychoeducational assessment as artifacts. All identifying information from transcripts and 

documents, such as names of siblings and school names and locations, was anonymized. Pseudonyms 

were either chosen by or assigned to participants, based on their request.   

I used a hybrid process of inductive and deductive data analysis (Fereday & Muir-Cochrane, 2006) 

to both interpret themes emerging from the data and to develop themes based on the model of figured 
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worlds, participantsô identity negotiation, and positioning by parents and teachers (Fellus, 2019). 

Interview transcripts were used to assemble background information for each participant (e.g., 

prematurity history, family background, participantsô lives and interests). I looked for excerpts from 

participants, parents, and teachers that help explain and describe the figured world of home, 

prematurity, and the mathematics classroom that indicate how parents and teachers position students. 

I looked for interview excerpts or narratives where students author themselves as learners and doers 

of mathematics. I identified emergent themes that explore links between studentsô negotiation of 

identity or identity work, how they are positioned in different figured worlds, and how this might 

relate to their learning. These data are being compiled to develop case summaries for each participant 

and to develop themes that may be consistent across cases. This analysis is ongoing as part of my 

doctoral thesis work. The following section will present case information and analysis about one 

participant, William.  

Case study: William  

Background and preterm birth    

William lives with his mother Christine and twin brother Scott. During our interviews he was in 

secondary 2 at a public English secondary school with about 1100 students, about 200 in secondary 

2. He was 13 years old when our interviews started and turned 14 in 2022. William and Scott were 

born at 25 weeks gestational age. Christine had been on bed rest before she went into labour, and her 

children were delivered by emergency C-section. Christine described the chaos and stress 

surrounding the birth of her children, and after Scott and William were born, it was clear that Scott, 

who was delivered first, was experiencing complications. William spent two months in the NICU 

where he did not have any of the major complications associated with extremely preterm birth, such 

as intraventricular hemorrhage, lung problems, or feeding issues. Scott, however, spent three months 

in the hospital, and at nine months was diagnosed with Cerebral Palsy (CP). Today Scott has spastic 

CP and using Canadian Neonatal Follow-up Network (CNFUN) definitions, would be considered to 

have a severe neurodevelopmental impairment (NDI).  

Early education 

William showed some early minor developmental delays, for example when he started preschool at two 

years old, he was not talking, and it took a long time for him to reach developmental milestones like 

being toilet trained. Christine said that this never stressed her out and that she expected William to be 

delayed developmentally because of his extreme prematurity. William attended a reverse-integration 

program in kindergarten so he could attend a year of school with Scott at his specialized school for 

students with disabilities. Christine attributed this to future difficulties that William experienced when 

he started attending a regular English elementary school starting in grade 1. William was never tested 

for a learning disability or neurodevelopmental disorder like ADHD in elementary school despite his 

teachers suggesting that he be assessed because he was struggling in several subjects, particularly those 

given in French. Christine was adamant that he didnôt have a learning disability and shouldnôt need to 

be tested, put into a category, or given a label to receive support in school. This decision was based on 

her experiences working with students with learning disabilities and her knowledge of the education 

system, and Christine saw Williamôs elementary teachers as overreacting about what she considered to 

be regular developmental differences in her son. 
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Secondary school 

William was a student ambivalent about school, and said ñitôs not like I love school, but itôs not like 

I donôt like it, itôs all rightò when asked for his thoughts about going into secondary 3. Christine 

worked as an educational assistant at Williamôs school. Both she, Williamôs secondary 2 math teacher 

Josie, and William himself said that he had a small group of friends and was liked by his peers. In 

secondary 2, Williamôs marks were generally in the high 60s and low 70s, with 80s in courses like 

gym, drama, and ethics. His lowest mark for both terms of the 2021ï2022 school year was in 

mathematics, with 63% in term 1 and 65% in term 2. Throughout our interviews, William identified 

his favourite subjects in school as history and English, because they were easier for him to understand. 

He particularly liked English because of the teacher and how she made the material accessible and 

easy to understand for her students. William also said that he thought he was pretty good at writing. 

Christine echoed this, saying that William did well in English despite not liking to read and not being 

a huge reader. Despite her previous assertions that William did not have an attentional or learning 

disability, she suggested that Williamôs dislike of reading ñmight be a little bit of an attention 

problemò but that she didnôt investigate this potential difficulty with attention because she ñalways 

considered it fineò and felt it wasnôt hindering him academically. 

Williamôs least-favourite classes were mathematics and science because he found them more 

challenging and the material more difficult to understand. Christine noted that William had started to 

experience difficulties in mathematics in grade 6, notably with word problems. That continued into 

secondary school, and in secondary 2 he struggled in mathematics more than she thought he would 

and required extra help. Williamôs classes at his high school were relatively small, between 19 and 

21 students, but he pointed out several times that his classmatesô bad behaviour impacted on his 

learning, particularly in mathematics, because every class, students would need to be admonished or 

kicked out of class for their misbehaviour.  

The figured world of home 

The main agent in the figured world of Williamôs home was his mother. According to Christine, 

Williamôs father was uninvolved in his education but despite this, Williamôs father was still an 

important figure in his life. William told me that his father was good at mathematics because he used 

to use it for his job building fences, and because of this, ñhe (his father) just expects everybody to be 

good at it too.ò William said his father had higher expectations regarding mathematics than his 

mother, who ñworks with kids who are not good at mathematicsò and is more ñunderstanding where 

Iôm coming from.ò William also told me that he thought that both of his parents felt that mathematics 

was important for him because he might need it in the future.  

During our first interview Christine told me that she hated mathematics, had a horrible experience in 

mathematics in secondary school, and barely got a passing grade. She plainly said that she did not 

care about Williamôs achievement in mathematics and did not think it was important for him to do 

well in mathematics if he passes in order to graduate from secondary school. Christine questioned 

why anyone would work hard at mathematics if they didnôt have an interest in it unless it was 

necessary for a future career. Despite these negative discourses about mathematics, Christine told me 

that she tried to help William with his homework when she could and would try to help him study for 

mathematics tests. By the end of the school year, in response to Williamsôs new interests in 
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architecture and health sciences, Christineôs beliefs about the importance of mathematics shifted 

considerably.  

Christine:  Well, I go up and down. Like, itôs, I think itôs pretty important. Like yesterday, he 

was saying, he wants to be an architect. So Iôm thinking you need to know. You 

need to be on that level, you know, so I donôt know, maybe heôll continue on with 

it. 

She also said that she hoped that William did not hate mathematics because it would be necessary for 

certain programs, and that she wanted him to know that those programs were achievable for him if 

he got extra help and ñpushedò himself. Education was important to Christine, and she wanted 

William to continue in Cégep and university. She told me that William talked about going to 

university, so he envisioned himself pursuing higher education as well. 

Christineôs expectations for William and mathematics were focused more on his effort and how hard 

he worked than his marks in the class. She said she was happy as long as ñhe triedò and that as long 

as he didnôt fail mathematics, she was fine with however he performed. 

Christine:  Yeah, like I just, because I tell him weôre gonna be happy with high 60s, 70s. So 

you donôt have to worry.  

Christine had set clear expectations for William including going for extra help, not leaving the 

classroom unless he understood everything the teacher was explaining and completing all the review 

packages given to him by his teacher.  

Christine positioned William as a student who needed to work hard in school and said that academics, 

especially mathematics, did not come easily for him. She characterized William as a student who 

could be distracted in class and didnôt necessarily ñcatch on right awayò because he wasnôt always 

listening. There were some inconsistencies in this positioning. Although she said that William was 

ñborderlineò in mathematics, and that it was ñquite difficult for him,ò Christine also said that ñheôs 

been doing well,ò referred to William as ñaverageò in mathematics several times and told me that she 

felt that he was getting more confident and was starting to realize the importance of school, and this 

was reflected in his grades.  

Despite being described by his mother as a student who was good at going for extra help when 

necessary, William was also positioned by Christine as a student whose difficulty in mathematics 

stemmed from his lack of effort. She also said that he procrastinated with mathematics homework, 

especially when he found it difficult, and needed to be pushed to do it. When I asked Christine about 

Williamôs use of mathematics outside of school, she did not seem concerned about his everyday use 

of mathematics, for example during cooking or baking, and said that he was able to make connections 

between some of the topics he was learning in school and how they could be applied in more 

utilitarian settings.  

The more we spoke, the clearer it became that Christineôs positioning of William as a student and her 

views about his difficulties with mathematics were inexorably linked to his prematurity and to his 

brotherôs disabilities. Initially, when I specifically asked Christine whether she thought that Williamôs 

difficulties in mathematics were related to his preterm birth, she said no and portrayed his struggles 

as similar to those of other students his age. Conversely, when I asked William whether he thought 

being born preterm had an impact on mathematics, he seemed unsure, and it was clear that this was 
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perhaps the first time he had considered this question. First, he said ñI don't really know anybody 

whoôs, like preterm who does mathematics, but like, I donôt think it had anything to do with that.ò 

However, as he thought further, he told me that maybe it might have an impact because extremely 

preterm babiesô brains are not fully developed when they are born, but that he didnôt think it would 

have a drastic impact on mathematics ability.  

Christine said that because she worked with students with attention deficit and global developmental 

delay, in her opinion William didnôt have any signs of a learning disability and she thought that 

William ñgot out (of his preterm birth) without having any repercussions.ò However, during our 

interviews Christine also said Williamôs elementary school teachers pushed her to get an 

individualized education plan (IEP) for William, and that she knew from her neonatal follow-ups that 

there was a higher likelihood that he could have attention problems or learning difficulties arising 

from his extremely preterm birth. Several times, Christine compared William to his brother Scott to 

explain why she was less concerned about him in school. For example, she said: 

Christine:  Well, I think because I had Scott, high needs, I didnôt I didnôt worry too much about 

William. Although I probably think at some point he was, I worried maybe about 

school, you know, cuz I knew like attention deficit disorder, stuff like that. 

Christine also said that unlike Scott, who has major disabilities, William ñlooks, normal, he is normalò 

and this might have made teachers forget that he could have some sort of processing difficulty. This 

was another example of Christine seeming to acknowledge the possibility that Williamôs difficulties 

in mathematics could be due to a subtle attention or processing difficulty or impairment, despite her 

previous assertions to the contrary.  

The figured world of school and the math classroom 

The figured world of Williamôs Secondary 2 mathematics classroom was described somewhat 

differently by William, Josie (Williamôs mathematics teacher), and Christine. Williamôs description 

of a typical mathematics class depicted a traditional class structure correcting the previous daysô 

homework, worksheets, and class work from a worksheet package on whatever topic is being covered 

and completing this work in class or for homework. Most of this work was completed individually, 

though William said that occasionally students were allowed to work with another classmate and very 

occasionally in larger groups, but only when students ñwere on top of everythingò and are ahead of 

the rest of the class. William recognized that he was more productive working by himself because he 

got distracted from the task at hand when working with others. When asked about evaluations in 

mathematics, William only mentioned tests, and said ñwell itôs not like weôll go over the answers,ò 

only when ñthe whole class did badò or when many students had difficulty with a particular question. 

He said that tests were often given back at the end of the class when everyone was packing up, and 

just went into his class binder.  

William often attributed more importance to the behaviour of his classmates in mathematics class, 

rather than the actual mathematical content covered in the class. He said a perfect mathematics class 

would involve changing the seating plan because too much class time was spent trying to get the 

students under control. He said that his class is sometimes behind because the students didnôt respect 

or listen to Josie, ñfool around,ò and took advantage of her, but also that she didnôt follow through on 
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her word to discipline students when they misbehaved. He thought that Josieôs expectations for her 

students related to behavioural norms in the classroom: 

William:  Well, I expect, I think she expects us to respect the teacher, and respect the 

classroom, as well as like, do our homework is a lot because my class donôt do their 

homework, and so we always have to tackle that at the beginning of class. As well 

as like, study and try and participate so they understand. 

Regarding the mathematics curriculum, Williamôs perception was that many of the subjects covered 

in Secondary 2 were unnecessary for students to learn and his connection to mathematics as a subject 

seemed limited. He said that a perfect mathematics class would also involve ñgo(ing) over the 

curriculum that I would have to learn and change that up a bit and take out the stuff we donôt need to 

learn.ò He said that Josie never talked about why certain subjects were important to learn, and that 

students in the class never questioned the relevance of the curriculum.  

The academic achievement of the other students in the figured world of his mathematics classroom 

seemed to hold little significance for William. He was unable to identify any students who he 

considered to be good at mathematics. In general, he saw good mathematics students as having ñreally 

goodò grades, studying hard, and modelling good behaviour in the classroom. He said he only 

compared his grades on mathematics evaluations with his friends, so he didnôt know how other 

students were doing; his class seemed like a low-competition environment. Regarding his friends, 

William said ñI think we all do the sameò in mathematics with marks that are ñup and down.ò 

Christine had a generally positive view of the support offered to William. She said that teachers, including 

Williamôs mathematics teacher, always made themselves available during lunch for extra help. Williamôs 

school had recently started an after-school homework program for science and mathematics, and though 

William did not attend because neither he nor Christine thought it was necessary, the program was there 

if he needed it. Christine thought that the mathematics teachers at Williamôs school were ñpretty goodò 

because they were always accessible to students through Google Classroom, and consistently posted extra 

resources online, like videos, for students to look at outside of class.  

Christine also concurred with William that Josieôs class management sometimes left something to be 

desired, however Christine placed far less importance on this than William. She said that Josie talked 

a lot and so students lost their focus and acted out, and that some students didnôt like her as a 

mathematics teacher. However, Christine also said that Josie was completely organized, had her entire 

school year planned, knew the mathematics curriculum very well, and acted as a mentor to the other 

mathematics teachers.  

Josie had been teaching at Williamôs school for 12 years and had taught mathematics courses from 

secondary 1 to secondary 5. She described the secondary 2 mathematics curriculum as ñreally heavyò 

and a big jump from the content covered in secondary 1. She said that the main topic was algebra, 

presented in many ways through algebraic expressions, equations, patterns, and a heavy focus on 

geometry and the use of multiple formulas to determine the perimeter, surface area, and volume of 

shapes. These were some of the topics that William identified as being very difficult for him and as 

having little relevance to everyday life.  

Josieôs description of her teaching style and a typical 50-minute mathematics class was in alignment 

with Williamôs characterization. Josie said she didnôt use a textbook but rather put together her own 
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resources, mixing and matching from different sources, and provided students with paper packages 

of work (also posted on Google Classroom), which she described as ña little bit old school.ò Josie 

explained that a typical mathematics class would start with going over homework from the previous 

class and discussing questions that students found challenging. Then she would cover a new topic for 

about 20 minutes, and finish with practice examples and then homework. Most of the work is 

individual seat work except for the occasional review package that students were allowed to complete 

in small groups. Josie considered herself a strict teacher who wanted quiet when she was teaching 

and expected students to be quiet and listening to her when she talked, which contrasts with Williamôs 

perception of his mathematics class as a place where many students were not focused or listening. 

Josie described an evaluation system that was based on chapter quizzes, tests, and assignments, some 

of which students were allowed to work on at home over a period of several days or a week. She 

described a class environment in which she tried to support students as much as possible and gave 

them multiple opportunities to succeed, for example helping them with memory aids for tests and 

exams and answering questions over email or Zoom outside of school hours. All students in her class 

were allowed extra time during lunch to complete summative evaluations because she ñwanted to 

know what they knowò without the evaluation being a race. 

Josieôs expectations for her mathematics students centered on practice, effort, and perseverance. Josie 

said she expected her students to ñput their all into it,ò and that students need to engage in mathematics 

and not just ñcoast,ò and that ñitôs not good enough for, just to show up in my class.ò Josie felt strongly 

that work ethic and hard work are what distinguishes students in mathematics and that hard work has a 

major contribution to student success. When asked to describe her best mathematics student, Josie said: 

Josie:  I donôt look necessarily for the best mark-wise mathematics student, but again, I'm 

going towards work ethic and maybe thatôs where I put my emphasis on. I donôt 

even know who I have as a best student. 

Josie also spoke about the importance of struggle in mathematics, and how many students thought 

they arenôt good enough because they struggle ñbut struggling is part of the process. And that's what 

makes you good is that struggle.ò Josie gave her students about 30 minutes of mathematics homework 

every night, each day, because she felt that students didnôt practice mathematics enough and that ñif 

you donôt practice it, youôre not going to get it.ò She constantly checked homework and called the 

parents of students who fail to regularly do their work. She said that ñmathematics is practice and 

weaker students donôt, donôt get that practice in.ò Similarly, Josie explained that she didnôt think all 

students can get 80s or 90s in mathematics and that some students have more of an aptitude for 

mathematics, but that ñthe difference between an enriched student who's good in mathematics and 

the regular students is their perseverance.ò 

Josie told contrasting stories about Williamôs hard work in mathematics class and his weak academic 

performance on evaluations, a distinction that is echoed by William in his identification as a 

mathematics student. William was positioned by Josie as a borderline student whose marks are very 

up and down, depending on the topic, but whose ñhard work and his ethic and whatnot, is going to 

carry him through whatever he wants to do.ò With respect to specific topics, algebra was difficult for 

William during the first term. Despite Josie giving multiple small tests on the same subject and not 

counting lower marks if students did better on subsequent tests, Williamôs marks in algebra were in 

the 50s. Josie said that his ñreasoning and mathematics sense doesnôt seem to be thereò and that he 
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had difficulty with multi-step word problems, not always knowing how to approach the question and 

where to start mathematically. He also had difficulty knowing which formulas to use to find the 

surface area and volume of solids. Although Josie said she didnôt think that William would be 

successful in the advanced Secondary 4 and 5 mathematics courses needed to pursue certain programs 

in C®gep, she also made it clear that she tried not to ñwrite offò students because it is impossible to 

predict how students will end up using mathematics in their future careers. 

Although his marks were borderline, Josie praised Williamôs organization, independence, and effort. 

She said he always checked her Google Classroom page to stay up to date, regularly attended extra 

availabilities, and showed agency in asking for help when he needed it because ñhe wants to get it, 

he wants to be able to go home and do his homework.ò Josie said she never got the idea that William 

didnôt like mathematics and that his hard work and attitude were noteworthy. Unlike Christine, who 

said that William could get easily distracted in class and sometimes had trouble paying attention, 

Josie described William as a model student who settled down to do his work, was independent in 

class, but wasnôt shy to raise his hand when he had a question. She characterized him as being well-

liked and having a good support base of friends that he could work with on mathematics during recess 

or at lunch. Finally, like Christine, Josie indicated that she didnôt see Williamôs challenges in 

mathematics as being very different from other students, saying ñheôs not strong in mathematics, but 

heôs also not the weakest neither.ò She confided that she found the level of mathematics more difficult 

than when she or her own children attended secondary school, so mathematics difficulties were 

common among students.  

Williamôs mathematics identity work 

Throughout our interviews, I tried to ask William questions that would help me gain insight into his 

identity in practice (Holland et al., 1998) and how he performed an identity as a mathematics student. 

Three interrelated themes emerged around Williamôs positionality as a mathematics student and his 

understanding of how this relates to both behaviour and academic performance, the tensions between 

his current and anticipated achievement in mathematics, and his ability to identify and connect with 

mathematics. There were both consistencies and contradictions concerning these themes.  

Several different times during our interviews, I asked William what he thought it meant to be good 

at mathematics or to be a good mathematics student. Like the parallel narratives described by Josie, 

the answers that he gave included explanations about being a good student in mathematics class 

(behaviour, effort, and attitude) and being a good mathematics student (academics and grades).  

Specifically, in defining what it means to be a good mathematics student, William said: 

William:  To be good at mathematics would probably, in my classroom, probably be like that 

youôre on top of your work, and like youôre really like, organized and you get good 

grades like in mathematics and you know what youôre doing and youôre not just 

like, just like, try, just barely even doing good, like youôre just actually trying to do 

good and stuff. 

William also said that an adult who is good at mathematics probably did well in mathematics in 

school, went to college or university where they studied mathematics, and had a job that involves 

using mathematics. Although mathematics was Williamôs lowest mark in secondary 2 and he found 

it difficult, he still narrated a relatively positive mathematics identity. He told me that he often enjoys 
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doing mathematics and has fun with it and is perceptive enough to appreciate that the reason why he 

finds certain topics less fun is not because he hates mathematics but because it is frustrating to not 

understand. 

Williamôs identity is more aligned with performing as a good student in mathematics class. Although 

he admitted that he found some of the mathematics topics he was learning this year ñoverwhelming 

because all of the formulas we have to useéyou have to know everything,ò he also told me ñI think 

Iôm okay at it (mathematics)ò and: 

William:  Um, well, Iôve probably, like I wouldnôt say like, Iôm like, the best but I wouldnôt 

say like the worst, Iôm probably like, in the middle between, like, good, and 

mediocre. Because like, some, some of the kids, they wonôt answer questions, or 

they wonôt share. And most of them like will like, fool around. And so Iôm like, 

probably one of the better kids there. But like not, but more like behavior-wise than 

like, mathematics wise. 

William made the distinction that he could still be a mediocre mathematics student academically but 

a good student behaviourally. William also said that he always did his homework in mathematics 

class and tried to participate by answering Josieôs questionsðsome of the characteristics that he 

linked with being a good mathematics studentðeven though most of his classmate didnôt do their 

work and werenôt active class participants. This showed the importance that Williams placed on effort 

and attitude in mathematics class. When asked why it was important for him to do his homework, 

Williamôs answer again indicated this distinction between ñlooking goodò (behaviour) and ñdoing 

goodò (mathematics grade): 

William:  Well, like it used to be because I, like I, well, it still is but I just like I really, I want 

to actually like do well, I want to actually understand the topic. But sometimes itôs 

like itôs like that, but also, I want to like not like brand myself differently, but like 

impress them because like some of them like know my mother because she works 

at my school. 

Conversations with William revealed tensions between Williamôs desire and perceived ability to do 

better in mathematics, and his current level of effort and performance and changing understandings 

of how important mathematics might be for his future. Williamôs narratives about his effort in 

mathematics were at odds with his definitions of a good math student as someone who tried hard. 

During all three of our interviews, William mentioned that he felt he could get better grades in 

mathematics if he put in more effort, that his current marks did not reflect his capabilities and that he 

had the potential to ñdo better.ò Despite previously defining himself as ñbetween good and mediocreò 

in mathematics, he also framed his mathematics performance as subpar due to his lack of effort: 

William:  Like, I think Iôm, where I, like I feel like I could do better if I put in like, the time 

and the effort. But overall, like, I feel like I, like the grades are okay, I know I can 

do better. But if I actually, like tried, and if I really, really wanted to, but like, Iôm 

in a good place now. 

This was a consistent narrative for William, on multiple occasions he explained he could do better, that 

the effort that he put into mathematics was enough to get him a ñgood markò or ñto at least passò but 

he could do better and ñget that amazing markò if he really tried, and that he had ñthe potential to do, 
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actually do really good.ò When asked how his friends would describe him as a mathematics student, 

William told me that he thought his friends would say he is a good mathematics student, but not ñat his 

fullest potentialò and that he could ñrise to the occasionò in mathematics if only he worked on it. 

Similarly, when I asked him what his parents said about his 63% in mathematics on his term 1 report 

card, William said his parents were not mad, but thought he could perform better in mathematics. In 

another conversation, William told me that his mother was the first person to know about his marks 

since she works at his school and with his mathematics teacher, and that she knows that he doesnôt do 

ñamazing,ò is mostly ñmediocreò and that mathematics ñisnôt my strongest suit.ò Since Williamôs 

descriptions of his efforts in mathematics closely mirror how he is positioned by Christine, it seems that 

he has assimilated her discourses into his authoring of his mathematics identity. 

Despite saying he was in a ñgood placeò with his mark, William also expressed some uneasiness 

about his 63% in mathematics in term 1 and expressed the desire to improve academically, telling me 

ñit [his mark] isnôt the best because I know I could do better. And I know Iôm going to do better.ò 

When asked why he wanted to do better in mathematics Williamôs response suggested an intrinsic 

desire to really understand what he is doing to make future mathematics classes easier:  

William:  So and then I can understand it. And then, like, itôll just be easier if I ever have to, 

like, do it again, or relearn the lesson, or just have any like to use it like, any day, 

itôll just be easier for me to understand it. I just want to do it. 

Despite this desire to get a better mark in mathematics and his statement that ñI donôt think like youôre 

born with it [mathematics ability], I just think that itôs the effort you put into it,ò Williamôs continued 

insistence that he could do better if only he tried harder came across as somewhat defensive, a 

response to his confusion about why his participation, homework completion, going for extra help 

from his teacher, etc., were not translating into academic achievement. William alluded to this when 

he told me that he did worse than expected on mathematics evaluations based on the effort he put into 

doing his work: 

Willliam  But my effort Iôm putting in, like, when I try to do it, it just doesnôt exceed to like 

my expectation of what I thought I was gonna get. And so I think I just over, like, I 

get overconfident or like confident, and then I just like, expect a higher expectation 

than what I really get. 

William expressed some uncertainty about how he would or could bridge this gap between his current 

and future academic achievement in mathematics, and it seemed unclear what he could do to work 

any harder. During our final interview he told me that his goal for Secondary 3 mathematics was to 

succeed, get the best marks he possibly could, and be motivated to do well. When asked how he 

planned to put that plan into action and motivate himself more, William couldnôt articulate how he 

was going to do this, telling me that he didnôt know what to do right now, but that he would probably 

think of something to do later to improve. Similarly, when I asked about the mathematics, he would 

need to be an architect or a health science professional, he told me that by the time he got to those 

programs, he would ñprobably be able to do it.ò  

Over the course of the school year, William frequently framed school mathematics as a subject that 

he often felt had little relevance to the real world and narrated a lack of engagement with school-

based mathematics as a subject. He clearly recognized that mathematics has ñreal-worldò importance 
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and applications, but also told me that many of the mathematics subjects in secondary 2 wouldnôt be 

useful outside of the walls of the mathematics classroom. This distinction between mathematics for 

use in the real world and mathematics that is irrelevant for real life is important, because William 

used this perceived irrelevance and lack of authenticity as a reason not to focus on certain topics: 

William:  Thereôs no like one that I, like prefer the most, itôs just Iôd rather do like if I if I 

understand it well, Iôd rather more focus on those, or like the ones that Iôll actually 

have to use like in the real world, because I feel like if we just do the ones that weôre 

not actually going to use in the real world, then I feel like weôre just wasting time.  

As an example, William said that finding the surface area and volumes of polygons and three-

dimensional shapes were not topics that he thought were important for life, unless they were needed 

for a particular career, and that these topics should not be mandatory to learn in secondary school. 

Instead, the topics he deemed important are those that youôll ñactually needò and will ñuse it every 

day,ò for example how to calculate costs at the grocery store or being able to measure and convert 

these measurements to different units.  

During our first interview, William made it clear that he did not see himself as pursuing a career that 

involved the daily use of mathematics. However, during our last interview William expressed 

interests in careers in either architecture or something in the health sciences. He seemed to understand 

that both these jobs would involve the daily use of mathematics, for example when giving 

prescriptions or calculating costs, and did not seem worried about the mathematics that would be 

involved in those programs at the Cégep or university level. Considering that William identified 

someone who is good at mathematics as a person who studied mathematics after secondary school 

and has a career that involves the use of mathematics, this shows a possible shift in William towards 

a more positive affinity with mathematics as well as confidence for the future.   

Conclusion 

This case study reveals that the mathematics identity work performed by one secondary student who 

was born extremely preterm is complex and informed by the figured worlds of home, school, and 

prematurity, positionality, space of authoring, and available identities.  

The figured world of Williamôs mathematics classroom was a place in which class conduct, effort, and 

hard work were valued over achievement and interest in the subject. William described himself as a 

competent mathematics learner in that he participated in class, completed his homework, and behaved 

well, and this is reflected in how he was positioned by his mother, Christine, and his mathematics 

teacher, Josie. Despite this, Williamsôs mathematics identities of competence were limited. During our 

first interviews William did not fully value school-based mathematics and was alienated by the topics 

in secondary 2 mathematics and the behaviour of his classmates. Nonetheless, at the end of the school 

year, he expressed a desire to improve his marks and potentially continue into post-secondary programs 

that required a more advanced knowledge of mathematics. However, Williamôs past difficulties in 

mathematics and his teacherôs partially dismissive view that his struggles were no worse than those of 

other students meant that certain socioculturally available mathematics identities (Fellus, 2019) related 

to academic achievement may not be readily available to him.  

These limited identities resulted in tension and conflict in the way that William represented himself 

as a mathematics learner and doer and identified positively with mathematicsðparticipating and 
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completing all his work but confused about why this was not translating into academic success. To 

explain this discrepancy, William took up an achievement-motivation master narrative. Zavala and 

Hand (2019) refer to this as the ability of ñindividual students to be more successful in math and 

science by exerting effort and overcoming obstacles that arise in learning these subjectsò (p 803) even 

though there may be factors beyond studentsô control that impact on their learning and achievement 

in mathematics. Several times during our interviews, William alluded to the fact that he could do 

better in mathematics if only he worked harder and put in more effort. This narrative was also voiced 

by his mother, showing how William has taken up and integrated the discourses of significant others 

in his mathematics identity.  

At home, William is a participant in a figured world of prematurity that is also informed by his 

motherôs view of mathematics as difficult and possibly less relevant than other subjects. In this 

figured world, Christine does not view Williamôs preterm birth as having a negative impact on his 

learning and achievement (ñno repercussionsò), despite her reference to subtle executive function 

problems that could be preventing William from reaching his full potential in math. One of the actors 

in the figured world of home is Williamôs brother Scott, whose significant NDI may have resulted in 

Christine minimizing Williamôs difficulties in school in general and with mathematics. This figured 

world of prematurity could be seen as a positive if parents view their extremely preterm children as 

no different from term-born children. However, it also means that if clinicians and psychologists are 

concerned about academic issues in extremely preterm children, there needs to be better knowledge 

translation (KT) or follow up with the parents and teachers of these children, especially for those who 

are at particular academic risk. My ongoing analysis will reveal whether this figured world of 

prematurity is consistent across cases.  

In conclusion, initial findings from one case of a secondary student born extremely preterm highlight 

the complexity in his mathematics identity work, learning, and academic success. This complexity is 

not captured in the current research literature about preterm children and mathematics. Future analysis 

will provide more insight on this understudied topic.  
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Incorporating experiments into the learning of mathematics 

Amenda Chow1 

 

In teaching, experiments are a tool to complement classroom theory and enhance student learning. 

There is a lack of experiments in the teaching and learning of mathematics, especially at the 

undergraduate level. This article provides further insights, helpful suggestions, and examples on 

incorporating experiments into a university-level mathematics curriculum.   

Keywords: Math experiments, active learning, mathematical modelling, exploration, experiential 

education. 

 

What is an experimental math space?  

Background and motivation 

In many university science, technology, engineering and mathematics (STEM) courses, there is often 

an experimental lab component that accompanies the lecture portion of the course. For example, 

students may go into their biology lab for a frog dissection, which complements a biology lecture 

about anatomy. Experimental labs are an important part of undergraduate student learning as they 

provide hands-on practical experience and offer a different perspective from the theories taught in 

lectures. Experimental labs also offer an opportunity for teamwork, exploration, design, creativity, 

and reflection. However, such labs are not normally used to support the learning of mathematics. 

It has been noted for some time that there is an insufficient amount of experimentation in STEM 

classrooms, and this deficiency starts in early education (Atkin & Karplus, 1962). About twenty-five 

years later, Bishop (1988) notes his concerns about the style of mathematics teaching: 

From my perspective of a cultural view on mathematics education, I see four major areas of 

concern about the present state of mathematics teaching. They are the technique-oriented 

curriculum, impersonal learning, text teaching, and the assumptions which lie behind these. 

(Bishop, 1988, p. 7) 

Hurst, Rennick, and Bedi (2019) note that engineering students are not receiving sufficient 

experimental design experience that will be required in their professional career and their suggested 

solution is to implement engineering design days. These are two days where classes are cancelled, 

and students work in teams to solve real-world problems that are built on the theory learned in their 

courses. Problems include constructing functioning furniture, building a dam with sustainable 

materials and creating software for a video game. Rather than engineering design days, in the 

mathematics discipline, an experimental math space is a possible solution.  

Such a space is a physical laboratory, which holds equipment for students to conduct experiments 

related to the mathematical concepts they are learning. An experimental math space is meant to 

inspire exploration and experimentation in teaching and learning. Interested instructors can 

incorporate experiments into the mathematics they want to teach to their students. Whenever possible, 
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experiments should relate to authentic real-world situations, and be relatable to students as this supports 

retention, engagement, grades, and recruitment (Campbell et al., 2008). Campbell et al. explain: 

Students who felt they learned more were also more interested in the course and felt that they, and 

others, participated more in the course. This same relationship occurred with the applications. For 

students, interest and learning are very tightly tied together and both are tied to participation. Other 

data collected about student learning and interest appear to support this. Real life applications can 

increase student interest and participation. (Campbell et al., 2008, p. 9)  

Examples of mathematical experiments could be to use robots to model and simulate random walks 

in a math modelling course, collecting the measurements of a spring-mass system for an ordinary 

differential equations course, constructing physical graphs using manipulatives in a graph theory 

course, or folding origami shapes to investigate geometry concepts. In these examples, robots, spring-

mass system, manipulatives, and origami paper would be objects housed in the experimental math 

space. More detailed examples appear later in this article. 

Implementation  

The equipment contained in an experimental math space should be flexible, scalable, sustainable and 

inclusive. For instance, being mindful of purchasing equipment that is reusable and portable. As this 

is to be a welcoming and inclusive environment, there should be no cost for those interested in using 

the equipment in the experimental math space.  

The actual experiments may be conducted by students in the experimental math space or may be taken 

outside of the space and into classrooms. Students may work in groups or independently when conducting 

experiments. Along with this, the experimental math space can facilitate other aspects of course 

development and completion. For example, instructors can use the equipment to explore concepts they 

want to teach and prepare their lessons. It can also be used by students who are completing course projects 

that benefit from an experimental component.  Outside of the classroom, an experimental math space can 

also play a role in both student and faculty research projects, as well as for engagement activities such as 

math camps for high school students and STEM workshops for members of the community or as part of 

recruitment events during campus tours and department open houses. 

In one type of mathematical experiment, students assist with the experimental design and conduct the 

experiment to collect and analyze the resulting data. For example, in one calculus course, students 

measured the time it took for a balloon to travel various heights and used the results to verify 

equations of motion (Gruzka, 1994). In another calculus course, to teach flow rates and ordinary 

differential equations, student volunteers were asked to drill a small hole inside a cylindrical 

container, fill it to a certain water level, and measure the time it took for the water level to go from 

10cm to 3cm (Farmer & Gass, 1992). In both experiments, the materials (e.g., balloon, measuring 

tape, containers, etc.) are readily available household items, and inexpensive to purchase if needed.  

There may be accompanying computer software needed to operate some of the equipment and collect 

experimental data. Using software is part of the experiment and part of student learning, and software 

also complements the mathematics being taught (Brown, 2014; Mamolo et al., 2011; Pudwell, 2017; 

Wohak & Frank, 2022). For Brown (2014) and Pudwell (2017), experiments are about exploring 

mathematics via computation using software. In particular, Brown explains,  
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Experimentation was designed to focus on a specific set of goals: 1. Explore mathematical 

phenomena experimentally. 2. Detect patterns and provide mathematical explanations. 3. Explore 

mathematical thinking and process of conjecture. 4. Design and implement mathematical 

algorithms with computer algebra systems. (Brown, 2014, p. 283)  

In Mamolo et al. (2011), undergraduate students were given clear plastic pyramids that could be filled 

with water. By filling the pyramid under various conditions, students explored spatial reasoning and 

geometric modelling in a tactile way. This was then followed by student work on the software óThe 

Geometerôs Sketchpadô to investigate the rescaling of a two-dimensional pyramid (triangle), and to 

encourage connections between two-dimensions and three-dimensions.    

Other types of mathematical experiments can be classroom demonstrations conducted by the 

instructor, or classroom activities in which students explore concepts using tactile objects.  For 

instance, in a geometry course, Zome tools (Figure 1) can be used to build three-dimensional 

structures, which is helpful for students learning about visualization and abstraction.   

 

Figure 1: A three-dimensional structure built from Zome tools 

Rather than Zome tools, students could construct geometric structures using found objects at home 

such as a malleable wire hangar. Encouraging students to recreate experiments on a simple scale 

using inexpensive objects and to do so outside the classroom is important because this conveys 

experimentation is a part of everyday learning (not just learning in a classroom) and inspires 

creativity, sustainability and flexibility. The focus of experimentation should be on the concepts 

taught, rather than on fancy expensive equipment.  

Assessing student performance in an experiment is context dependent. For experiments that are in the 

form of classroom activities, like building models in a graph theory course, students may be evaluated 

on an oral explanation of their model. Classroom demonstrations conducted by the instructor may 

lead to class participation in online polls or surveys that record studentsô responses and grades. 

Experiments that require computer programming may be evaluated based on the studentsô code or 

graphs generated by the code. Experiments that have data collection may be assessed on the studentôs 

lab report, which addresses experimental design, math modelling, interpretation of the data, and 

results of the experiment. Brown noted the importance of this:   

Each lab report goes through the writing and editing process. Although time-consuming, writing 

and editing helps students understand the importance of careful reasoning and precision when 

explaining mathematics. (Brown, 2014, p. 288) 
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It follows that the student learning outcomes for incorporating experiments into the mathematics 

curriculum include: 

(a) improving student persistent, retention and engagement, 

(b) reducing math anxiety, 

(c) supporting different learning perspectives,  

(d) encouraging teamwork, communication skills and creativity, 

(e) developing mathematical reasoning via experiential learning, 

(f) practicing mathematical algorithms using computer software, and  

(g) connecting mathematics to authentic real-world applications. 

Dissemination 

Incorporating experiments into the study of university-level mathematics appears in various forms at 

different institutions. For example, the book by mathematics professors Banks and Tran (2009) was 

written based on several years of designing and teaching experiment-focused and modelling-focused 

math courses at North Carolina State University. They state the following:  

Our experience with this approach to teaching advanced mathematics with a strong laboratory 

experience has been, not surprisingly, overwhelmingly positive. It is one thing to hear lectures on 

natural modes and frequencies (eigenfunctions and eigenvalues) or even to compute them, but 

quite another to go to the laboratory, excite the structure, see the modes, and take data to verify 

your theoretical and computational models. (Banks & Tran, 2009, p. i)  

The three experiments presented in Banks and Tran (2009) are: (i) heat transfer of copper and 

aluminum, (ii) vibrations in a beam, and (iii) acoustic wave propagation in a PVC pipe. In addition, 

there is considerable discussion on the mathematical modelling and computational simulations 

associated to each experiment. That is, their entire math course is designed with a primary focus on 

modelling, simulating, and experimenting.  

In Canada, at the University of Waterloo, the Department of Applied Mathematics has several 

experimental math spaces each focusing on a particular field such as fluid dynamics, control theory, 

or mathematical medicine. These are primarily used for research and time spent in them is often done 

by graduate students.   

The experimental math space in York Universityôs Department of Mathematics and Statistics is 

focused on teaching and learning in undergraduate math courses (Chow, 2022). It is funded by a 

university teaching and learning grant. Its logo is shown in Figure 2, which conveys the 

interconnection between mathematics and experimentation.   

 

Figure 2: Logo for Experimental Math Space at York University 
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Examples of math experiments 

All the examples of math experiments noted in this section are part of the collection housed inside 

Yorkôs experimental math space. They are used in several department math courses by various 

instructors. The discussions in each example highlight several learning outcomes presented in the 

previous section such as writing skills, use of software, working with others, connections between 

mathematical concepts and practical authentic applications, and reproducing experiments on a 

simpler scale. 

Pendulum Experiment. The dynamics of a simple pendulum (Khalil, 2002, p. 5), illustrated in 

Figure 3, are described by the ordinary differential equation 

ώὸ
Ὧ

ά
ώὸ

Ὣ

ὰ
ÓÉÎώὸ όὸ 

Equation 1: Second order differential equation for the dynamics of a simple pendulum 

where ὰ is the length of the pendulum and ά is the mass at the end of the pendulum, and ώὸ is the 

angle of the pendulum from its rest position over time ὸ. The parameters k and Ὣ are the coefficient 

of friction and gravity, respectively. The external applied force is όὸ. 

 

Figure 3: The dynamics of a simple pendulum 

When a force is applied, the simple pendulum moves left to right in the plane. In three-dimensional 

space, the movement of the pendulum is more complicated. Shown in Figure 4 is a pendulum 

experiment designed by Canadian engineering education firm, Quanser. The vertical blue rod is the 

pendulum, and the pendulum is connected to a cube-shaped rotary servo base by a rotary arm. The 

cube base has a motor, which controls the movement of the rotary arm and pendulum. The black box, 

displayed in Figure 5, that is to the left of the pendulum, powers the movement of the pendulum and 

is the interface between the pendulum and the laptop on the right.  
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Figure 4: Pendulum-rotary apparatus from Quanser 

 

 

Figure 5: Quanser's pendulum experiment 

The software used is MATLABôs Simulink, which uses block diagrams and connection lines to model 

and operate the various components of the pendulumôs dynamics. A Simulink block diagram 

representing the dynamics of the pendulum is shown in Figure 6. Once the Simulink model runs, the 

pendulum swings, and this movement is recorded. A graph modelling the left right motion of the 

pendulum is shown in Figure 7. 

 

Figure 6: A simple example of a Simulink model for the pendulum experiment 

Rotary arm 

Rotary 

Servo Base 

Pendulum 
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Figure 7: The graph displays the position of the pendulum over time. Position is on the vertical axis 

and time (in seconds) is on the horizontal axis 

The pendulum experiment can be used for different objectives. For example, using damping to reduce 

oscillations, or applying feedback to invert the pendulum into an upright position. Prior to working 

with the pendulum apparatus, students form their lab groups (typically two to three students in each 

group) and are given a prelab, which prepares them for the actual experiment. The prelab gives an 

overview of the experiment, and a few preliminary questions to be answered, which are submitted by 

the lab group for evaluation, and returned with feedback to the students prior to the start of the actual 

experiment. Some examples of prelab questions for the pendulum experiment are, rewrite Equation 

1 into a first order system of equations, linearize Equation 1, or derive a specific set of equations of 

motion. Prelab questions may also ask about aspects of Simulink or to list appearances of pendulums 

in everyday life. The mathematical concepts used in the experiment are taught in the course lectures 

prior to the prelab.  

Each lab group works on the actual experiment for about two hours. There is normally a teaching 

assistant, lab technician, or instructor present to give guidance when needed. During this time, the lab 

groups set up the experiment, operate it in Simulink, and collect the necessary data that will answer 

questions posed in the experimentôs lab report.  

After completing the experiments, each group has one week to complete their lab report before 

submitting it for evaluation. Questions in the lab report typically require students to submit the graphs 

generated by their Simulink model, analyze the graphs, explore hypothetical scenarios, make 

connections between the experiment and reality, and address functions in the Simulink model.  

Here is a sample question that appeared in the lab report for the pendulum experiment. The question 

is two-fold in that it asks students to compare the measured behaviour of the rotary arm angle in the 

physical experiment to the simulated response of the rotary arm angle produced by Simulink, and to 

make the same comparison for the pendulum angle. The expectation of the studentsô response is to 

generate corresponding graphs in Simulink (see Figure 8) and then to provide a written analysis of 

what is shown in Figure 8. From observations of the graphs in Figure 8, it is shown that the behaviour 

of the measured and simulated pendulum angles is similar but not identical, and there is a clear 

difference for the rotary arm angle. The paragraph below is a studentôs analysisFigure 8, which 

accurately describes the graphs, uses correct terminology taught in the lectures, and quantifies the 

difference in behaviour between the measured and simulated rotary arm response: 
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The model does not represent the system well. Inspecting the pendulum angle, ,θ  we can see that 

the system closely matches the model, although it is slightly off. However, we can see that the 

rotary arm position, —,  has some over and undershooting, but we can clearly see that as the system 

reaches steady state, it does not converge to what the model predicts. Although it does not 

converge, we can see that the phase of the model and the plant are the same, and the rotary arm 

angle is offset by approximately 1.2 radians from the model at steady state. Thus, the steady state 

error of the rotary arm is 1.2 radians. 

 

Figure 8: Graphs show the behaviour over a 5-second time interval of the rotary arm angle and 

pendulum angle in the experiment (measured) and in Simulink (simulated) 

Vibrations Experiments. Vibrations are all around us. Sound is vibrations through the air. 

Earthquakes are vibrations on the surface of the earth. We feel the vibrations made by manufactured 

tools like jackhammers, cell phones and electric toothbrushes. Because of their periodic nature, 

vibrations are modelled by oscillatory functions; however, when sine and cosine functions are taught 

in a precalculus course, there is typically no mention of vibrations. In contrast, common topics taught 

in applied math courses, such as mass-spring systems, wave equation, resonance, damping, elasticity 

theory, Fourier analysis, and stability, are all related to vibrations. Consequently, there are numerous 

vibration experiments suitable for an experimental math space that can be incorporated into the 

teaching of these mathematical concepts.  

A string-vibrator experiment (Figure 9) is ideal for visualizing vibrations. These vibrations are caused 

by the sine wave generator shown on the bottom left of Figure 9. The stable nodes (points of no 

vibration) in the standing wave are clearly visible. In this experiment, students are encouraged to 

explore string vibration by changing the frequency on the wave generator, or by varying the tension 

and length of the string.   
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Figure 9: String vibrator apparatus 

The string-vibrator experiment inspires a simpler homemade version whereby one takes a bowl and 

wraps an elastic band around it, and then plucks the elastic band. The vibrations are clearly visible 

(Figure 10) even in this rudimentary form. A second useful and inexpensive demonstration of 

vibrations is with slinkies, which can be used to generate different types of waves (standing, 

travelling, transverse, longitudinal). There are also free online oscilloscopes and mobile phone apps 

like phyphox (Carroll & Lincoln, 2020; Staacks et al., 2018) that measure various properties of 

vibrations like frequency and amplitude. Phyphox can measure other quantities like position, speed, 

acceleration, and pressure, and this collected data can be exported for analysis onto a computer. An 

example of using phyphox and experimental data in a calculus course to compute the time of an object 

falling to the ground can be found in Chow, Harrington, Leung (2023). Phyphox was developed with 

educational physics labs in mind. Free online software and found objects at home are easily accessible 

tools for experimentation that enhances mathematical learning. 

 

Figure 10: Vibrations created by wrapping a rubber band around a bowl and plucking the rubber 

band 

The vibrating string (one-dimensional object) experiment in Figure 9 can be generalized to a vibrating 

plate (two-dimensional object). This vibrating plate experiment was created by scientist and musician 

Ernst Chladni (1756 to 1827). Ullmann (2007) states Chladniôs experiment ñis the first real effort to 

experimentally investigate the nature of soundò (p. 1).  

A modern version of Chladniôs plate experiment is illustrated in Figure 11. The square shaped metal 

plate is on top of a mechanical wave driver, which vibrates the plate. The driver is connected to a sine 



 87 

wave generator, which controls the frequency of the vibration. Sand is sprinkled over the square plate 

and as it vibrates, the sand collects along regions that are not vibrating (stable nodes). This creates 

aesthetically pleasing sand patterns called Chladni figures, which form interesting symmetries and 

patterns (Waller, 1961). The location of the stable nodes can be determined mathematically and 

simulated using software like MATLAB or Python. In an earthquake prone region, knowing the stable 

regions is beneficial as these are ideal locations for emergency shelters and hospitals. The vibrating 

plate experiment may be reconstructed from found objects at home such as a speaker, plastic wrap 

and a salt or pepper shaker.  

 

Figure 11: Vibrating plate experiment 

The vibrating plate experiment can be used as an example of mathematics in art (Fenyvesi, 2016; 

Fenyvesi & Lahdesmaki, 2017; Ornes, 2019). Different shaped plates and frequencies create artistic 

Chladni figures, which can be modelled by partial differential equations. For a circular plate, the 

Chladni figures have concentric circles as their pattern, and relationships between the frequency and 

number of circles have been developed, e.g., Chladniôs Law (Rossing, 1982). The frequencies and 

sounds produced in the experiment can be an application for properties of sinusoidal functions and 

music. For example, Worland (2011) re-imagines this experiment with drumheads, rather than metal 

plates. Wohak and Frank (2022) present a lesson plan that showcases the mathematics and technology 

needed to compress audio signals. Chladni, whose love for music likely encouraged his lifelong 

scientific pursuits of sound, is considered by many as the founder of acoustics (Ullmann, 2007).  

Quanserôs flexible link apparatus is another example of a vibrations experiment. In Figure 12, there 

is a flexible link (object that looks like a metal ruler), which is free on one end, and fixed on the other 

end to a rotary servo base unit. The flexible link experiment is operated by Simulink and has the same 

physical set up as the pendulum experiment shown in Figure 5 except the flexible link (rather than 

the pendulum) is mounted on top of the rotary servo base. As with the pendulum experiment, lab 

groups working on the flexible link experiment submit a prelab, gather data, and complete a lab report. 

The flexible link is similar in structure to objects like the wing of an airplane, a diving board, tree branches, 

the human arm and leg, etc. Vibrations can occur in each of these objects. In the flexible link experiment, 

once the link reaches its left most position (top image in Figure 12), it vibrates for a set length of time, 

and then it moves to its right most position (bottom image in Figure 12) and vibrates for another set 

amount of time. This repeats until stopped. Objectives of the flexible link experiment may be to 

investigate the behaviour of vibrations when the link is disturbed by an external force (akin to, for 

example, wind disturbance on an airplane wing), or to design a feedback model which reduces vibrations.  
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Figure 12: Quanser's flexible link. Displayed on the laptop is the motion of the link as it moves from 

left to right. Its left most position is the top image and its right most position is the left image 

Moment of Inertia Experiment. In a multivariable calculus course, moment of inertia (also known 

as rotational inertia) is a commonly taught application for triple integrals (Stewart, 2016). For 

instance, the moment of inertia, Ὅ, of an object with volume ὠ and density ” is  

Ὅ ”ὶὨὠ 

Equation 2: Moment of inertia formula 

where ὶ  is the distance of the object to the axis of rotation.  

An accompanying experiment is pictured in Figure 13 showing two objects of the same mass and 

same size, but that are differently shaped. The gray coloured object is ring shaped (hollow), and the 

yellow coloured object is disc shaped (solid). The objective of the experiment is to determine which 

object will roll down the plane fastest. The moment of inertia is affected by the spatial distribution of 

mass around an axis of rotation. In this case, the ring has most of its mass distributed around the edge, 

and this leads to greater rotational inertia (i.e., resists the change in motion more) than the disc. That 

is, the ring will move slower and hence, the disc will roll down the plane faster.  

Addressing which object rolls down the plane fastest can also be answered by computing the angular 

acceleration of each object using Equation 2 and Newtonôs second law for rotation. The acceleration 

will be less for the ring, which supports the observation of the experiment.  
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Figure 13: Two objects of the same mass and size (but differently shaped) race down the inclined 

plane. Which object wins the race? 

The experiment in Figure 13, while a simple classroom demonstration, allows students to explore 

many variations. For instance, what happens when it is two sphere shaped objects or if the height of 

the incline plane is changed or the two objects are of different size but with the same mass? This is 

also an experiment in which mobile apps like phyphox may be used to measure the timing, 

acceleration, and velocity of the moving objects. 

Reflections and looking ahead 

In the course where the Quanser pendulum experiment was used, we note student feedback on the 

experimental aspects of the course. The course had eight students officially enrolled; however, one 

of these students submitted no work in the course and did not attend lectures or labs. Two of the 

students were graduate students, while the remaining were undergraduate students. This is a course 

cross-listed with engineering and all the students enrolled were studying engineering programs, 

except for the one absent student who was in a math program.    

Towards the end of the semester, students were asked to complete an anonymous online evaluation 

of the course. Three students completed the evaluation, and there were two lab specific comments, 

which are noted below: 

I enjoyed the lectures and labs, I felt they were helpful in conveying the necessary knowledge on 

feedback control. 

I wish the labs could have involved more Simulink design, we changed a few blocks for the labs, 

but most of the model was already built for us.   

Based on the second student comment, at least one student wanted their labs to be more challenging. 

In future offerings of the course, this is something that may be implemented as an optional bonus 

component for students who want to challenge their experimentation skills. We may also request 

students give an oral presentation of their experiments and findings so that they can practice more of 

their presentation and communication skills. However, in general, the addition of the labs in the 

course was beneficial to student learning.  

Aside from the formal course evaluations, during the last lab of the semester, students who attended 

the lab (three in total) were asked for general feedback on the lab component of the course by the 

teaching assistant (TA). This was done in a conversational informal manner. The TA had assisted the 

students with their labs throughout the entire semester; that is, the students knew the TA.  Here are 

the notes of the TA based on what the students were willing to share:   

(i) enjoy group element, 
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(ii)  good for conceptual understanding, 

(iii)  good balance between math and homework assignments and the lab component to apply their 

knowledge, 

(iv)  visual feedback and perception.  

The last comment about visual feedback and perception seems to be missing some context, but it has 

been included for completeness. Overall, student responses are positive, but collected from a small 

group and anecdotal, so further rigorous study on the impact of experimentation on student learning 

in a math course is needed.   

Through sharing the commonality of experimental labs, an experimental math space is an opportunity 

for mathematics to better connect with other STEM disciplines, and to possibly develop 

interdisciplinary courses whose curriculum is completely based on experimentation. The previous 

section noted engineering and physics examples, but other fields are possible. For example, a math 

modelling course is a natural place to teach connections between mathematics and biological systems, 

and to conduct corresponding experiments (Robic & Jungck, 2011). A geometry course may be an 

opportunity for experiments involving microscopes to learn about scale, position and measuring, and 

to explore the micro-world where artistic patterns like fractals and tessellations may appear. In 

another instance, a math and music course is an avenue to incorporate phyphox, vibration 

experiments, and computer software. In general, experimental math spaces can be a chance for artistic 

collaborations, which provides connections to such areas as group theory, geometry, nature, puzzles, 

computer graphics, architecture, textile design, etc. The possibilities are vast.    
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Rapturousness in makerspaces: Delight in construction 

Olga Fellus1 and Viktor Freiman2 

 

In efforts to bring change to their educational systems, New Brunswick, K-12 schools have been 

introducing new learning environments since 2014 (NB, Canada). These changes include the 

integration of makerspaces targeting STEAM disciplines and the formulation of new learning 

objectives such as the use of new technology and the development of 21st century skills (Freiman, 

2020). This paper discusses part of a larger CompeTI.CA project (Compétences en TIC en 

Atlantique/ICT Competencies in the Atlantic Canada). We focus on the construct of simultaneous joy, 

delight, and enthusiasm to describe studentsô engagement in and commitment to building a shelter 

for their stuffed animal. We suggest the construct of rapturousness to describe makersô emotional 

expression. We present a case study featuring an engineering challenge that kindergarten students 

were trying to solve when designing a shelter for their stuffed animals at one elementary (K-5) 

schoolôs STEM Lab. Aligned with the need to help children to navigate increasingly complex realities, 

and the need for students to have equal opportunity to study and appreciate processes of problem 

solving, innovative environments target learning objectives of a new 10-Year provincial Education 

Plan, which include improving numeracy skills for all learners as a key element in STEAM education, 

and enhancing learning inðand application ofðthe arts, science, trades, and technology for all 

learners (Province of NB, 2016). Reaching these goals would result from a better understanding of 

feelings of joy, delight, and enthusiasm when doing mathematics.  

Keywords: Makerspaces, delight, fun, joy, enthusiasm, rapturousness, engineering challenge 

 

Introduction  

In early school years, the development of numeracy skill is recognized as critical to ñproviding a 

strong foundation to prevent gaps in student learningò (Province of NB, 2016). Numeracy skill 

necessitates sustained efforts throughout formal schooling and beyond focusing on problem solving, 

a strong foundational understanding of mathematics, and hands-on experiences. Against this 

backdrop, an increasing attention needs to be turned to community-school partnerships where 

educators are enabled ñto provide learners with additional practical and óreal worldô application of 

mathematical principles and conceptsò (Province of NB, 2016, p. 11). This is particularly important 

in the case of makerspaces where strong partnerships with independent groups and associations, such 

as Brilliant Labs, allow schools to obtain resources and guidance from STEM-experts. Our study 

seeks to push to the fore the affordances of such collaborations, where mathematical principles and 

concepts surface in connection to other types of skills and capacity building, such as perseverance 

(Freiman et al., 2022). Our 2022 MACAS presentation focused on the concept of rapturousness that 
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describes makersô joy, delight, and enthusiasm when engaged in constructing a shelter for their 

stuffed animal. 

Conceptual framework 

We introduce the concept of rapturousness as an object of investigation in mathematics education in 

general and makerspaces in particular. We define rapturousness in a broad sense to include, at once, 

feelings of joy, accomplishment, and satisfaction. More on this in the next paragraph. Our work 

clusters the following concepts: rapturousness, engineering challenge, and design thinking in 

makerspaces and is couched within scholarship that highlights the inter- and transdisciplinary role of 

mathematics in STEM contexts (LeBlanc et al., 2022). This work also connects to a novel socio-

ecological perspective of learning mathematics (Coles, 2023) that pushes to the fore mathematics 

education that is ñmarked by reciprocity, responsibility to others and by joyò (p. 19), that raises 

ñquestions of affectò (p. 22), and that taps ñaffective responses of engagement and even excitement) 

(p. 23). In this paper, our focus is on the theory and experience of the last words in these quotesð

joy, affect, and excitement.   

Rapturousness: While rapturousness is not very often used in the research literature, we see it 

connected to socio-emotional aspects of learning through movement and action (see De Freitas & 

Sinclair, 2014) in the making journey. We understand rapturousness as a feeling that combines 

triumph over an obstacle and self-management. This sense of rapturousness comes across in the 

writings of Pikionis (1989) who reminds us, ñAs we walk upon this earth, our hearts experience anew 

that rapturous joy we felt as children when we first discovered our ability to move in spaceðthe 

alternating disruption and restoration of balance which is walking.ò (p. ). As we think about the 

concept of rapturousness, we see its connections with the Russian word vostorzheni, which is used to 

describeðsimultaneouslyða sense of joy combined with delight. In English, the concept 

rapturousness semiotically offers a blend of elatedness, delight, pleasure, gratification, satisfaction, 

and triumph. The concept of rapturousness zooms in onto the intersection point of work in STEAM-

based environments and affective aspect of the process of making through feelings of joy, 

gratification, and delight. This, we argue, corroborates the trend and direction to incorporate self-

management through socio-emotional learning in education by allowing students opportunities and 

choices in what, how, when, and why they learn (Cristóvão et al., 2017). Against this backdrop, 

rapturousness, in our research, is operationalized through noticing expressions of sheer joy, high level 

of engagement, and exquisite delight. Specifically, we examine rapturousness in the context of 

mathematics education as intrinsically connected to studentsô work in other STEM disciplines. 

We situate our work within the immense amount of growing literature on affect in STEAM-based 

environments in connection to mathematics education (e.g., LeBlanc et al., 2022) where affect and 

other denotations that are relevant to the concept, such as appreciation of aesthetics in mathematics 

(Sinclair, 2004, 2011) have been recognized as determining factors in studentsô learning and 

wellbeing. While emotions have been specifically identified as one of the three necessary types of 

engagement for developing mathematical thinking (physical and intellectual engagement being the 

other two) (Mason et al., 1982/2010), research that sheds light on positive emotions such as the 

concept of rapturousness that we are offering in this work remains dearth.  

Engineering challenges provide students with opportunities to (1) design objects, (2) collaborate 

with others, (3) and learn science through processes of creativity while (4) using available materials 
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such as cardboard. Designing objects helps students to see connections between science concepts and 

solutions to real-world problems (Sadler et al., 2000). Collaborating with others helps children 

develop understanding through interaction with and regulation of their environments (DeJarnette et 

al., 2021). Using materials such as cardboard allows for embodied activities, creativity, and 

imaginative play. It also contributes to studentsô wellbeing, enhances social and emotional 

development, while ensuring physical safety (Deed et al., 2022).  

Understanding the affordances of engineering can also be rationalized through the lens of learning 

theories. The maker mindset is conceptualized through the theory of constructionism, which 

emphasizes child-led activities and interactions, where thinking processes are more valuable than 

end-products, and exploration and experimentation are positioned as core to the process of learning. 

Constructionist thinking draws on constructivism, another learning theory, that considers how 

learners construct knowledge through interaction, and experience and exchange ideas (Fletcher, 

2007). Exploration and experimentation help students to articulate their mathematical reasoning, and 

make conjectures, and test to see if the conjectures are correct (LeBlanc et al., 2022). These stand in 

contrast to behaviorist conceptions of learning, which ñdropped from [their] scientific vocabulary all 

subjective terms such as sensation, perception, image, desire, purpose, and even thinking and emotion 

as they were subjectively definedò (Watson, 1930, p. 5). As educational systems shift, educators today 

attempt to bring design-based learning experiences into the 21st century classrooms, which move to 

an explicit integration of social, emotional, and academic skills (Darling-Hammond & Cook, 2023; 

Zhang et al., 2022). 

From this perspective, self-management and responsible decision making on the part of the students 

tie this work with literature on social-emotional learning (SEL), a new strand across contexts and 

curricula that is aimed at supporting the development of well-rounded citizens who can contribute 

ñto the fulfilment of social demandsò (Lee & Lee, 2021). One of the international trends we identify 

is to develop in studentsô skills of self-management and learning-related decision-making processes 

(Freiman et al., 2022). Research on makerspaces occasions such opportunities and supports positive 

SEL experiences (Darling, 2022). In the Canadian context, we notice an increased attention of 

provincial educational systems to SEL; for instance, Ontario introduced SEL in its new curriculum 

in mathematics (2020); New Brunswick (French) added socio-affective competence in its Exit Profile 

for Francophone Secondary School Graduates (MEDPENB, 2016). Our work on rapturousness 

suggests that makerspaces carry untapped potential in contributing to these concerted efforts of 

integrating SEL into school curricula.  

Data collection and analysis 

Two groups of 20 kindergarten students and two teachers participated in the study. The researchers 

collected data during studentsô work using video recording and post-project interviews. The children 

were instructed to build a shelter to protect their stuffed animal from rain and high winds. In building 

a shelter for their animal, the children used different cardboard materials and child-friendly 

construction tools such as safe saws and plastic screw drivers and screws. The children worked in 

small groups of 2-3, with minimal teacher guidance. Twelve video segments were first analyzed 

observing the above-mentioned markers throughout the design of the shelters and the construction 

process. Then, initial codes were assigned to childrenôs facial expressions and gestures first within 

each video segment and then across all video segments to finally investigate common aspects within 
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and between all segments. Our initial analysis was guided by Hughes et al.ôs (2019) design thinking 

process that includes iterative actions of asking, imagining, planning, creating, improving, and asking.  

 

Figure 1: Design thinking (Hughes et al., 2019) 

In a short-time activity like the one experienced by the children as they were working on their shelter 

task, we adjusted Hughes et al.ôs (2019) design thinking cycle to reflect the design phases the children 

manifested in their collaborative work and created a three-phase process: Planning; Realization; and 

Testing and Adjusting.  

 

Figure 2: Interconnected cogs in makerspaces: Three-phase process 

Through this process, the children first planned their project, carried out their plan, and tested the 

product to later adjust it if it did not satisfy the requirements of size, sturdiness, and protective 

properties. However, we noticed that this process was not necessarily linear. Instead, it was oscillatory 

as the children were moving among the different phases planning, building, and testing and adjusting, 

which is why we chose to represent this process in interconnected cogs rather than a cycle. Our analysis 

was inductive as we observed repeated markers of rapturousness during the time the children were 

immersed in planning, realizing, and testing and adjusting the design and construction of their shelter. 

A sample of the data and results 

Analyzing the data as the children iteratively progressed through the inextricably linked cogs of 

planning, realization, testing, and adjusting in their makerspaces, we observed multiple combined 

Planning

Realization

Testing & 
Adjusting
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expressions of rapturousness, i.e., joy, excitement, thrill, satisfaction, and triumph over challenges. 

These were captured through the childrenôs gestures, intense focus on what their partners were 

suggesting, animated movement in the space they were using to build their shelters, and high levels 

of concentration that was evident throughout the project as they negotiated the design of the shape 

for their shelter, carried out the plan by cutting, adjusting, and manipulating objects, synchronized 

their actions and movements as they were working on building the structures, and testing and 

adjusting their structures through iterative cycles of trial and error.  

Motivated by the task of protecting their animal from high winds and heavy rain, the children began 

planning their design by deciding on the shape and size of their shelter. For instance, Figure 3 shows 

two students discussing and estimating the height of their shelter in relation to the size and height of 

their stuffed animal. The experience of rapturousness captured in this phase was marked by highly 

animated gestures. 

 

Figure 3: Planning phase in the three-phase process in makerspaces 

In the Realization phase, children built a prototype of their shelter. As they were trying to construct 

the walls of their shelter, we noticed multiple expressions of rapturousness when children exuberantly 

tested their structures and exploded with cheers of excitement when it worked as planned. During the 

process of realization, the children exhibited synchronized movements, decision-making processes 

through logic and explanations as they were making conjectures and discussing how to fasten the 

joints of the faces of their construction to make their construction more solid, and effective 

collaboration with their peers throughout the work. 

 

Figure 4: Children show excitement and engagement as they negotiate the shape of the structure 

When the children decomposed the problem that they were trying to figure out. They negotiated the 

meaning of the constraints that they needed to take into consideration. They communicated their ideas 

looking attentively at each other, using animated body language, and exuberant gestures as they made 

conjectures and tested them out. These processes of working on a real-life problem through iterations 

of decomposition and negotiation of meaning, we suggest, are conducive to creating conditions for 

rapturousness. As the children negotiated the design of their shelter, they were immersed in efforts to 

design a structure that will genuinely protect their stuffed animal. Figure 5 showcases the childrenôs 

intense concentration in their discussion. 
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Figure 5: Children immersed in the project as they negotiate the design of the shelter 

When the children checked if their respective constructions were solid, ñwaterproofed,ò and 

withstanding against ñwind,ò they had to deal with several challenges. When they tested their 

construction, they were demonstrating efforts and capacity to adjust their structure by means of trial 

and error. Seeing their designed product becoming better, the children were visibly and audibly 

overjoyed as they could see their stuffed animal was protected and the shelter was solid. In post-

project interviews, students explicitly referred to this sense of joy (ñfunò) coupled with perseverance 

as a factor contributing to their success. 

Student: It was kind of hard to make the Lego challenge thing and the shelter building, but 

it was still fun. 

 

 

Figure 6: Children excited to see their designed structures function properly 

Students also valued their joint work through collaboration, which helped them to successfully carry 

out their plan. Without it, they admitted, this kind of an experience may not have been possible. The 

following interaction between the second author and the children conveys, we believe, this message. 

Researcher:  Last question, if you teach me, what are the qualities I should have to be successful 

as you were in the building activities? The STEAM activities? 

Student 1: Maybe we should build with our partners and work together. 

Student 2: Same as [friendôs name]é that we should work together. 

Expressions of joint rapturousness that we observed were collaborative, shared, and adaptive. Such 

feelings were manifested throughout the data. Indeed, at the conclusion of the activity, one team 

enthusiastically joint efforts with other peers to transport their shelter for a lion to their classroom.  
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Figure 7: Children experience joint rapturousness while carrying their shelter to the exhibition 

Conclusion 

Our findings surface three contextually related and synergistically connected qualities in experiencing 

rapturousness through experiences that are experimental, collaborative, and creative. To wit, feelings 

of rapturousness are associated with studentsô experiences in minimally structured, non-prescriptive, 

and openly creative contexts. Experimenting through negotiations of tasks and decomposition of the 

necessary against available tools, young children experience rapturousness through discovery, trial 

and error, and moving ahead toward a shared goal. They get emotionally attached to the task at hand 

(i.e., protecting their animal) (Vongkulluksn et al., 2018). In this context of experimental work, we 

suggest, rapturousness is a catalyst in studentsô perseverance and staying on task (Freiman et al., 

2022). It is not only the experimental context that can organically generate expressions of 

rapturousness but also the collaborative negotiation of meanings and actions, working together 

through acts of synchronization of movements, and jointly making decisions while working 

collaboratively to achieve their goal (Cook & Bush, 2018). Rapturousness and creativity is the third 

pair in this set of findings. It is through imagining and creating prototypes, bringing ideas together, 

suggesting new solutions, and reinventing the use of objects when children move from one shape to 

another, try to intuitively adjust objects they design (Li et al., 2019), that children solve a problem 

(Polya, 1945). 

In particular, we attribute rapturousness to experiencing joy, satisfaction, and delightð

simultaneously. To wit, as students were immersed in the iterative activity of planning, realizing, 

testing, and adjusting, we noticed their facial expressions, intense concentration, wide smiles, and 

animated gestures and movements. We distinguished between rapturousness at the individual level, 

which is self-driven, responsive, and directional and rapturousness at the joint level, which is 

collaborative, shared, and adaptive. These were noticed through studentsô verbal expression along 

with emphatic language, and expression of pride in what they engineered, constructed, and 

accomplished. Such feelings are an important part in the inter-, cross-, and transdisciplinary approach 

to mathematics (Robichaud & Freiman, 2022). 

This sense of the association between experimentation, collaboration, and creativity is also supported 

by data collected in higher grades. When asked about next plans in making, after having completed a 

chainmail of 300 3D-printed pieces, one Grade 8 student responded:  
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Student 1: I havenôt thought of my next big project yetéthey just kind of come to me when I lay 

in bed, like it will just come to me like, oh my gosh I need to do this! Itôll be so cool! 

Like in bed trying to fall asleep, a project might come to mind and like this is going to 

be so cool I need to find a way to do that! 

In early school grades, young children learn through work on engineering challenges with imposed 

constraints and respond to problems as they emerge. Observing the children working on their 

engineering challenges, our study suggests that contexts such as makerspaces that spark studentsô 

creative minds, can engage them in an experience of rapturousness through active exploration of 

new technologies where they can produce new ideas and design and prototype objects that are 

valuable for them. Facing challenges, staying on task, and working with others are skills that are 

necessary to the development of creativity, perseverance, and more generally, a well-rounded, 

inspired, and driven person. Makerspaces can potentially offer fertile ground to investigate the 

development of mathematical thinking and reasoning while supporting socio-emotional learning 

through engagement and perseverance, which are interlaced, we suggest, with mathematical 

rapturousness. Our study has investigated such work in a small number of schools with a small 

number of students and teachers. Given that socio-emotional learning has become an important strand 

in teaching and learning in general and in teaching and learning of mathematics in particular, 

investigating the concept of rapturousness can potentially shed much needed light onto the experience 

of joy, satisfaction, elatedness, and delight in learning. Our finding merits deeper study on a larger 

scale for educational change in mathematics.  
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Teaching geometry with a Human-Centered Design approach 

Gloriana González1 and Saadeddine Shehab1 

 

Three high school teachers engaged in a virtual lesson study cycle to plan and teach a research 

lesson. The lesson required students to apply a Human-Centered Design (HCD) approach to 

mathematical problem-solving. Analysis of the pre- and post-lesson discussions answered the 

question: How do geometry teachers who are participating in a lesson study cycle use the Human-

Centered Design framework to plan and teach a problem-based lesson? The findings show that the 

teachers made references to HCD in two ways: (1) as content in the research lessonôs learning 

objectives for their students, and (2) as a practice for the teachers to develop the research lesson. 

The study has implications for engaging teachers in identifying authentic contexts for students to 

experience geometry problem-solving. 

Keywords: Human-Centered Design, geometry, high-school math, lesson study, problem-based 

instruction.  

 

Introduction  

Calls for changing the high school math curriculum in the U.S. emphasize the use of authentic 

problems (NCTM, 2018). Geometry instruction can provide a special opportunity for students to 

apply math to real-world scenarios. Our study analyzes geometry teachersô engagement in creating 

and implementing a high school problem-based geometry lesson using the Human-Centered Design 

(HCD) framework (Lawrence et al., 2021). The framework emphasizes empathy and iteration for 

identifying and solving authentic problems. Three U.S. high school geometry teachers participated in 

a lesson study cycle following four steps as specified by (Lewis et al., 2006): (1) studying 

instructional materials, (2) planning a research lesson to observe student thinking, (3) teaching the 

lesson by one team member in a 9th grade geometry class, and (4) reflecting on evidence of student 

thinking during the lesson using videos from the lesson. Our research question is: How do geometry 

teachers who are participating in a lesson study cycle use the HCD framework to plan and teach a 

problem-based lesson? We describe how the teachers relied on the HCD framework to attain specific 

learning goals by designing and implementing a research lesson situated in the context of graphic 

arts. The context is intended to foster studentsô creativity in applying geometric concepts related to 

circles. Additionally, students had to apply math in design processes centered around stakeholdersô 

needs and constraints, key aspects of the HCD framework. The teachersô lesson study engagement 

exemplifies their key role in embracing holistic and interdisciplinary approaches to education. 

Theoretical Framework 

Human-Centered Design (HCD) is a problem-solving approach where people use design thinking 

processes and tools to identify the unmet need of a population to develop relevant and creative solutions 

collaboratively and iteratively (Brown, 2008). People using HCD rely on empathy and iteration (Brown, 

 
1University of Illinois Urbana-Champaign, USA 

Gloriana González: ggonzlz@illinois.edu 

Saadeddine Shehab: shehab2@illinois.edu 



 103 

2008). When using the HCD approach, designers focus on understanding and collaborating with all 

stakeholders to identify problems, explore solutions, create prototypes, test the prototypes, and refine 

the solutions in iterative cycles (Brown, 2008; Brown & Katz, 2011; Dorst, 2011; Zhang & Dong, 

2008). Designers implement practices such as interviewing people, identifying themes, communicating 

ideas, creating prototypes, and developing plans to bring final designs to the market (IDEO, 2015). 

Figure 1 illustrates an HCD framework that summarizes Human-Centered Design spaces and processes 

(Lawrence et al., 2021). The framework has five HCD spaces (Understand, Synthesize, Ideate, 

Prototype, Implement) and each space is composed of four processes.  

 

Figure 1: The Human-Centered Design framework (Lawrence et al., 2021) 

Teachers are designers of learning experiences and instructional materials (Henriksen & Richardson, 

2017). They can utilize the HCD processes shown in the framework to design and prototype studentsô 

learning experiences and instructional materials. Moreover, integrating HCD in problem-based 

mathematics lessons can positively influence studentsô learning. During these lessons, students can 

learn and apply mathematical concepts in authentic problem-solving contexts that feature multi-

disciplinary collaborations. Students can also learn about and engage in HCD processes that can help 

them develop 21st century skills such as collaboration and creativity (Goldman et al., 2012; Koh et 

al., 2015). Prior research by Bush et al. (2018, 2020) in a 4th grade math classroom shows that 

engaging students in design thinking results in their positive attitudes towards math. The students 

designed a prosthetic arm for a student to be able to use a keyboard. In doing so, the students created 

prototypes that applied math concepts and procedures while also developing empathy. Studies such 

as the ones by Bush and colleagues provide examples of how an HCD approach can leverage studentsô 

knowledge and experiences in math classrooms.   

In this study, we explore how three geometry teachers used the HCD framework in the context of a 

lesson study. The lesson study team designed and implemented a problem-based geometry lesson that 

engaged students in applying properties of circles to generate a prototype of a restaurant logo that 

meets stakeholders needs and constraints.  

Methods 

The study applies a design-based research methodology to design, implement, and evaluate four 

lesson study sessions (Easterday et al., 2018; McKenney & Reeves, 2012). Three high school 

geometry teachers were recruited to participate in a lesson study cycle during the spring 2022 

semester. The teachers, all from public schools in a Midwestern state in the U.S., had never 

participated in lesson study before. All the teachers had prior experience teaching: Celia (13 years), 
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Coral (2 years), and Dustin (24 years). We use pseudonyms for the study participants. The authors of 

this paper facilitated the sessions. To demonstrate HCD processes and foster creativity, the teachers 

studied prototypes of problem-based geometry lessons (see González & Deal, 2016). The prototypes 

were developed as part of another research study (González et al., 2023) and adapted by the authors 

to include HCD elements. The four sessions (1.5 hr/session) were conducted virtually using Zoom, 

Google Slides, and Google Forms. The online sessions allowed the teachers to participate after school 

by eliminating traveling time to a central location. The teachers could opt to have the camera on or 

off during the sessions and made use of the ñchatò feature online. The availability of online platforms 

afforded the team to simultaneously edit the forms in real time when constructing the plan for the 

research lesson. Additionally, the online sessions allowed us to overcome the challenges of live 

observations since schools had visiting restrictions due to the pandemic. Nevertheless, the online 

sessions posed some limitations for data collection such as not having many opportunities for 

informal conversations, which are crucial for establishing rapport among team members. 

Additionally, the videos shown in the post-lesson discussions restricted the point of view to the way 

the first author positioned the camera when visiting the classroom. The research team selected the 

video clips for the post-lesson discussions. These decisions about where to position the camera and 

what videos would be discussed provided a different experience for the lesson study team than when 

conducting live observations. At the same time, post-lesson discussions with video can allow teachers 

to attend to student thinking (González & Skultety, 2018). During the first session, the team studied 

instructional materials and was introduced to the HCD framework. During the second and third 

sessions, the team planned the research lesson, deciding to focus on properties of circles (math 

content) and iteration (HCD process). The first author videotaped the research lesson in Dustinôs 

geometry classroom. During the fourth session, the team analyzed videos from the lesson focusing 

on identifying evidence of studentsô use of properties of circles and iteration.  

The sessions were video recorded. We created a timeline parsing the session into intervals, which is 

a unit of analysis noting changes in the activity structure (Herbst et al., 2011). In each interval, we 

identified (1) references to the HCD framework, (2) who made the reference (the teachers vs. the 

facilitators), and (3) the purpose or effect of the reference. For example, a reference to ñempathyò 

by a teacher may have the effect of changing the problemôs introduction so that students feel 

empathy towards stakeholders during the planning step. Overall, the HCD framework specifies 

empathy and iteration as two key elements of a design challenge (Brown, 2008). We sought to 

understand how the teachers referred to these elements of the framework during the lesson study 

cycle. We coded independently a random sample of 20% of the total 75 intervals. However, we had 

difficulties achieving reliability in the first three rounds (60%, 53%, and 67%). After each round of 

coding, we met to resolve disagreements. After the third round, we developed a coding scheme for 

the references to the HCD framework (Table 1). We reached reliability in the fourth round of coding 

(86%) and the first author coded the remaining 20% of the intervals. 

  



 105 

Table 1: Codes for references to the Human-Centered Design framework in lesson study discussions 

Code Description 

Yes The facilitators or teachers make an explicit reference to the HCD framework or one of its processes or 

practices for the purpose of integrating HCD in the geometry problem or using HCD practices to engage in 

the lesson study cycle. 

No The interval does not include any explicit reference to the HCD framework or one of its processes or 

practices. 

 

Findings 

We introduce the findings in three parts. First, we provide an overview of the research lesson and the 

lesson study cycle to give the readers a sense of the context for the study. Second, we discuss the 

references to the HCD framework. Finally, we talk about the purpose of the references. 

Overview of the lesson study cycle and the research lesson 

In the first session, the teachers examined three prototypes of geometry lessons using the HCD 

framework prepared by the research team. Table 2 includes a summary of the lessons, which provided 

the teachers with ideas that they used to create a research lesson in the second session. They decided 

to combine the math content of circles and geometry constructions in the ñDesigning an Analog 

Watch Prototypeò and the context of ñDesigning a New Restaurant Logo.ò The rationale for the 

selected math content was that students had prior knowledge of constructions. The teachers expected 

the students to apply properties of circles when creating their design. The rationale for the context 

about making a logo for a restaurant was the authenticity of the context, studentsô love for food, and 

the opportunity for students to be creative. In terms of HCD, the teachers decided to focus on 

iteration . Specifically, they wanted the students to create and refine a prototype by incorporating 

peer feedback. The teachers critiqued the framing of the ñDesigning a New Restaurant Logoò lesson, 

which involved a fictional character, Dakota, who worked at an advertising agency. They stated that 

the students in the research lesson should not be living vicariously through Dakota and instead could 

be positioned as experts in the problem. The subsequent discussion led the teachers to frame the 

problem as one where the students were helping a small business owner of an existing or imaginary 

local restaurant. The teachers hypothesized that the students would be more invested with this new 

context and show empathy by relating to local needs in the community. Therefore, even though the 

teachers focused on iteration, they embedded empathy in the framing of the problem, an important 

characteristic of HCD. 
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Table 2: Prototypes of geometry problem-based lessons with Human-Centered Design objectives 

Title  Geometric 

Concepts 

Human-Centered Design Goals 

Occasion 

Problem 

Designing 

an Analog 

Watch 

Circles and 

geometry 

constructions 

· awareness of HCDôs problem-

solving approach. 

· reliance on connecting with 

people; 

· understanding of usersô needs 

as well as companiesô 

constraints; 

· use of math knowledge to 

make decisions on what 

qualifies as a feasible idea; 

prototyping a design. 

Wristwatches are back! A new company is 

asking for proposals to do a unique 

production of wristwatches. They launched a 

competition, and the winner of the best 

design will earn $5 million dollars plus sale 

royalties. 

As one of the participating design teams you 

decided to approach the task using the 

Human-Centered Design approach. You 

started your challenge by exploring the 

problems through talking to a specific 

population. You learned from interviews 

with millennials that many of them are 

interested in wearing analog watches (yes, 

the ones that are not digital). 

Designing 

Backpack 

Patterns 

Rigid 

transformations 

and triangle 

congruence 

 

· awareness of the role of 

constraints; 

· consideration of usersô needs 

as well as executivesô 

constraints; 

· use of math knowledge to 

create designs that meet the 

companyôs constraints. 

A backpacks company is trying to include its 

customers in the design process by giving 

them the option to provide their initials when 

they buy a backpack so the company can use 

it to create various patterns that can be 

tailored to the inside and outside of the 

backpack. To do so, the company launched a 

design contest, and the winner will get their 

design featured in their first advertisement. 

Designing 

a New 

Restaurant 

Logo 

Rigid 

transformations 

and congruence 

 

· consideration of usersô needs 

as well as executivesô 

constraints; 

· use of math knowledge to 

make decisions on what 

sketches meet the executivesô 

constraints; 

· use of sketches to collect and 

integrate feedback; 

· appreciate sketching when 

prototyping. 

Dakota works at an advertising agency. She 

and her team are currently working on 

designing a prototype of a logo for a new 

restaurant. They are putting together some 

sketches that meet the executivesô 

constraints and they can use to communicate 

their ideas to the executives. 

 

 

References to the HCD framework 

After the introduction to the HCD framework in session 1, the teachers made references to the 

framework in at least half of the intervals. Table 3 shows the number of intervals with references to 

the HCD framework by the teachers or the facilitators. This finding demonstrates that the teachers 

appropriated the framework and used it to plan the lesson in sessions 2 and 3. Additionally, the 

teachers referred to the framework during session 4 when examining videos of students working on 
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the problem. The facilitators made references to the framework in more than half of the intervals in 

all the sessions and diminished the references over time. It is possible that by making less references 

to the HCD framework, the facilitators allowed for teachersô agency in identifying connections to the 

framework by themselves. 

Table 3: References to the Human-Centered Design framework 

Session 

No. 

Lesson Study 

Step 

Total 

intervals 

Intervals with 

HCD references 

Facilitatorsô HCD 

references 

Teachersô HCD 

references 

1 Study 17 11 11 (100%) 1 (9%) 

2 Plan 18 13 12 (92%) 9 (69%) 

3 Plan 21 12 10 (83%) 6 (50%) 

4 Reflect 19 11 7 (64%) 7 (64%) 

 

Purpose of the references to the HCD framework 

We found two types of references to the HCD framework: HCD as content and HCD as a practice. 

On the one hand, the teachersô references to HCD when planning the research lesson aimed at 

studentsô understanding of geometry by applying the HCD framework. Therefore, the references to 

the HCD framework had the purpose of identifying ways to incorporate the framework into the 

research lesson. As stated earlier, the teachers decided to promote studentsô use of iteration in making 

prototypes of logos. They also embedded empathy in their framing of the problem for the students. 

In session 4, the teachers identified evidence of studentsô use of iteration when watching and 

discussing videos of the research lesson. On the other hand, the second type of reference pertains to 

teachersô engagement in HCD themselves by understanding, planning, and reflecting on the research 

lesson. The teachers used prototypes of lessons for planning. The research lesson itself could be 

viewed as a prototype for testing ideas about using HCD with students. In the following sections we 

show some evidence of these two themes from the data. 

HCD as content 

We selected some examples of discussions across sessions to illustrate how the teachers referred to 

HCD as content. In session 2, when planning the research lesson, the team considered ways to 

incorporate iteration as students worked in groups of three (trios). Reference to ñiteration,ò 

ñempathy,ò and ñprototypingò are noted in bold. 

Celia: Okay, this could be a terrible idea. But what Iôm thinking about right now is, as far 

as iteration goes, and if there would be enough time for this. So, letôs say we give 

them, I donôt know, 10 minutes to say, ñOkay, youôre in your trios, come up with 

the best logo that you can in 10 minutes.ò And then, there was in the description of 

the task, it says, ñFinally, propose your sketch for at least two other groups. Collect 

their feedback and make at least one modification.ò I wonder if either in addition to 

it, and instead of that, say, ñOkay, at the end of the 10 minutes, youôre passing your 

logo off to the next group.ò And like, thatôs their starting point. And their goal then 

is to improve the logo that you started. And we do another 10 minutes, or maybe 

they donôt need 10 minutes this time, because theyôre not starting from scratch. And 
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now they get, I donôt know, five minutes, six minutes, whatever the time is, and 

they have to improve it. And then itôs like, ñOkay, weôre going to do one more 

pass.ò And, so now they get this third logo from a different group, and they have 

to improve it one more time. I donôt know. I donôt know if we have enough time 

for that. But... 

Dustin: I like that idea. Iôd be okay with doing it once. I donôt know. Once they get the 

design that has been improved upon once, they might get bogged down in, ñWell, 

what can I do to improve this? Because itôs already been improved, once.ò But to 

go back to Glorianaôs question like, whatôs the number one thing we want to get 

out of this from the Human-Centered Design perspective? I could see it being just 

looking at the slides Saad has up, ñways to empathize with stakeholders,ò like 

youôre trying to get feedback from multiple people, whether thatôs another trio in 

the room or Iôm totally open to having them do a little bit of market research the 

night before, where they talk to family or friends about what makes a good logo. 

And then they bring that into the room that day. So, it doesnôt take up time other 

than them dialoguing with the other two members of their trio. I think that would 

be a fascinating like, on-ramp to the problem. And they wouldnôt know fully what 

weôre doing. But they could probably surmise a little bit that they were going to be 

doing something with logos that day. I think itôd be cool for them to just ponder, 

ñOkay, what makes a good logo an effective marketing ploy?ò 

Coral: So, I was thinking about, you know, when you said to pass it and have them make 

improvements, that to me fits in with the ways to prototype a new design process. 

Because in the real world, once you have a design, you often pass it on to your 

superiors or peers for them to make adjustments. And then kind of like, add on to 

what you already have. So, I feel like that would kind of connect the students to 

what happens in the job force, whether itôs marketing, engineering, or anything of 

the sort. 

In the discussion, the team debated the practical issue of how many iteration cycles to incorporate in 

the lesson. The team decided that students would ask another trio for feedback once, to avoid getting 

ñbogged down.ò At the end, Coral stated that prototyping and incorporating feedback through 

iteration is an authentic practice in many job-related settings, thus adding authenticity to the task. In 

session 3, the team refined the activity so that students would perform one iteration in relation to other 

lesson activities. 

Dustin: Are we going to have enough time guys to do it with two groups? I thought I raised, 

Iôm just concerned likeðI have in my mind, I have written on a piece of paper over 

here, like okay, we need this many minutes probably to do the design, this many 

minutes to pitch it to a group. Iôm just trying to fit everything in. Can we get them 

to experience the iteration part of it  just by having them run it by one group? Or 

I suppose now...no, never mind. Scratch that, that was my opinion. So. 

Celia: I think just having one, one group, you know, that they have look at it and give 

feedback. I think thatôs fine. Especially trying to consider how much time there is. 

I mean, ideally, would they be able to get more than one group? I think if time 
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wasnôt an issue, like yeah, the more the better, right? But trying to do whatôs 

feasible in one class period, probably just one is good. 

There were four objectives for the research lesson and two of them included prototyping and iterating: 

ñStudents become aware of the role of prototyping in Human-Centered Designò and ñStudents use 

sketches to collect and integrate feedback.ò The other two objectives made references to empathy: 

ñStudents understand that Human-Centered Design considers usersô needs as well as executivesô 

constraints.ò ñStudents use mathematical knowledge to make decisions on what sketches meet the 

executivesô constraints.ò 

During the lesson, the students used properties of circles to create a restaurant logo. Each trio made 

a prototype of the logo, received feedback from a peer who came to talk to the group, and then 

modified their logo. Figure 2 shows an example from a worksheet. The first prototype of the logo for 

a pizza restaurant had a comet inside of the circle. After receiving feedback, the second prototype 

included the comet as a tangent. Figure 3 shows their final prototype, which they presented to the 

class at the end of the lesson. The trio created a logo for a hypothetical restaurant, ñShooting Star 

Pizza.ò Their intention was to show 1 circle and its tangent, and use 2-5 colors, as established by the 

class in the initial discussion. The changes to the logo integrate the tangent to the circle as part of the 

design, minimize the crust, and refine the drawing of the tangent. 

 

Figure 2: A groupôs showing a prototype and its modifications after one iteration 
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Figure 3: Final prototype of a logo for ñShooting Star Pizzaò 

In session 4, during the post-lesson discussion, the teachers identified studentsô engagement in the 

iterative process of creating a logo. They used the example of another trio that had been using a circle 

to create a logo for a taco restaurant.  

Dustin: I will take the blame for rushing their development of the second iteration a little 

bit and tensions were flaring there at the end [laughs]. 

Gloriana: It worked, it worked. 

Celia: I did appreciate though how the one studentðit seemed like who like presented the 

first iteration  to the other group and then was bringing back the feedbackðshe 

had said they, you know, they said to make the ñBò more rounded. ñIt looks like 

teeth,ò they said. So, like sharing that feedback. And to me, like taking the 

feedback to then make the second iteration more visually appealing based on that 

feedback. I appreciated that.  

The feedback was that the lettuce coming out of the taco and the letter ñB,ò which was used to write 

the name of the restaurant in the logo, resembled teeth. The students changed the visual in response 

to the feedback. Celia noticed that the iterative process allowed the students to incorporate the 

feedback and improve their logo. Overall, the teachers used the HCD framework as content during 

the lesson study cycle. The examples show how the teachers integrated iteration in the research 

lessonôs objectives and activities. Additionally, the teachers identified evidence of studentsô 

engagement with iteration during the research lesson.  

HCD as a practice 

We selected some examples of discussions across sessions to illustrate how the teachers referred to 

HCD as a practice. In session 1, the teachers empathized with the students as they examined and 

discussed the three prototypes of the geometry problems. The bolded sections in the examples show 

that the teachers took the studentsô perspective as they reflected and commented on the prototypes.  

Dustin:  I was still in the process of reading the analog watch prompt. But I felt like at 

least two and a half of theéthe situations were really strong from an HCD 

perspective, really walking kids through the interaction and the interpersonal 

skills needed to make something happen in the real world. And so, I saw that 

shining through loud and clear in all the models. 
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Coral:  Yeah, same, like trying to read it as a student, I think that the way that each of 

these tasks are introduced kind of gets them in the mindset of, ñOh, yeah. 

Okay, this is why weôre doing this.ò Like they can see it as realistic, they can 

see it as having a purpose, not just, ñOh, itôs another math problem,ò but 

actually the application. 

Celia:  Yeah, I was going to say, a lot of the time kids ask me, like, ñWhen would I use 

this in the real world?ò And so, each of these problems has, you know, an 

impact onéon some career, especially in design, because a lot of times kids 

will often say, ñOkay well, I can see how this would be useful like in engineering, 

or subjects in STEM, but how would I, how would it come into play if I donôt 

want to do that?ò So, I thought that was really neat. 

After discussing the three prototypes of geometry problem-based lessons, the teachers demonstrated 

some synthesis and ideation practices to converge towards the restaurant logo problem targeting one 

math standard, circles as a geometry topic, and iteration as an HCD objective. The examples from 

session 2 show how Dustin started to narrow down the math standard for the lesson.  

Dustin:  I would say if I had to pick one, and Iôm open to this everyone, it would be the 

first standard listed in the watch problem. I think thatôs a nice blend of 

structure and open-endedness.  

Similarly, in the same session, Coral identified prototyping as the HCD objective since the problem 

already required students to empathize. 

Coral:  Yeah, I agree, I would say the ways to prototype in this design project, I think 

like, there is a sense of the empathy just from the problem statement itself, like 

youôre asked to make something for someone else. So, I think since thatôs 

already kind of integrated with the project, iteration would be a nice thing to 

focus on.  

Conclusion 

In our study, we found that geometry teachers can practice HCD to collaborate when designing 

problem-based geometry lessons. They can also integrate HCD elements and processes in geometry 

problems via lesson study. Our findings indicated that over the course of four online sessions, the 

lesson study team used HCD processes to design and implement a lesson with a geometry problem 

that encompassed both geometry and HCD learning objectives. It seems that the use of the HCD 

framework during lesson study empowered the teachers to collaborate and design an innovative 

geometry problem. The problem engaged geometry students in applying properties of circles and 

iteration to design a restaurant logo. The students had the agency of selecting circle properties to 

create their design. The constraints of the problem fostered their creativity by specifying elements to 

be included in the design challenge. The problemôs context allowed students to develop some 

empathy and envision how to meet their stakeholdersô needs with their design. The teachers 

appreciated seeing that the students selected a geometric property for their design and refined their 

integration of that property in their logo after building their prototype and receiving feedback from 

their peers. The iterative cycle within the HCD framework supported studentsô application of circle 

properties to an authentic setting of graphic design. In future studies, we would like to continue to 
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explore how the HCD practices can empower teachers to design innovative lessons set in authentic 

contexts for students to enjoy and appreciate the beauty and relevance of math. 
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Mathematics for multispeciesô flourishing: A case for kolams 

Olivia Lu1, Sreedevi Rajasekharan2 and Steven Khan2 

 

We have been developing the framework of Mathematics for multispeciesô flourishing, which is an 

ethical and enactivist approach that recognizes the right of all species to flourish through the human 

study of mathematics and encourages respectful partnership between humans and other species (Tran 

et al., 2020). Kolam designs are geometrical shapes typically represented with dots, which are 

connected to each other through straight lines, loops, and curves. We interrogate some of the 

literature on kolams in mathematics education (Ascher, 2002; Chahine & Subramanian, 2017; 

Chenulu, 2007), which typically draws on ethnomathematical or culturally responsive perspectives 

(DôAmbrosio, 1990).  

We revisit and resituate kolam drawing in mathematics education through a perspective of being for 

multispeciesô flourishing (Khan, 2020) and using the language of variation theory (Lo, 2012; Marton, 

2014), we argue that the external and internal horizon of the object of learning need to be 

continuously placed in relation to each other. This perspective on the kolam drawing practice serves 

as a pedagogical pivot (Ellsworth, 2014) that keeps the cultural and ecological significance always 

close at hand and in mind even as one deepens their mathematical exploration or appreciation. Our 

work responds to our wonder, ñhow do we create opportunities for passionate immersion and 

meaningful engagement with other cultures in ways that privilege a mindset of partnership and 

kinship over one of resource extraction and capitalization?ò 

Keywords: Mathematics education, multispeciesô flourishing, ethnomathematics, variation theory, 

kolams. 

 

Introduction  

In this theoretical paper, we argue that Variation Theory (VT) and Ethnomathematics (EM) form a 

necessary and mutually enriching partnership that simultaneously advances multiple goals such as 

those aligned with equitable outcomes for diverse learners, cultural relevance, cultural respect, and 

humanizing mathematics education. We argue that the external horizon of the object of learning is a 

critical aspect of the ongoing evolution of relevance and motivational frame for learning 

mathematics. The lives of mathematical objects of learning that are embedded in cultural practices 

should maintain a harmonious relationship between both their ongoing cultural aspects and 

mathematical aspects. Variation theory also provides an important frame for the design of 

systematically sequenced and structured patterns of critical discernments that attends to the 

pedagogical dimension of ethnomathematics within school and other settings. We illustrate our ideas 
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through the example of the practice of kolam drawing, which originates in Tamil Nadu, India, and 

has been previously explored in the EM literature.    

Steven: As I have explored the works of variation theory, I see the potential and importance 

to intertwine these concepts into the introduction of cultural learning within 

mathematics classrooms. I hope that in mathematics, the cultural significance gains 

traction, not only respectfully, but in a manner that supports and promotes studentsô 

learning. If variation theory can offer openings for studentsô ways of learning and 

knowing, there should be opportunities to connect their learning of mathematics 

activities beyond the classroom.   

Olivia: My experience with kolam drawings started as a young bride whose husband worked 

in a small town called Karur in Tamilnadu, India. It was customary for the ladies of 

every Tamil household to get up early in the morning, sweep the front courtyard of the 

house with coconut palm leaf stalk brooms (recyclable) and sprinkle water to purify 

the swept area of the courtyard before drawing the traditional kolam designs. The 

purpose of sprinkling water is to get the rice flour stuck to the ground. People who 

have cows at home used to mix cow dung to the water and cement the front courtyard 

with the mixture before putting the kolams. In Kerala, we have the tradition of making 

beautiful patterns on the floor, aniyal (decoration) as they are known, the material 

used is wet rice ground and added with resin from chopped okra to thicken the paste.  

Kolams are drawn in front of Hindu households as a sign of welcome. I took lessons on kolam 

drawings from my friends, village women who lacked the opportunity to pursue higher education 

because of their gender and family traditions. Kolam drawings require mental concentration and 

prowess and are well connected with self-discipline (Personal experience; Ascher, 2002). I used to 

practice the kolam drawings many times on paper before putting them on the floor. I remember 

putting the dots in the sequence of   1-3-1, 1-3-5-3-1, 1-3-5-7-5-3-1 and this is done in precision 

without any ruler.  

Sreedevi: I have used sand drawings including kolams in work with elementary teachers for 

more than a decade (Khan, 2010). Teachers are always surprised at how much effort 

they take to make even simple images that are aesthetically pleasing and feel great 

satisfaction when they make increasingly intricate patterns. I am always careful to try 

to situate these traditions within their contexts and cultures. However, in math classes 

and the literature where cultural artifacts or practices form the basis for instruction, 

I have often found the cultural aspects to be rapidly dropped and never returned to as 

the mathematics takes precedence. 

Steven: The work of teaching mathematics in schools is complex and challenging (Potari, 

2012). To ambitious goals of high achievement, mathematical proficiency and equity 

for all learners, have been added goals related to humanizing, cultural 

responsiveness, and socio-emotional regulatory competence based on emerging 

consensus around how people learn. This consensus foregrounds the critical and 

necessary roles of contexts and cultural situatedness (National Academies of Science, 

Engineering & Medicine, 2018). At the same time, research on theories of learning 
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reveal swarms of discourses (Davis & Francis, 2021) that intersect, interact, evolve, 

compete for attention, and influence approaches to, and beliefs about effective 

teaching.  

A critical convergent insight from neuroscience, economics, and education research is that attentional 

working memory (bandwidth scarcity) is a critical (non-volitional) limiting factor for learning (and 

learning to teach). This can be severely attenuated by factors such as physical, emotional, and 

economic stress due to poverty, racism, trauma, and marginalization (Mullainathan & Shafir, 2014; 

Verschelden & Pasquerella, 2017) but can be ameliorated by careful design considerations such as 

limiting unnecessary distractors, chunking into smaller pieces, and providing immediate corrective 

or evaluative feedback within a non-judgmental (growth-oriented) environment. This environment 

offers repeated and increasingly elaborative experiences, which elicits positive affective responses 

(see Figure 1). These findings are consistent with the design principles used in some types of digital 

games and puzzles (Khan & Rudakoff, 2019), some mathematics curriculum resource partners 

(Preciado-Babb et al., 2015) as well as Universal Design for Learning (UDL) frameworks (Lambert, 

2021; Takacs et al., 2021).   

 

Figure 1: Three networks influencing UDL principlesðaffective, recognition, strategic (Takacs et al., 

2021, p. 33) 

In this paper, we bring together our understanding of the curricular and pedagogical design 

implications of variation theory (VT) and ethnomathematics (EM) in attempting to create a novel 

partnership between them that we believe will be useful to pre-service and in-service teachers who 

seek to include the cultural life-worlds of learners and their community into their classrooms in 

meaningful, impactful, and respectful ways while also advancing and remaining consistent with 

effective principles for learning mathematics. Our literature search and review found many articles 

over the last three decades that separately drew on ethnomathematics or culturally responsive 

pedagogical practices and those that drew on variation theory. We could find no work that explicitly 

partnered the two frameworksðthough we acknowledge that in the description and design of some 

classroom ethnomathematical activities, we saw evidence of practices consistent with the broad 

principles of variation theory. Likewise, in some work drawing on variation theory we saw evidence 

of the wider cultural context of learners and communities being drawn in without explicit reference 

to ethnomathematics or culturally responsive pedagogy.    
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Why partnering? 

The idea of partnering draws on work of the Math Minds project (Davis et al., 2020) as well as work 

on multispeciesô flourishing (Khan, 2020) both of which share an emphasis on an enactivist 

understanding of structural coupling and owe debts to indigenous ways of knowing, thinking, and 

being in relation to the other-than-human relativesðincluding mathematical concepts. The former 

involves work with teachers on partnering with a well-raveled learning resource that is consistent 

with their five principles of learning to improve teaching. They argue and present examples from 

JUMP Math lessons that systematically use structured and clearly sequenced patterns of variation of 

critical discernments that are sustained over multiple lessons and years. The work, however, presents 

as acultural and is focused on critical discernments of mathematical concepts and associated linking 

logics.   

Our work starts from a position of cultural responsiveness (Matthews et al., 2022; Seda & Brown, 

2021) and is consistent with recent findings from the National Academies of Sciences (1994) on How 

People Learn that contexts for learning matter, are essential for learning, more so for students from 

non-dominant cultures in education systems, and are not merely a backdrop or prop for learning. We 

take a more critical decolonial, anti-racist and eco-communal approach, which attempts to trouble 

capitalist-colonialist, essentialist understanding of óresourcesô as something that are just óthereô for 

the taking and exploitation for individual or corporate profit. Indeed, the language of óresourceô in 

education is one that we find especially problematic in the context of the Truth and Reconciliation 

Commission of Canada (TRC) Calls to Action and moves to decolonize the University/Curricula.  

Intentionally coupling EM with VT allows us to develop a strategy for working towards the ambitious 

goals of modern curricula and schooling in ways that feel honest, have a high probability of success, 

and, which honours the dignity and integrity of the learners we work with, the communities, heritages, 

and cultures to which they belong and contribute, and, who too must be invited into renewed vivifying 

partnerships with schools and education as they continue to transform each other. Thus, extending 

the work of Math Minds, we propose keeping cultural ideas central and find ethnomathematics a 

valuable partner along with variation theory in thinking about the design of learning experiences. 

Note, there are other potential theoretical and pedagogical partners with either member of this 

coupling, but they are not our focus in this paper.  

As variation theory concentrates on the cognitive and design components and ethnomathematics 

focuses on the sociocultural components and human practices in multispecies worlds, we can couple 

aspects of working memory (from variation theory) with ethnomathematics and/or the cultural 

connections of ethnomathematics with variation theory. We will provide an example of kolam 

drawing to focus attention on how the use of variation theory and ethnomathematics might inform 

mathematics education and teacher practice. 

A brief introduction to ethnomathematics 

Following Lubis et al. (2019), we take Ethnomathematics (EM) as expressing the reciprocal 

relationship between mathematics and/in culture (Lubis et al., 2019). It can be considered a 

ñculturally specific practice performed by one cultural group seeking to make sense of another, often 

by reference to a specific conceptualization of mathematicsò (Peralta, 2020). Katz (1994) pointed out 

that mathematical ideas have grown out of the needs of various cultures around the world, and it is 
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important that students of Western nations are exposed to the mathematical practices in different 

cultures. The current Eurocentric challenges in mathematics education can be relieved through 

applications of ethnomathematics, as ethnomathematics creates opportunities to recognize the 

contribution of non-Western approaches to mathematics and to explore mathematics beyond the 

traditional framework of mathematical thinking (Hall, 2007). People all over the world have 

developed several mathematical methods consistent with their interests, religious beliefs, aesthetic, 

or recreational goals/purposes. Some cultures use arts and designs rich in symmetry, proportions, and 

transformations as part of their daily ritual, and kolam is one such example.  

Ethnomathematics helps students understand the cross-curricular applications and identify mathematics 

in real-life situations. In the mathematics education context, ethnomathematics can introduce 

mathematical perspectives that focus on bringing diversity into the classroom through local knowledge 

and the idea that mathematics appears anywhere (Peralta, 2020). A multicultural approach to teaching 

mathematics can also guide students to comprehend the subject in an academic setting (in the 

classroom) and in an informal way outside traditional classrooms. According to Uy (2013), humanizing 

mathematics lessons helps to include all students and boost their confidence levels, promoting holistic 

learning of mathematics, and acknowledging the existence of ñotherò within mathematics. The practices 

of ethnomathematics have the ability to provide math educators with crucial resources that connect 

dominant and non-dominant forms of knowledge in ethnomathematics. The recognition of mathematics 

within cultural practices in conjunction with the discovery of different ways of thinking can be brought 

together as two perspectives of ethnomathematics (Peralta, 2020).  

Ethnomathematics can serve as a bridge that connects the theoretical aspect of mathematics with lived 

experiences. Consider, for example, the increasing diversity of the population in Canada/North 

America, which has led to emphases on including learnersô familial and cultural curricular assets in 

the formal curriculum. Ethnomathematics helps to overcome learning difficulties (Orey & Rosa, 

2007). The authors elaborated on their assumption on the origin of modern mathematics as follows: 

Much of what we call modern mathematics came about as diverse cultural groups sought to 

resolve unique problems such as exploration, colonization, communications, and construction 

of railroads, census data, space travel, and other problem-solving techniques that arose from 

specific communities. (Orey & Rosa, 2007, p. 11)  

Cultural variables have influenced students in their consideration of how they understand the world 

and interpret their experiences as well as that of others. In other words, culture influences the ways 

we gather and utilize our own mathematical knowledge (National Academy of Sciences,1994). 

Ethnomathematics helps students appreciate the contributions of their culture as well as that of others 

(DôAmbrosio, 1990; Joseph, 1991). As Freire (1986; 1998) mentioned, students are not containers to 

be filled with information, rather, teaching must involve the creation of knowledge and transference 

of information. Ethnomathematics is communal in the sense that all students in the class are 

significant and stay connected to their roots so that they develop resistance to harassment or 

domination and are equipped with the ability to engage in important concepts within mathematics, 

thus linking mathematics with its contexts.  

However, incorporating ethnomathematics approaches has its limitations. One limitation is that 

ethnomathematics can privilege socio-cultural aspects over cognitive aspects of mathematics 

teaching and learning. Through the process of introducing the connection between mathematics 
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learning and culture, often the progressive nature of learning itself is not regarded. In addition, the 

common method of practice and conceptualization for ethnomathematics is accomplished through 

only retaining the cultural aspects that are deemed relevant to the mathematical topics of interest. In 

this way, the mathematics portions are óextractedô from those cultural practices, often losing the 

meaning behind the tradition shortly after it is introduced. Therefore, the appropriate realistic 

applications of ethnomathematics practices should continuously incorporate various significances 

(traditional, ecological, familial, historical, theological, holistic) throughout lessons. Hence again, our 

semiotic signal in choice of the signifier partner rather than resource. A more comprehensive analysis 

of EM and some of the arguments within the field can be found in Khan (2008).  

A brief introduction to variation theory  

Variation theory (VT) is a theoretical framework of learning and experience described by Ference 

Marton and several others (Marton et al., 2004). The variation theory of learning (Marton, 2014) 

focuses on the need for learners to notice/discern critical aspects of the object of learning. There is a 

core concept of the object of learning, which is situated in a context concentrating on ñwhatò is 

learned and what students are expected to learn. In the framework of VT, the learners are drawn to 

contrasting by observing how something changes or is different, allowing them to mar Marton and 

Booth (1997) defined learning as the advancement of experiencing something in a new/different way, 

particularly at a moment(s) where there are differences in the structure of awareness. For Runesson 

(2005), ñlearning is defined as a change in the way something is seen, experienced or understoodò (p. 

70). In order to draw awareness to changes, sequences of patterns of variation and invariance are 

required and are called critical discernments. While developing these critical discernments, there are 

four necessary conditions of learning in VT to consider: contrast, separation, fusion, and 

generalization. We have summarised our understanding of the elements of Variation Theory in a 

series of concept maps presented below, which are also available online. Note there are also linked 

concept maps that extend and deepen the understanding of the Object of Learning (OOL.), the internal 

and external horizons of the OOL, and the core concept of critical features (or discernments in the 

Math Minds rendering). In the interest of space, these have not been included.  

 

Figure 2: Concept map on theories of learning and experience to attain the object of learning (Khan, 

n.d.) 

https://cmapscloud.ihmc.us/viewer/cmap/1Q2TCGFCL-BHCW6F-4CJ
https://cmapscloud.ihmc.us/viewer/cmap/1Q2TCGFCL-BHCW6F-4CJ
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Figure 3: The three types of variation within variation theory (Khan, n.d.) 

In mathematics education, elements of the VT framework can provide practical guidance for teachers 

in designing mathematical lessons/tasks and can enhance the mathematical understanding of the 

learners (Handy, 2021; Watson & Mason, 2006). Jing et al. (2017) suggested that only a handful of 

studies are available on the effects of variation theory when used to inform teaching on studentsô 

outcomes. Donovan et al. (1999) pointed out that in order to develop competence in a specific area of 

inquiry, students must understand facts and ideas in the context of a theoretical basis, and the knowledge 

must be organized in ways that facilitate recovery and application. Our attempt is to provide 

mathematics teaching and learning opportunities that can help learners experience mathematics.  

In the traditional mathematics classroom, students memorise a formula or algorithm, work through 

problems individually or in groups, or they take a test to demonstrate their understanding, thus helping 

teachers to evaluate them. The question here is, how can we empower learners with meaningful 

experiences in mathematics? In the educational context, the learning experience is the interactions 

that connect a learner with the matter being learned (Leung, 2010). Leung further identified three 

categories of understanding (of mathematical concepts by students) based on research conducted in 

a primary mathematics classroom in Hong Kong: create/discover mathematical knowledge beyond 

the present level; shape new mathematical knowledge; and re-shape prior mathematical knowledge. 

Ethnomathematics is present in the cultural practices of various groups of indigenous people and such 

practices have helped in preserving their cultural identity (Pradhan et al., 2021). It is important that 

teachers understand how mathematical knowledge is related to various cultures in classrooms with 

https://cmapscloud.ihmc.us/viewer/cmap/1Q2TCGFCL-1TDZZ2J-4CG
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cultural diversity and how socio-cultural factors influence the academic achievement of students 

(Haghi et al., 2013). The mathematics practices of the classroom should bring meaning to reignite 

mathematics knowledge, which can be explored through a multitude of activities and concepts, 

including fascinating designs/techniques/patterns such as kolams. 

A background on kolams 

Kolams are drawn using loose powder-like material (i.e., rice flour, chalk powder, rock powder, 

ground rice, sand, etc.) that connects and surrounds predesigned dots with lines. The practice of 

drawing kolams is generally performed on a wet surface so that the design stays for a long time. 

Usually, the dots are connected by lines to make a pattern, or loops are drawn around dots to create a 

design. The drawings of kolams originated from the practices of women from Tamilnadu, a ritual 

performed in the early mornings before sunrise. Typically, rice flour used in making kolams can feed 

many types of animals like ants, birds, and squirrels, and hence this land art is a symbol of harmonious 

living with nature. Kolam designs are recursive in nature. They start off as simple motifs and form a 

complex structure by repeating the subunits. There is a synchronization of yoga in the practice of 

drawing kolams. The health benefits range from improved blood circulation, meditative effect on the 

mind, and the posture strengthening the body.  Kolams are drawn to channel positive energy to oneôs 

homes/offices, and it has a calming effect on the mind and body to prepare and face the hardships in 

store for the day.  

The potential of kolams in mathematics classrooms 

The art of kolams can create opportunities for students to recognize and build the context of 

mathematics applications outside of mathematics (Chenulu, 2007). Kolams can be used in educational 

applications of key mathematics concepts that include (but are not limited to) counting, patterns, 

symmetry, fractions, probability, geometry, graph theory, algebraic thinking, and spatial 

analysis/awareness.  

Kolams provide and introduce a holistic environment that can make connections to studentsô lived 

experiences along with focusing on the whole child/person approach. It has the potential to not only 

incorporate an invitational approach into the mathematics classroom; the lessons learned can expand 

beyond the classroom as lifelong learning, respecting environment/resources, the cycle of life, and 

spiritual connections with body, mind, soul, and nature.  

How kolams exemplify VT and EM 

We see potential in providing an example of approaching the use of both variation theory and 

ethnomathematics in mathematics education through the practices of kolam drawing as a learning 

sequence for teachers. Through an ethnomathematics lens approaching the study of kolams, the 

mathematical aspects overshadow the cultural aspects. The ethnomathematics perspective observes 

kolams as a resource, as we can extract and recognize the mathematics portions from the cultural 

practice to make connections within the classroom (Perlata, 2020). Additionally, we notice the 

capacity to use kolams in the mathematics classrooms, as a compelling example of partnering 

variation theory with ethnomathematics.  

Kolams are exemplary in joining the perspectives of ethnomathematics and variation theory, and the 

practice brings forth several mathematical concepts in a constructive interconnected fashion. The 
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mathematical concepts expressed through kolam practices can provide opportunities for variation theory 

in student learning in making connections with critical discernments and allow for focus on the internal 

and external horizons of the object of learning. The object of learning acquires meaning through its 

external horizon in variation theory approaches (Lo, 2012), and generally relates to the cultural aspects, 

but this link is not made within teacher education since there is limited time and experience for most 

teachers in the exploration of external horizons that are truly external/different to their own. 

[Images from Figure 4 through 11 produced by O. Lu and S. Rajasekharan].  

 

Figure 4: Variation and developmental sequence in holding and dropping the rice flour 

 

Figure 5: Variation (rounded and slanted dots) from different methods of holding flour 

 

Figure 6: Sequencing of different dots, simple lines, and curves used in complex Kolam designs 

Note. Tracing the design can be used to initiate an interest of students in feeling the resources and 

partnering with them. 
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Figure 7: Dots, circles, and classic shapes/tiles part of traditional Kolam designs 

Note. Tracing the designs on the rice flour does not form part of kolam designs. But the authors 

consider it as a strategy that can be adopted in elementary mathematics classrooms to help create an 

interest in the subject. 

 

Figure 8: Variation in the skill level of the 1:3:1 dots Kolam designs 

 

Figure 9: Variation of beginner patterns created using 2:3:2 Kolam designs 
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Figure 10: Variation in skill levels shown in 1:3:3:1, traditional Kolam lamp (wick) design 

 

Discernments and drawing explanation VT and EM 

Using the framework of variation theory, we would like to probe the pre-lived and post-lived teaching 

as well as the learning experiences of mathematics educators with their students on particular objects 

of learning when partnering with culturally responsive instructional designs such as kolam drawings. 

Specifically, these lived experiences can be brought to the surface with the internal and external 

horizons as variation theory components, which can directly be indicated with the learning.  

From the variation theory framework, the key elements of critical discernments can draw attention to 

and emphasize the multiple characteristics, movements, techniques, and types of kolam drawings. 

The critical discernments formed from the kolam drawing practice can be creatively curated with 

opportunities to relate to mathematical understandings and/or holistic learning concepts, integrated 

into the classroom. These types of discernments may include choosing the material or style when 

creating a design. By selecting from various types of flour and sand, the techniques and methods may 

vary. The process of drawing kolams includes discernments of actions, such as performing body and 

hand movements to hold or pour the material (i.e., tracing, dropping) (Figure 4). Prior to drawing the 

selection and method of drawing, the pattern type must be considered with several points of critical 

discernment. This may include, the number of dots, types of dots (slanted or round), organization of 

dots (from centre to the outer formation), and types of lines (straight, looped, curved, parallel). Also, 

critical discernments must be taken into account for the overall design pattern (odd number sequence 

pattern, connecting dot pattern, etc.), finding a route from starting point to completion, and 

maintaining the connection with consistent lines to account for each dot with overall sequencing.  

In producing the final kolam drawing, critical aesthetic discernments are made in reflection, 

contemplation, and admiration of the artwork done. Comparison with past drawings and/or the 

drawings of others provides other opportunities for discernment. These individual and peer 

comparisons can involve critical discernment regarding learning from different or similar techniques 

and patterns, reflecting on the pre-planned process in design, and observing the differences in actions 

that could have been made for improvement.  

The critical discernments at play have been displayed throughout this paper. The practices shown in 

the images of introducing and addressing the critical discernments in the stages of kolam drawings 

do not have to be followed using the same procedure/organization of step-by-step instruction. In our 
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trials, we only offer an example of some possible critical discernments at work to produce kolam 

designs. Figure 4 illustrates the methods of holding the rice flour, which can be done in three ways, 

1) flour between the index finger and thumb, 2) flour pinched by all fingers and dropped with the 

middle finger, and 3) flour in a fist dropped from the pinky opening of the hand. Figure 5 shows the 

types of dots and placements of dots are shown in the variation of circular/rounded dots and slanted 

dots, resulting from the third and first methods of holding (respectively). Figure 6 presents multiple 

variations and sequencing of different circles, simple lines, and curves. Incorporated together, these 

produce a kolam design. There are designs of the tracing method (start with material on the surface 

and then finger draw designs) with classic dot and line circles. Additionally, there are basic types of 

lines (horizontal, vertical, diagonal) and complex lines (rounded, spiral, zigzag, parallel). Figure 7 

demonstrates a variety of shapes created from the tracing method and the line drawing method as well 

as common kolam shapes, which can also take the form of polypad tiles (ñPolypad - Virtual 

Manipulatives,ò n.d.). Figures 8ï10 showcase the range of complexity in kolam dot line drawings. 

This first starts with one of the simplest designs with a 1:3:1 design, then with 2:3:2 designs in star 

and flower patterns, and finally with a more complex design of the traditional lamp kolam pattern. In 

slowly progressing the aspects that make up a kolam design, critical discernments can draw attention 

to the areas of improvement and importance for students to learn to make a complex kolam design. 

Throughout the paper and practice, the experience level of kolam designs is represented in side-by-

side images, valuing the beginner and advanced learners and demonstrating the variation in direction 

and precision based on skill level. The final product of the project is displayed in Figure 11 below. 

These designs were taken to the natural land surface, honouring the traditional ways of practicing 

kolam drawing outside in the natural environment. The designs below are the final works of the 

practice done in previous figures and compiled into one image to demonstrate variation in skill level, 

symmetry, and the social aspect of drawing kolams.  

 

Figure 11: Holistic realistic practice in demonstrating the final Kolam drawings (variation in 

comparing skill levels and symmetry) 
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Mathematics for multispecies flourishing (M4MSF) 

 

Figure 12: M4MSF framework (Khan, 2020) 

Mathematics for Multispeciesô Flourishing is an ethical framework for the teaching and learning of 

mathematics that recognizes the right of all species to flourish and encourages respectful partnership 

between humans and other species. It is framed as extending the frameworks that are attuned to human 

flourishing (Seligman, 2012; Su, 2020) to the multispeciesô world. The latter is understood expansively 

and in ways consistent with a decolonized and ethical ecology. Mathematical activity or learning 

experiences are intentionally and explicitly connected with needs for survival, transcendence, 

belonging, dignity, and challenge through a consideration of land, language, lore (story), living, logic 

and learning. It entails a period of passionate immersion (see Khan, 2020; Tran et al., 2020). 

Table 1: Rethinking kolams through M4MSF 

Element Exemplification from the practice 

Survival The rice flour in kolams helps in the survival of many species (e.g., ants, birds) 

including the survival of the art. Here, we connect learning of mathematics with 

ecological kinship. 

Transcendence Born of a dot, kolams represent energy or creative power. The women who draw 

kolams act as creators of positivity and they rise above materialistic thinking and 

oppression to create auspiciousness in daily lives. 

Dignity  Dignity of kolam as an art form connected to science and mathematics, a combination 

of tradition and modernity. Teaching mathematics through kolams as a way of telling 

boys/men that girls/women have been learning mathematics. 

Belonging Kolams belong to specific cultures in practice, and to the entire universe in 

philosophy or intention, and in materials used to draw kolams. 

Challenge In drawing/creating the design, usually without lifting the finger. Getting up early in 

the morning before sunrise to draw kolams is a challenge. It is a challenge to explore 

the mathematical aspects of geometric forms, symmetry, number theory, algebra, and 

other mathematical concepts through kolams (Chenulu, 2007). 
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Element Exemplification from the practice 

Land Kolam is a land art or an environmental art that was transferred from remote areas of its 

origin to modern locations where this art could interact with more audiences and thus 

widening the scope of this land art (Rahbarnia & Chadha, 2015). 

Language Kolam is a language of care, sharing (of food), compassion, and universality. 

Lore Many folk tales exist in Tamil culture to make the kolam drawings mandatory for Tamil 

households. This can contribute to creativity and imagination in classrooms. 

Living  The rice flour of kolams support many species, and people living in apartments employ 

kolam artists to draw kolams in front of their buildings and this provides livelihood for 

the hired hands. 

Logic Kolam is drawn as an act of charity, to welcome prosperity, and to drive away the evil 

spirit. Kolams are aesthetic and serve as sources of positive energy. Kolams symbolize 

the merge of home with the universe, a notion similar to the Hindu concept of 

óVasudhaiva kutumbakam,ô which means that the whole world is one family (Tran et al., 

2020, Nagarajan, 2018). 

Learning Measurement is involved in putting the dots and lines. Specific amounts of rice flour to 

be used for dots, lines. Kolams reflect curiosity, creativity, perseverance, emotional and 

physical regulation, and confidence and these are vital to learning. Problem solving and 

innovation are involved in kolam drawings. 

 

Conclusion 

Partnering ideas from variation theory and ethnomathematics, we believe, has value for teachers of 

mathematics, education researchers, and curriculum designers. The chief value is a reliable approach 

to developing critical awarenesses while not succumbing to the tendency to reduce the cultural 

practice only to its mathematically interesting aspects but to continue to situate both the practice and 

mathematics as living, evolving aspects of human cultures consistent with mythopoetic (Khan, 2011) 

and multispecies flourishing (Khan, 2020) framework. Another value is in keeping the cognitive and 

cultural aspects of practices together in a respectful and appropriate way that is not óresourceô 

extractive. Kolam drawing provides an accessible, yet sufficiently challenging and mathematically 

rich, starting point for exemplification and extension of these ideas for teachers and can provide 

several points of entry for making critical mathematical and cultural discernments while honouring 

multicultural traditions in mathematics classrooms.  

We consider our study important in terms of creating a cultural meaning for students based on the 

why, what, and how of learning mathematics. Kolam drawing contributes to/supports the skill of 

discerning teaching strategies/approaches by which a better understanding of mathematics can be 

created in a cultural setting. Teacher educators need to share a congenial partnership with students in 

building knowledge, and so together they can develop previous knowledge, perceptions, and 

creativity for both students and teacher educators. It has been proven by empirical research that higher 

achievements are the learning outcomes of positive emotions like enjoyment in learning, and lower 

achievements are connected with boredom and anxiety (Putwain et al., 2020). Shockey (2016) added 
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that certain concepts that may seem unrelated to mathematics, can be used in its mathematics 

pedagogy under the influence of ethnomathematics. Kolams can be used to explore mathematics that 

exists beyond the limits/boundaries of academic circles. Mathematics is part of every culture 

(Ethnomathematics) and how it is practiced by different cultures (for example, the kolam drawings) 

can be incorporated into the school mathematics curricula. Studies have been conducted to understand 

the perceptions of mathematics by pre-service teachers and how they struggle to apply their subject 

knowledge in elementary mathematics classrooms (Burton, 2012). Straats (2006) believed that ñIf we 

are serious about understanding mathematics in local contexts of use, we must be willing to ask 

questions that do not seem mathematical in our own intellectual traditionò (p. 44). 
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Bodymarking: Interpreting embodied experiences of spatial reasoning 

Josh Markle1 and Jo Towers2 

 

Drawing on an enactive hermeneutic theoretical framework, we describe and interpret studentsô 

embodied experiences of spatial reasoning in a grade 12 mathematics classroom. In doing so, we 

employ a novel methodology and tool that we call Bodymarking to create graphic profiles of everyday 

classroom actions, such as gaze and gesture. Using these profiles, we point to the important role of 

sensory experience in knowing and doing mathematics. 

Keywords: Embodiment, gesture, gaze.  

 

Introduction  

This work sits at the intersection of two critical areas of research in mathematics education: spatial 

reasoning and embodiment. Spatial reasoning has been identified as integral to both general 

mathematical capability and the potential for individuals to flourish in life beyond formal 

mathematics education (PISA, 2021 Mathematics Framework). Research on the body in mathematics 

education varies widely and includes the constitutive role the body plays in the development of 

mathematical understanding (Davis et al., 2015), how students experience the body in the 

mathematics classroom (Roth & Thom, 2009), and how our senses, such as sight and touch, influence 

how we know and do mathematics (De Freitas & Sinclair, 2014). In this study, we employ a novel 

process we call Bodymarking (Towers et al., 2023), which we use to observe and describe everyday 

classroom actions, such as gesture and gaze, to offer an interpretation of how students use the body 

to both sense and make sense in a spatial reasoning activity. 

Theoretical framework 

We adopt an enactive hermeneutic theoretical framework (Markle, 2021) to interpret studentsô 

embodied experiences of spatial reasoning in the mathematics classroom. This framework is 

grounded in, on the one hand, the principles of enactivism, which view cognition as a complex 

phenomenon emerging from interactions between organisms and the environment (Varela et al., 

1991), and on the other hand, carnal hermeneutics (Kearney & Treanor, 2015). Because our focus is 

on sensation in the mathematics classroom, we draw extensively on this interpretive philosophical 

approach, which views the body as both interpretable and interpretive. Enactivism and carnal 

hermeneutics share a foundation in phenomenology, in particular Merleau-Pontyôs (1945/2012) 

phenomenology of the lived body. Consequently, we too, are directly informed by Merleau-Ponty in 

this work. 
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Methodology 

Towers et al. (2023) developed a fine-grained tool for mapping classroom action, and use the tool to 

record and visualize some common ways students and teachers engage each other through intentional 

movements of the body (e.g., gesture), gazing, and tool use (e.g., writing). Applying the tool yields a 

color-coded map of the ways students are oriented towards and by each other and their environments 

in a given lesson. In this study, we apply the process to two 74-minute video recordings, each focused 

on one of two small groups of students. 

Data 

Data generation occurred as part of larger study in two grade 12 classes with a total of 36 participants 

at a large, western Canadian high school. One of the courses was a calculus class in which 16 

participants took part in two sessions. Subsequently, 5 of those participants were invited and agreed 

to participate in a third and final session. All of the sessions with this first group took place virtually 

due to COVID-19 restrictions. The second class was a pre-calculus class in which 20 participants 

took part in three in-person sessions. Both classes were part of the schoolôs International 

Baccalaureate (IB) program. The focus of this study was on studentsô embodied experiences of spatial 

capability in the mathematics classroom. In particular, the aim was to work in spatial ways (e.g., 

through visualization) on common topics in the secondary classroom (e.g., working with quadratic 

functions). In this paper, we focus specifically on one lesson in which students worked with parabolas 

and quadratic equations through spatial activities, including visualization and origami. 

Describing sensation and orientation through Bodymarking 

Bodymarking (Towers et al., 2023) is a methodology and fine-grained tool for mapping classroom 

action. It was originally intended as one of a suite of diagnostic tools developed by a team of 

researchers (see e.g., McGarvey et al., 2018, 2022), which are designed to indicate and characterize 

collective action in the mathematics classroom. In the present study, we used the tool to record and 

visualize some common ways students and teachers engage each other in the classroom, such as 

intentional movements of the body (e.g., gesture), gazing, and tool use (e.g., writing). Applying the 

tool yields a color-coded map of the ways students are oriented towards and by each other and their 

environments in a particular lesson. In addition to identifying collective action in the classroom, we 

have found it fit for other analyses involving the observation and description of classroom action, 

such as investigating how metaphors for teaching and learning manifest in the mathematics classroom 

(Davis et al., 2023). 

Preliminary analyses have been conducted on video of mathematics lessons from the Trends in 

International Mathematics and Science Study (TIMSS), and an example is shown below (Figure 1). 

 

Figure 1: An example of Bodymarking 
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Observationsðor, markings, which are indicated by cells of colourðare recorded in a spreadsheet 

for each of 8 categories at 15-second intervals for the duration of the lesson. The categories, from top 

to bottom in Figure 1, include Pointing, Gesture, Gazing (Public), Gazing (Private), Boardwork 

(teacher), Boardwork (student), Writing, and Manipulating Tools. Although these constructs might 

seem conspicuous for their everydayness, each has been consistently refined and reinterpreted over 

the course of developing the tool. Moreover, the everyday nature of these criteria speak to the 

everydayness of our embodied experiencesðwe spend everyday of our lives in our bodies. For ease 

of reference, Table 1 provides working definitions for each of the Bodymarking criteria. 

Table 1: Bodymarking criteria 

Bodymarking 

Strands 

15 Sec. 

Intervals Description of Strands 

Pointing  
Using fingers or objects, such as a pencil, to focus attention on 

aspects of written work, identify key ideas or missing steps, etc. 

Gesture  
Gestures involving the hand while not engaged in pointing; bodily 

movement, such as modeling distance with outstretched arms 

Shared Gaze 

(Public) 
 

Sustained watching of an object of interest in public view, such as 

when a student stares at a problem written on a chalkboard 

Shared Gaze 

(Private) 
 

Sustained watching of an object of interest in private view, such as 

when a student stares at privately written work 

Boardwork 

(Teacher) 
 

Involves addition and/or removal of work by teacher in public view, 

such as on a chalkboard, whiteboard, or overhead projector, etc. 

Boardwork 

(Student) 
 

Involves addition and/or removal of work by student in public view, 

such as on a chalkboard, whiteboard, or overhead projector, etc. 

Writing   
Addition and/or removal of work in private view, such as on a 

studentôs worksheet or notebook 

Manipulating 

Tools 
 

Using any sort of tool, including a calculator, working with 

manipulatives, etc. 

 

As a tool and process, Bodymarking was not intended to be predictive or even descriptive of any 

particular pedagogy or mathematical activity. To draw a metaphor from painting, one might argue it 

is in the tradition of Impressionism, not Realism: its 15-second slivers, like Monetôs brushstrokes, 

convey a sense of movement of things, rather than naturalistic depictions of the things themselves. 

More concretely, each node of colour signals the ñcombined intentions of identifying and interpreting 

ï that is ómarkingô and óremarking onô ï bodily (inter)actionò (Davis et al., 2023, p. 478). 

Though the original aim of the Bodymarking tool is thus to give a sense, in tandem with several other 

diagnostics, of collective action on a classroom scale, we found it furnished us with a lens and 

grammar for describing and interpreting how the participants in the present study might sense and 
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orient in the mathematics classroom. We opted to scale down the unit of analysis from a classroom-

level and focused on two groups of three and four students, respectively, over the course of a 74-

minute lesson. We chose this lesson because it was one in which a camera remained focused on each 

of the groups for the entire period, and because the lesson contained a wide breadth of spatial 

investigations of topics typically treated as non-spatial (e.g., using the quadratic formula to find 

tangencies between a line and a parabola). 

Applying the tool 

We applied the tool to two 74-minute video recordings of a single lesson, each focused on one of two 

small groups of students. The video recordings were an important source of data from the larger study 

on studentsô embodied experiences of spatial reasoning, so they had already been viewed several 

times. However, although the video was somewhat familiar, the Bodymarking process created a 

certain distance between the interpreter and the data. We coded the video without sound, which is an 

effort to bracket out context. In coding for Gesture, for example, the intention is to capture all 

instances of gesture, regardless of whether or not a particular instance is mathematical or even 

pedagogical in nature. 

 

Figure 2: Mappings from two groups 

Figure 2 shows Bodymarking profiles for the two groups of students. In part because we scaled the 

unit of analysis from classroom to small group, we removed two of the coding criteria, Boardwork 

(student) and Boardwork (teacher). This is not to say these may not be important phenomena at this 

scale, only that neither happened to be present in the resultant mappings for this lesson. Another 

feature of the Bodymarking process is to code only what is visible in the video recording, so while 

there were some instances in which the teacher (Markle) was working at the board at the front of the 

room during the lesson, it was off-screen and thus not accounted for. Moreover, from an enactive 

hermeneutic perspective, we are most interested in how students touch and are touched by the world 

around them. We argue this is best captured in the categories that are explicitly about sensation and 

orientation, namely Pointing, Gesture, Gazing, and Manipulating Tools. 

Though these two groups were close in proximity, no more than three or four feet apart, their 

respective mappings bear a stark contrast. Group 1 appears to point (green) and gesture (blue) more 

frequently, for example. It is intuitive to begin comparing the two groups and searching for 

correlatives, say in the quality of their written work, but that is not how we employ the Bodymarking 
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tool in this study. Rather, we view the tool as indicative of sense-making in the broadest sense, of 

how students bring forth a world through sensation and orientation in the mathematics classroom. We 

allowed the tool to direct our attention to intervals of the lesson that provoked us in some way. We 

then returned to those intervals in the video recordings and sought to describe and interpret them from 

an enactive hermeneutic perspective. Figure 3 depicts three such intervals on the Bodymarking maps 

of the two groups. 

Figure 3: Intervals of classroom action 

These intervals (shaded regions) stood out for how they reflected distinct cadences of classroom 

action, in particular through gesture (light blue) and gazing (light and dark brown). Blocks (a) and 

(b) seem to depict frenetic activity: in both groups, particularly group 1, pointing and other gestures 

are used frequently, and gaze is in constant flux, private in one moment and public the next. Block 

(c) captures a different sort of rhythm. In both groups, movement is oriented around tool use, but 

there is a divergence as well: gaze in the first group continues to oscillate between public and private, 

while in the second group the gazes seem more fixed and stable. With these insights in mind, we 

returned to these intervals in the video to see if the Bodymarking process aided us in describing how 

students experienced spatial reasoning in the classroom. 

Movement: Pointing and gesture 

The Bodymarking process focuses the interpreter on specific movements of the body in the 

classroom. In the tool, pointing is parsed out from the broader category of gesture. Madison (1988) 

refers to hermeneutic inquiry as a ñmethod for choosing appropriatelyò (p. 176), and the choice to 

focus on pointing in particular is deliberate. One reason is connected to the nature of pointing: when 

we point, we mean to orient ourselves or others (e.g., pointing to a desired location on a map or when 

one ñpoints the wayò to another). Contrary to other gestures, which may or may not be intentional or 

directed toward another, pointing is a solicitation, a movement that ñsketches out the first sign of an 

intentional objectò and ñindicateséspecific sensible points in the world and invites me to joinò 

(Merleau-Ponty, 1945/2012, p. 191). Pointing is a way we can reach out and touch the world, and 

solicit others to join us there, but it is also a response to a call, a means by which we ourselves are 

oriented. As Kearney (2015) noted, we are always ñsolicited by the flesh of the world before we read 

ourselves back into itò (p. 45). 

But pointing is not the only means by which we bring forth a world. The broader category of Gesture 

captures the myriad ways we move with intention in the classroom. This can include, for example, 
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raising oneôs hand to ask a question or using oneôs arms to measure a distance. Figure 4 highlights 

two intervals from the lesson in which some form of bodily movement was prominent, whether it be 

through pointing, gesture, or manipulating tools, such as origami paper. 

Figure 4: Pointing, gesture, and manipulating tools 

We have highlighted manipulating tools in this mapping because of something that stood out to us on 

reviewing the video segment after completing the Bodymarking process. We noticed several 

instances in which the members of group 1 used touch to explore each otherôs work. The task involved 

a simple origami construction, in which an edge is folded onto a point. Doing so repeatedly yields a 

parabola formed by all of the crease lines. In fact, the provocation in Hull (2013) is: ñDoing this 

origami fold is equivalent to solving a quadratic equationò (p. 49). Figure 5 shows one of these 

instances. 

Figure 5: Paper folding and movement 

After carefully making some folds (panel a), one student calls attention to their origami paper, framing 

a crease line between their thumbs as their peers look on (panel b). Three of the students then return 
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their gazes to their own origami paper, but only two of them begin to fold again. The third student 

instead reaches out across the table and pinches the first studentôs folded paper between their thumb 

and index finger (panel c). With their other hand, they tentatively bend their own piece of paper, their 

gaze fixed on it. After this confluence of gaze and touch, the four students then turn with renewed 

purpose to their individual folding (panel d). 

Two phenomena of interest emerged from reviewing this segment in light of Bodymarking. One is 

the critical role of touch in spatial reasoning. Although the instructions for folding were diagrammed 

and presented on the whiteboard at the front of the classroom, and I (Markle) demonstrated the fold 

in real-time with my own paper, this group of students demonstrates the importance of tactile 

experience in visualizing and executing a spatial task. In their case study of blind students in 

mathematics, Figueiras and Arcavi (2014) noted that touch has the potential to be ñvery fruitful for 

connections between global and local properties of mathematical objects, as well as for emphasizing 

properties and processes of reasoningò (p. 131). Though provocative, their analysis often treats touch 

as a discrete source of sense data rather than a diacritical phenomenon of the entire body. This leads 

us to a second, more surprising insight that emerged from the confluence of touch and gaze depicted 

in panel c. In this frame, a student is touching their own, partially folded paper with their left hand, 

and joining their peer at a sensible point, to paraphrase Merleau-Ponty, with the touch of their right 

hand. But the way this studentôs gaze shifted back to their own paper during this exchange struck us, 

and it is something we did not notice until we applied the Bodymarking process to the data. We take 

up the enigma of gaze in the next section. 

Movement: Gazing 

In this work we delineate between what we call public gaze and private gaze. A public gaze is 

sustained watching of a publicly accessible object. For example, during whole-class instruction, 

students may gaze at the teacher or whiteboard at the front of the classroom. A private gaze is 

sustained watching of an object intended for private viewing, such as when a student gazes at their 

notebook. Coding for gaze in in this way involves determining which type of gaze is most prominent: 

are most individuals looking to an object intended to be publicly accessible over the 15-second 

interval or are most looking to their own private works? Intervals that contain significant amounts of 

both public and private gazing are dual-coded. Figure 6 highlights intervals of interest from the lesson 

with respect to gaze. 

Figure 6: Intervals of gaze 
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From a practical perspective, Bodymarkingôs delineation between public and private gazing yields a 

proxy for the nature of classroom action in a given interval. It approximates an answer to the 

following question: Are individuals mostly oriented by and toward each other or themselves? Coding 

in this way allows the tool to point the interpreter toward different cadences of everyday action in the 

classroom. On one level, we argue the distinct cadences of gaze depicted in the highlighted blocks in 

Figure 6 reflect distinguishable cadences of classroom interaction. Group 1ôs (top) pattern seems 

frenetic, while Group 2ôs (bottom) appears more stable, with long periods of uninterrupted public 

gazing. This is not to say one pattern of gaze is preferable to another, only that these groups had 

established their own interactional style over the course of working together in this class. In this sense, 

following Nemirovsky and Ferrara (2009), gaze can be seen as a form of bodily activity that plays ña 

part in a given conversational turn or transactionò (p. 162). Indeed, the video segments associated 

with the highlighted intervals reveal two very different but similarly effectiveðat least in terms of 

solving the problem at handðpatterns of interaction. For example, the members of Group 1 

frequently check in on each otherôs work with a glance before returning to their own work, while the 

members of Group 2 sustain their collective focus on a single group memberôs work for longer 

intervals. In this sense, the distinction between private and public gaze is well-defined. 

Another moment of interest emerged toward the end of the lesson, and again, questions emerged from 

the Bodymarking process that did not occur to us to pose during previous viewings. This moment 

occurred just after the last highlighted blocks of gazing in Figure 6 during a final visualization 

exercise. Having solved for the tangency between the line and parabola in the first segment of the 

lesson, then explored the spatial properties of parabolas through paper folding in the next, I (Markle) 

asked students to visualize the parabola formed between a point (focus) and a line (directrix). Next, I 

asked them to slowly move the focus up and down, and to visualize what they saw happening to the 

resultant parabola. Figure 7 depicts group 1 working through the visualization exercise. 

Figure 7: Using origami to visualize a parabola 
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Two provocations emerged from this moment, neither of which we had fully acknowledged in our 

initial viewings of the video. The first had to do with one studentôs gestures, highlighted in the boxes 

in Figure 7. As Markle described moving the focus away from the directrix, this studentôs hands 

appeared to reflexively open, describing the movement of the parabola as it became increasingly 

shallow as the focus moved away from the directrix. Though we had noticed this gesture in previous 

viewings, the Bodymarking process focused our attention to the way this particular studentôs gaze 

coupled with the gesture. In this case, we argue, the studentôs gaze is neither wholly public nor 

private: the student seems to be looking off into the room, possibly at Markle as he leads the lesson, 

but is also taking part in a group visualization, which clearly has private aspects (including not only 

what the student ostensibly sees in their visualization, but their gesture as well). This called our 

attention to the gazes of the other members of the group, all of whom have their eyes closed. Coding 

this through the Bodymarking process was difficult. From a practical perspective, these students were 

not gazing at allðtheir eyes were closed. But they were engaging in a visualization task in which we 

all intended to see the same thing. We argue that this is indeed a gaze of a kind, one in which the 

ñseer does not disappear in the visible or vice versa butéforms part of the visible and is in 

communication with itò (Moran, 2015, p. 230). 

Concluding remarks 

Kearney (2015) wrote that the task of carnal hermeneutics is to ñrevisit the deep and inextricable link 

between sensation and interpretationò (p. 17). The Bodymarking process provided one means of 

opening that link to question. It also helped to underscore the potential of reimagining of how we 

view the body in the mathematics classroom. The importance of gesture in learning has been 

established (Novack & Goldin-Meadow, 2015), and we see students in the lessons described above 

using gesture in a variety of practical ways. However, we take a wider view of physical movement in 

the classroom to foreground the ways in which our senses, through the movements of our bodies, 

enlist each other in bringing forth worlds of meaning. Moreover, we see through our analysis not only 

the ways in which a bodyôs senses are entwined, but the ways bodies are entwined through the senses, 

as in the paper-folding episode described above. This leads us to suggest the importance of 

recognizing the role of sensation and orientation as ways of knowing and doing mathematics in the 

classroom, and Bodymarking as a potential means of doing so. 
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Some mathematical models in individual and team ball games 

Bienvenu Rajaonson1 

 

This paper sheds light on the transition from practice to theory regarding ball games. To do so, it 

reviews some patterns experienced in the practice of volleyball. Then, to move from practice to 

theory, the use of simple first-degree equations related to two parameters has been carried out. The 

first one is the number of players and the second one is the number of available balls. These equations 

demonstrate the potential of the algorithms created for their application in the learning and 

improvement of playersô skills. Moreover, these equations open opportunities for their application in 

other individual as well as collective sports with ball. It then discusses how this applies to the 

interdisciplinary field of mathematics and physical education. Finally, the modeling performed by 

this article is yet another way of raising awareness and advancing research on sports and their 

integration into society.  

Keywords: Ball game, equation, models, mathematics education, continuous and discontinuous 

circuits. 

 

Introduction  

According to the Visual Dictionary, ñball sports are individual, or team sports played by throwing or 

hitting a solid or air-filled sphere,ò QA International (2009). Games with a ball are usually a 

competition between two individuals or collective opponents. They consist in scoring points. To do 

this, there is a repeated alternation of offensive and defensive actions until the scoring phase is 

reached or not. 

Such ball sports may include games such as basketball, volleyball, tennis, pickle ball, soccer, rugby, 

and hockey, to mention just a few. Each of these sports involves and requires basic technical 

movements, which normally conform to the principles and rules of the discipline (Teodorescu, 2013). 

As a result, the level of competition is and will be more and more complex and challenging. In this 

regard, apart from the physical and psychological qualities, it is essential to strengthen the players' 

technical and tactical skills towards less predictable actions. Indeed, it is a game of possession of the 

ball. On one hand, possessing the ball corresponds to an offensive action with the possibility of 

scoring a point. On the other hand, the defensive action seeks to dispossess the ball from the opponent 

(Teodorescu, 2013). 

The purpose of this article is to show that training schemes in volleyball have mathematical 

explanations. They are no exception to the rule. Then, once modelled, the latter can be extended to 

other individual and team ball games. On the one hand, they provide a better understanding of each 

of these games. On the other hand, their use facilitates the technical and tactical training and practice 

of both individual and collective team players. In this sense, they offer an opportunity to learn more 

about ball sports and mathematics at school as part of an interdisciplinary physical education and 

sports program. 
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As the level of competition continues to evolve, many technical, tactical, and strategic requirements 

pose a constant challenge, because they are increasingly complex. As a result, there is greater 

emphasis on "scientific expertise" to support a "race for performance" Delalandre (2010). In other 

words, ball games are confronted with a systemic problem to which it is important to provide both 

theoretical and practical answers. 

In this perspective, Teodorescu (2013) thinks that it is necessary to approach the problem in a comprehensive 

way. Because, according to him, ñtechnique is the primary means by which tactical tasks are carried outò 

(p. 2). So, there is no separation between individual techniques and collective tactics. In other terms, the first 

could not exist without the other and vice versa. In this sense, Teodorescu adds that, as their main objective, 

the tactical schemes and technical exercises developed for learning and improvement must tend towards 

their modeling. Thus, Teodorescu thinks that ñfor the complete practice of the game, we consider that forms 

of organization of individual and collective actions are necessary, e.g., tactics for all phases of attack and 

defense, as well as exercises for learning and perfecting specific tactics not only for these phases, but also 

for the correlation between phasesò (p. 57). Gr®haigne and Nadeau (2015) add another perspective claiming 

that the spatiotemporal parameters are the most important factors in team sports. They said, ñdistance 

measurement can be transformed into time measurementò (p. 80). As such, these parameters may be 

understood as an interval relationship between players, either with teammates or with opponents. In other 

words, Gréhaigne and Godbout (2014) interpret that as the translation of an unfolding of an offensive or 

defensive action according to the variation of direction and distance between the players at a given moment. 

For them, therefore, modeling is based on the ñanalysis of the dynamics of the gameò (p. 97). Parlebas 

(2005) argues that ñit is possible and important to model mathematically by stable configurations, invariants 

that summarize the operating systems of the game under consideration. We call these operating systems 

universalsò (p. 15). In fact, once formalized, these ñuniversalsò are likely to find applications in other sports 

with balls. Among other things, Parlebas (1985) has highlighted in his research work the modeling of 

changes in the role of players based on interactions parameters (offensive and defensive) using the theory 

of graphs and that of the ñscoring system e.g., in volleyballò (p. 37).  

The theoretical statements cited above are therefore the main references for understanding the interest 

and complexity of ball sports. Each of them showed the importance of the modeling process in the 

organization and practices of these sports. They also showed whether the work proposed was different 

and whether it could advance research in the field of ball sports. For these reasons, they helped 

considerably in validating and orienting our methodological approach.  

Methodology  

This work is based on several years' experience of playing, competing, and studying volleyball. The 

author was a national team player at university and at national level. He also coached the men's and 

women's teams at the University of Antananarivo in Madagascar. These teams both won national 

championships and gold medals at the 1978 African University Continental Championship. This 

enabled them to take part in the 1979 Universiade in Mexico City, representing the continent. The 

menôs team placed 12th out of 24 participants.  

The study was conducted in three distinct parts. Section A was devoted to the identification of systemic 

problems in the context of volleyball training. Then, section B focused on the repertoire of measures 

taken to both overcome the constraints encountered and seek the achievement of the learning and the 
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development of predetermined objectives. Finally, section C was a direct consequence of the second 

phase and was dedicated to the mathematical modeling of the measures taken. This last part would 

allow the generalization of the models for an application to other sports with ball.  

A. The context of the practice 

The conditions of practice of volleyball training, in which the team concerned was confronted, were 

considered systemic and were presented as follows:  

¶ The number of players present at the training varied in each session because it depended on 

the availability of the players. 

¶ The number of balls also varied, due to various causes such as punctured, badly inflated, worn 

out, or the cost of new equipment. 

¶ The use of the gymnasium was shared with other sports disciplines. Also, we often were 

obliged to play in the outside fields without fences, which caused considerable time spent on 

the recollection of the balls. The training duration was limited. 

In short, to remain competitive, the playersô training management had to adapt to these recurrent 

problems and look for appropriate solutions to each session. 

Thus, the first aspect for our approach was to solve the time lost to collect back the balls. In other words, 

we had to optimize the use of the available training time. To this end, it was necessary to integrate into 

the learning and improvement exercises a circuit for recovering and putting the balls back into play. 

The second aspect was to solve the variation in the number of balls available. This was done to ensure 

that during each session, a player can learn or improve the game through a high number of ball touches 

and experiences in terms of game situations.  

The third aspect was to resolve the variation in the number of players present. In fact, based on the 

technical and tactical deficiencies or strengths of each player and/or of the whole team, it was 

mandatory to proceed with various exercises including those personalized and others that tackled 

collective tactical approaches. 

B. The context from practice to theory 

The transition from this observation of practice constraints to a conceptual generalization of their 

solution was the cornerstone of the work. While solving the specific case in volleyball game, the idea 

was to develop simple mathematical formulations that could also be extended to other ball sports. 

Practice 

Considering the observation seen before, the few schemes given as examples below were developed 

to support the process. At the same time, they mainstreamed the reduction of the time spent for the 

recovery of the balls.  

¶ When there was a limited number of balls, the training could be done by dividing the number 

of players present into two or more groups. 

¶ When there was enough number of balls for the players present, there were possibilities to do 

individual, two and three-line groups. 

¶ The practices were planned to take place either by workshop rotation or by separate exercises. 



 143 

The transition from practice to theory took into consideration the two key parameters mentioned 

above, namely, the number of players and the number of balls. 

Theory 

The two parameters that come with the process are therefore numbers. The idea was then to see the 

possibility of putting them into an equation. Depending on the case, the plan was to organize the 

session with practical exercises diversified according to the game strategy by making simulations 

either from the number of balls available or with the number of players present. 

Moreover, a discontinuous ball circuit associated with continuous ball circuit models had been 

introduced in the selected models used in a volleyball practice training system. They were supposed 

to diversify the form of exercises and increase practitionerôs skills efficiency in anticipating 

unexpected scenarios in attack as well as in defense positions.  

C. Modeling towards a generalization of the concept 

Mathematical modeling was the final phase of our approach. It served to optimize practices whatever 

the number of balls available and the number of players present at the session. This consisted in 

putting the key parameters - the number of balls and the number of players - into an equation form. 

So, x was named as the number of balls and y as the number of players. They should be put in the 

form of a first-degree equation and would take the shape of a mathematical model applied to the 

training of volleyball. As many of the volleyball training schemes are the same as those encountered 

in other sports with balls, their applicability should follow a case-by-case observation process. 

Results 

Hereafter are the modeling results obtained from the methodological approach. They are presented in 

two sections as follows. Section A is dedicated to presenting the three mathematical models which 

were developed. Then, section B is devoted to the introduction of the continuous and discontinuous 

concept circuits of the ball.  

Section A. The three equations developed. Here are few schemes used to train players in volleyball.  

 

Figure 1: Some selected models used in volleyball practice 

The examples shown in Figure 1 include both individual and collective practices. The correlation 

between the two key parameters - number of balls and number of players - is well highlighted. Thus, 
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for example, there is the case of one ball for one player. Then, there are cases of one ball for two 

players or three players. There is also the case of a ball for one or two groups of players. The 

arrangements also vary, as they are either in line or in the face-to-face players scheme or in the shape 

of a triangle. Finally, there is the case of one ball hit at a time, which needs to be picked up back to 

the practice session. In principle, these examples may or may not be used directly in the game space, 

depending on the specific content of the training session. 

The theoretical conception of mathematical modeling 

The two parameters, namely x number of balls and y number of players, are put into three equations 

according to usual volleyball practices seen above. Then, each of the three identified equations has 

been shown as follows.  

1. First case: x=y 

This equation means, one ball per player. So, this might be extended infinitely as x=y=n, n  ɴN*. 

In practice, in this equation, the limiting factor is the number of available balls. So, the number of 

ball (s) should be less than or equal to y, so, x Ò y.  

The equation x=y can also be applied if the team is split up into subgroups where the number of 

subgroups should be less than or equal to y. 

This is used to perform individual skills with specific training. The operative scheme should be a 

continual practice without interruption, also, to be executed in movement, running form, etc., while 

keeping the ball during the entire allocated time for practice. 

2. Second case: x = y-1 

This equation corresponds to the model set for one ball per two players. When the number of players 

is increased from one to two, and the number ball remains 1, the equation becomes as follows: with 

x = 1 then x = y ï 1.  

So, if y = 2, then the equation becomes x = 2 ï 1 = 1.  

The ball is circulating back and forth from player 1 to player 2 as shown below. 

 

 

Figure 2: The lining scheme with two players 

The equation x = y ï 1 is verified with any ball gameôs rule. Indeed, using one ball, two teams or two 

players are competing to score. Based on the above, the total of x balls can be calculated as x = y/2 

or 2x = y where x = n, n ɴ N*.  

Player 1 Player 2 

Ball flow 
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In other words, if there is only 1 ball available, the only way to perform is to divide the players into 

two subgroups. 

3. The triangle models: x = y - 1 

When a triangle scheme is used, normally, each summit should represent one player. The equation 

remains as x = y ï1 except the number of players becomes y = 3. So, from the equation x = y ï1, the 

required number of balls is x = 3 ï 1 = 2. In fact, it varies from 1 to 2. So, the number of balls is 

formulated as 1 Ò x Ò 2.  

 

Figure 3: The triangle model with the use of one ball for three players 

The article will focus more on the model of 3 players with 2 balls in order to highlight the potential 

offered in ball sports by the introduction of the concept of continuous and discontinuous ball flows, 

which is developed in the following section.  

Section B. The mathematical models enhanced by the introduction of the concept of continuous2 and 

discontinuous3 circuits.  

This section shows to what extent the concept of continuous and discontinuous circuits is introduced 

in each of the three equations presented above.  

The first model where x=y. 

In the case of a one-ball player, the player touches or hits the ball continuously for himself. And then, 

intermittently, once the ball has left the player's hand(s) or foot(s), he makes an additional side to side 

gesture. 

The second equation where x = y - 1 

With the case of one ball for two players, where x = y - 1, the ball is supposed to be in continuous 

circuit framework. This means that the ball is circulating back and forth from one player to another 

one. Then, if a second ball is introduced in the circuit per intermittent time, it is called a discontinuous 

situation. So, we shall have x = 2 and y = 2 + 1 = 3, although, the equation should remain the same 

as stated earlier: x = y - 1. 

In this case, to determine the moment to go into discontinuous mode, the principles of the interval by 

introducing the temporal notion have been set. 
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Figure 4: The lining scheme with 2 players in continuous circuit and a third player added in the work 

out2 

From the above scheme the following interval development has been set. 

   

 

Figure 5: The interval development of a discontinuous scheme where x = y = 1 

3. The third equation: x = y ï 1. The triangle scheme with three players is shown below when a fourth 

player is added as one discontinuous circuit T4 in the work out. So, the equation remains as x = yï1, 

where y = 4. So, x = 4 ï 1 = 3 balls. 

 
2 A ball flow is said to be continuous if the exchange between two or more players stops only when 

one or the other player loses the ball. It is also valid for one-player practices with either a ball launcher 

whose cessation depends on the choice of the player or the stock of balls, or wall bounces for which 

the interruption will be caused by the loss of the ball. 

3A ball flow is said to be discontinuous if the exchange between two or more players does not follow 

a regular rhythm. 




















































































































































































































































































































































































































